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Interfacial Structural Changes and Singularities in Nonplanar Geometries
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We consider phase coexistence in a thin-film Ising magnet with opposing surface fields and nonpla
walls. We show that the loss of translational invariance has a strong and unexpected nonlinear influe
on the interface structure and phase diagram. We identify four nonthermodynamic singularities, whe
there is a qualitative change in the interface shape. In addition, at the finite-size critical point, th
singularity in the interface shape is characterized by two critical exponents in contrast to the plan
case (which is characterized by one). Similar effects should be observed for prewetting at a corruga
substrate. Analogy is made with the behavior of a nonlinear oscillator showing chaotic dynamic
[S0031-9007(98)06836-7]
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There are a number of well-studied examples of flu
interfacial phenomena for planar systems in which su
face phases with distinct adsorptions coexist along a li
of first-order phase transitions which terminates at a s
face critical point. Examples include the prewetting tra
sition associated with first-order wetting [1] and als
interfacial localization in thin-film magnets (with opposite
surface fields) associated with confinement effects at cr
cal wetting [2]. In both cases, the difference in adsorptio
between the two phases vanishes continuously as the c
cal point, signifying the end of a two-phase coexistenc
is approached. This second-order phase transition is ch
acterized by the critical exponents belonging to the tw
dimensional Ising universality class (for three-dimension
bulk systems) since the adsorption difference acts a
scalar order parameter [3,4]. In this Letter, we descri
a wealth of new interfacial structural changes and sing
larities which emerge when the analogous phenomena
considered in slightly nonplanar geometries and which a
intimately associated with nonlinear behavior. In additio
to a shift in the finite-size (FS) critical point (compare
to the planar confined system), the shape of the nonp
nar interface undergoes a number of structural changes
we move along and beyond the line of coexistence. Th
behavior has no counterpart in the planar geometry, a
has not been reported previously. Moreover, as the shif
surface critical point is approached, the function describi
the shape of the nonplanar interface shows nonanalyticit
which are characterized by two critical exponents. Whi
one of these appears to be identical with the usual critic
exponent describing the singularity in the total (or ave
age) adsorption, the general identification of the second
a more difficult problem, although scaling arguments (co
sistent with our explicit results) suggest that its value is r
lated to the energy density. Our predictions are based
a detailed numerical analysis of a simple mean-field (M
model of interfacial behavior which we believe is qualita
tively correct beyond MF approximation (in three dimen
sions). These rather dramatic effects emanating from
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introduction of a slight nonplanar perturbation to the inte
face can be viewed profitably by making an analogy wi
the classical mechanics of an extremely sensitive nonlin
dynamical system exhibiting chaotic behavior [5]. As w
will see, the interface behavior may be elegantly portray
as the temperature evolution of a phase plane plot, si
lar to that employed in dynamical systems, allowing us
distinguish different qualitative types of interface shap
separated by nonthermodynamic singularities.

To begin, we recall the relevant properties and pha
diagram of the planar system prior to a discussion
the nonplanar generalization. The transition that we co
centrate on occurs in a thin-film magnet with opposin
surface fields, but the phenomena are generic to ot
situations such as prewetting at a planar wall. Consid
then an Ising-like thin-film magnet of widthLz and infinite
transverse area in zero bulk field and below the bulk cr
cal temperatureTbulk

c with surface fieldsh1 andh2 ­ 2h1
acting on the spins in thez ­ 0 and z ­ Lz planes, re-
spectively. We further suppose (through a judicial choi
of surface enhancement [4]) that in the semi-infinite lim
Lz ! ` each surface undergoes a critical wetting tran
tion at temperatureTw . For such a system, MF [2] and
simulation studies [3] show that the finite-size phase d
gram is dominated by wetting effects which are able
suppress bulklike coexistence over a large temperat
regime. At sufficiently low temperaturesT , TcsLzd,
with the finite-size critical temperature satisfyingTcsLzd ,

