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Atomic Scale Friction: What can be Deduced from the Response to a Harmonic Drive?
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(Received 7 April 1998)

In this Letter we investigate the response of a confined chain to a harmonic driving force. A model
is introduced which mimics recent measurements on friction using surface forces apparatus. The model
predicts a critical driving amplitude below which the response is linear. For higher amplitudes the
system exhibits a nonlinear behavior and shear thinning. A novel origin for the thinning is proposed
which stems from energy dissipation due to stick-slip motion and the transition to smooth sliding. We
establish relationships between the microscopic parameters of the system and phenomena observed in
rheology and tribology. [S0031-9007(98)06799-4]

PACS numbers: 46.30.Pa, 68.45.–v, 81.40.Pq
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There has been a growing number of attempts to u
derstand the relationship between frictional forces and t
microscopic properties of nanosystems. Recent studies
friction [1–9] have exposed a broad range of phenome
and new behaviors which help shed light on some “old
concepts which are already considered textbook mater
These include the static and kinetic friction forces, tra
sition to sliding, and thinning, which have been widel
discussed but whose microscopic meaning is still lackin

There have been, generally, two approaches used to
vestigate shear forces of confined liquids: rheological (o
cillatory external drive) and tribological (constant driving
velocity). In the bulk the two approaches lead to simila
results, but less is known about the relationship betwe
rheology and tribology in nanoscale confined systems. E
tablishing a relationship between these approaches is
sential for creating a unifying description of the respon
to shear and for further progress of related fields.
0031-9007y98y81(6)y1227(4)$15.00
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In this Letter we concentrate on the rheological side
the problem and its relationship to tribology. Our propos
predictions can be tested experimentally by simultaneou
analyzing the time series of the spring forces and the sh
moduli. We suggest an interpretation to the observ
dramatic enhancement in the effective viscosity [3,6] a
to the effect of shear thinning in thin confined system
[3,10–12].

In order to mimic the commonly used experimental co
figuration [13] we introduce a model of a chain embedd
between two plates, one of which is externally driven,
depicted in Fig. 1a. The top plate of massM is connected
to a spring, of spring constantK1, which is harmonically
driven, and to a springK2, which is a response spring
The chain consists ofN identical particles each of mas
m0, which interact harmonically. The dynamical beha
ior of the system (chain1 plates) follows the equations o
motion:
MẌ 1 h0

NX
i1

sX 2 Ùxid 1 K1fX 2 Xdstdg 1 K2X 1

NX
i1

≠Usxi 2 Xd
≠X

 0 , (1a)

m0ẍi 1 h0s2 Ùxi 2 ÙXd 1
X
ifij

≠V sxi 2 xjd
≠xi

1
≠fUsxid 1 Usxi 2 Xdg

≠xi
 0, i  1, N . (1b)
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Here the coordinate of the harmonically driven stage
Xdstd  Xdm sinsvdtd. The microscopic parameterh0 is
responsible for the dissipation of the kinetic energy o
each particle. Usxd  2U0 coss2pxybd represents the
particle-plate interaction. We assume that the interpartic
interaction is harmonicV sxi 2 xi61d  ksxi 2 xi61 7

ad2y2; a and b are the periodicities of the undisturbed
chain and of the potentialUsxd, respectively.

Let us introduce the following dimensionless variable
and parameters: the coordinates of the top plateY  Xyb
and the chain particlesyi  xiyb; the time t  v0t,
where thev0  s2pybd

p
NU0yM is the frequency of

the top plate oscillations in the minima of the poten
tial Usxd for the case of noninteracting particles;g 
Nh0yMv0, which is the dimensionless friction constant
is

f

le

s

-

,

´  Nm0yM, the ratio of the chain and top plate masse
a  Vyv0, the ratio of frequencies of the mechanica
free oscillations of the top plate,V 

p
sK1 1 K2dyM,

andv0, k  K1ysK1 1 K2d the mechanical factor,D 
1 2 saybd the misfit of the substrate and chain periods, a
r  svcyvd2, the ratio of the frequencies related to inte
particle vc 

p
kym0 and particle-platev  s2pybd 3p

U0