Tw, phase coexistence is possible between phases co
sponding to an interface being bound to either wall. As t
temperature increases, the interface position moves c
tinuously to the middle of the system and forT . TcsLzd
only one phase is possible. Thus, in the temperature w
dow Tbulk

c . T . Tw , the FS effects suppress bulklike
phase coexistence for allLz . This temperature range is
also characterized by a near soft-mode phase since
transverse correlation lengthjk is extremely large due
to capillary-wave-like excitations. These features can
most easily understood using a simple effective interfac
© 1998 The American Physical Society 1267
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Hamiltonian model [2]:

Hf,g ­
Z

dr
∑

S

2
s=,d2 1 Ws,; Lzd

∏
, (1)

where ,srd is the collective coordinate describing th
interface position at vector displacementr ­ sx, yd along
the wall andS is the stiffness coefficient of the up-spin–
down-spin interface. The total finite-size binding potenti
Ws,; Lzd acting on the interface (whose minima determin
the MF locationys of the interface) is the sum of the two
contributions from each wall:

Ws,; Lzd ­ W`s,d 1 W`sLz 2 ,d , (2)

whereW`s,d is the appropriate semi-infinite binding po
tential for the ranges of forces in the model. For system
with short ranged forces this is usually specified as [1]

Ws,d ­ a0sT 2 Twde2k, 1 b0e22k,, , . 0 , (3)

with a0, b0 positive constants andk being the inverse bulk
correlation length. ForT , TcsLzd, with TcsLzd ­ Tw 2

4sb0ya0de2kLzy2 in MF approximation, the total potential
Ws,; Lzd has a double well structure with two equal min
ima at,p , Lzy2 and,p

p ­ Lz 2 ,p . AsT ! TcsLzd2,
the adsorption differenceDG ­ 4m0sLzy2 2 ,pd (with
m0 the bulk magnetization) vanishes likeDG , fTcsLzd 2

Tcg1y2, corresponding to a standard order-disorder tran
tion. For T . TcsLzd, the potentialWs,; Lzd has only
one minimum at,p ­ Lzy2 and the correlation length
jk , ekLzy4. Interestingly, most of these quantitative MF
predictions are confirmed by extensive Monte Carlo sim
lation studies which established that the true asympto
critical regime, where we can expect Onsager-like beha
ior DG , fTcsLzd 2 Tcg1y8, is extremely small [3]. All
these facts support MF theory as an excellent quantitat
description of the thin-film system.

We now wish to consider the MF phase diagram fo
the analogous phase transition in a slightly nonplan
geometry. We will take as our starting point the simple
possible phenomenological model of this system whi
generalizes (1) and will suppose that the configurati
energy is specified by

Hf,; zs1d
w , zs2d

w g ­
Z

dr

3

∑
S

2
s=,d2 1 Ws,; Lz , zs1d

w , zs2d
w d

∏
,

(4)

where zs1d
w srd and zs2d

w srd describe the (small) deviations
of the walls near thez ­ 0 andz ­ Lz , respectively, and
Ws,; Lz , zs1d

w , zs2d
w d ­ W`s, 2 zs1d

w d 1 W`sLz 1 zs2d
w 2 ,d.

While the model could certainly be improved by includin
further coupling terms involving=, ? =zw with associ-
ated position dependent (stiffness) coefficients, we
not expect these to make any significant difference to t
interfacial behavior described here [6]. In any case, ev
with the further assumption of corrugated walls such th
1268
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zs1d
w andzs2d

w depend only on a single coordinate (x, say),
the interfacial behavior generated is sufficiently comple
to warrant attention within the simple model above
Writing zs1d

w sxd ­ a
p

2 sinsqxd, we have considered
the geometry for whichzs1d

w ­ zs2d
w although, of course,

many other choices are possible [6]. The rms widtha
and wavelengthLx ­ 2pyq of the wall corrugation are
assumed to be small and large, respectively, in comparis
with the bulk correlation length. With these assumptions
the wetting transition remains second order and located
Tw in the semi-infinite limit [7].

The equilibrium nonplanar interfacial profileys ,nsxd
satisfies the Euler-Lagrange equation

S,̈nsxd ­ W 0
`s,n 2 zs1d

w d 2 W 0
`sLz 1 zs2d

w 2 ,nd , (5)

where the dot and prime signify differentiation with re-
spect tox and argument, respectively. Periodic boundar
conditions are imposed after a large multiple of wave
lengths Lx. Two preliminary remarks are as follows:
Firstly, the Euler-Lagrange equation is inversion symmet
ric so that, if,nsxd is a solution,,p

nsxd ­ Lz 2 ,nsx 1

pyqd is also a solution with the same free energy and i
distinct from ,nsxd in the two-phase regime. Secondly,
we have established numerically that the stable phases
have the same wavelength as the wall corrugationLx .
However, this is not the case for the metastable state
[6]. Finally, we note that an elegant description of the
interfacial shape is afforded by a reduced phase plan
plot ,y

p
2 a vs Ù,y

p
2 aq and helps distinguish different

types of structural regimes. A section of the equilibrium
phase diagram, with suitable reduced units [8], is show
in Fig. 1 and shows a critical line (corresponding to an
order-disorder transition) and four nonthermodynamic sin
gularities where there is a qualitative change of interfacia
structure. In this way, we are able to distinguish five dif-
ferent interfacial types (see Fig. 2).
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FIG. 1. Phase diagram forLz ­ 10 and q ­ 2py10 in
reduced units [8]. The solid line separates the ordered and t
disordered phases. The dashed lines show the location of t
nonthermodynamic singularities and divide the phase diagra
into five regions.
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FIG. 2. Behavior of the system forLz ­ 10, a ­ 1.5, andq ­ 2py10 showing the shape of the interface in the different regim
(A) and their corresponding phase portraitsÙ, vs , (B). The circle represents the pointx ­ 0. For clarity, scales related to, are
omitted but can be checked in Fig. 3. The loci of the interface minima and maxima are represented as a function of the tem
(C). The FS critical temperatureTcsLz , a, qd ø 0.845 is represented by a thin line and is within regime III.
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Phase coexistence and order are most easily reve
through the mean interfacial height

,0 ;
1

Lx

Z Lx

0
dx ,nsxd (6)

which is single valueds,0 ­ Lzy2d in the disordered
regime above the critical temperatureTcsLz , a, qd, but is
double valued (with,p

0 ­ Lz 2 ,0) in the order regime,
analogous to,p and ,p

p for the planar system. Our
numerics indicate that the singularity in,0 is of the
expected type:

Lz

2
2 ,0 .

(
t1y2 if t . 0
0 if t , 0 , (7)

where we have introduced the scaled temperature varia
t ; fTcsLz , a, qd 2 T gyT . In addition to the mean inter-
face height, however, the shape function shows a num
of qualitative changes with temperature. At very low tem

0.83 0.84 0.85
T

-1.00

-0.75

-0.50

-0.25

0.00

0.25

0.50

0.75

σ

σ

γ

l o
1

2

3

FIG. 3. Behavior of the coefficientsLzy2 2 ,0, s1, g2, and
s3 of Eq. (8) nearTcsLz , a, qd for Lz ­ 10, a ­ 1.5, q ­
2py10. They are multiplied by1, 10Lx , 102Lx , and 103Lx ,
respectively.
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peratures, the interface is closely bound to one of the w
and follows the corrugation [see Fig. 2(A)]. Over one p
riod Lx , the graph,nsxd has one maximum and one mini
mum which are in phase with the wall functionzs1d

w sxd. For
this case, the phase plane plot is a simple loop. Never
less, notice that its form is not precisely circular, indicatin
that nonlinear effects are important even when the interf
is close to the wall. On increasing the temperature, the
terface smoothly deforms and shows a number of nonth
modynamic singularities, where the minima and maxima
the graph undergo a series ofbifurcations. These reveal
themselves as the appearanceydisappearance of loops in
the phase plane portrait, as illustrated in Fig. 2(B), whi
also shows the locus of the maximayminima with tem-
perature [Fig. 2(C)]. Corresponding profiles are shown
Fig. 2(A). Two counterintuitive features are worth emph
sizing here. Firstly, there are two regimes, II and IV, whe
the interface shape has two and three maxima per wa
length of the wall corrugation. Secondly, in the vicinity o
the order-disorder transition, regime III, the interface sha
is similar to the wall (i.e., there is only one maxymin pair
per period) but isout of phasewith it. Finally, at high
temperatures above the two supercritical nonthermo
namic singularities, the interface shape returns to that o
simple sinusoidal-like function in phase with the wa
and the phase portrait is basically a circle of radiuss1 1

q2j
2
kd21 centered atLzy2.

Next, we focus on the singularity in the shape profi
at the order-disorder transition. We have established t
the stable phaseys can be represented by a Fourier serie

,nsxd ­ ,0 1 s1 sinsqxd

1
X̀
k­1

hs2k11 sinfs2k 1 1dqxg 1 g2k coss2kqxdj

(8)

throughout the phase diagram. In this expression,,0
is the mean interface position [given by Eq. (6)], whi
the second term is the harmonic response to the w
1269
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corrugation. The final term represents the higher-or
harmonic excitations arising from the nonlinearity
the Euler-Lagrange equation which are responsible
the complicated evolution of the interface structure w
temperature. We stress that, without this term (i.e., j
considering linear response), the phase plane por
would be simply circular. Note that there are no ev
sine terms and no odd cosine terms. The tempera
dependence of the two sets of coefficientshs2k21j and
hg2kj is extremely involved, but nearTcsLz , a, qd only
two types of singularity are observed in our numeric
analysis (See Fig. 3). The coefficientshg2kj all vanish
aboveTcsLz , a, qd and behave precisely as the mean ord
parameterLz

2 2 ,0, i.e., they are characterized by th
usual MF order-parameter critical exponentb ­ 1y2. In
contrast, the termshs2k21j all have a cusplike singularity

s2k21 2 s
c
2k21 . jtju , t ! 06, (9)

where s
c
2k21 is the value at criticality and the critica

exponentu ­ 1. There is no analogy of this singularit
in the planar system. Furthermore, while it is natu
to identify the cosine term singularities with the orde
parameter exponentb of the sd 2 1d-dimensional bulk
universality class (b ­ 1y2 in MF, b ­ 1y8 beyond MF
for three-dimensional thin films), a similar identificatio
for u is not as obvious. Nevertheless, we have construc
scaling arguments which suggest thatu ­ 1 2 a, where
a is the specific heat critical exponent, consistent with o
numerical results [6]. Similarly, we have also establish
that, for fixedLz , the critical line is consistent with the
scaling law

TcsLz , a, qd 2 TcsLz , 0, 0d . a2Ls a
q d , (10)

whereL is an appropriate scaling function. This behavi
can be understood using finite-size scaling ideas with
critical exponents and indicates that the effective width
the system is reduced by corrugation [6].

In conclusion, we make some pertinent remarks. Firs
the interfacial structural changes reported here are not
culiar to short-ranged forces with the exponential bindi
potential Eq. (3), and also emerge if long-ranged forces
considered instead [6]. Also, we emphasize that in pre
ous studies of the effect of roughness on wetting transiti
most authors have considered binding potentials with
single minimum which do not exhibit the same subtle no
linear behavior discussed here [7,9]. Next, we note th
on making a change of variablehsxd ; ,sxd 2 Lz 2 zs1d

w
and expanding to appropriate (cubic) order, the Eul
Lagrange equation can be written as

Sḧ ­ 2t̃h 1 ũh3 1 aq2 sinsqxd , (11)
where t̃ ~ fTcsLzd 2 T g and ũ is positive in the region
of interest. This is essentially equivalent to the Du
1270
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ing equation of a soft-polynomial oscillator (without
damping term) which is known to yield extremely rich (in
cluding chaotic) dynamics [5]. In this context, the nonthe
modynamic singularities described above are analogou
the harmonic excitations of the nonlinear oscillator (how
ever, this analogy does not shed any light on the nature
the singularities near the order-disorder transition and th
identification beyond MF).

We have shown from a simple MF model of interfacia
behavior in a slightly nonplanar geometry that ne
types of structural phase changes and additional criti
singularities can emerge which are intimately related
nonlinear phenomena. Similar behavior is also expec
for prewetting at a nonplanar substrate [6]. Also o
interest is the structure of metastable states in this sys
which we do not discuss here [6]. We believe th
future studies of improved models which include therm
fluctuations and different types of nonplanarity will als
uncover new structural and fluctuation related behavior
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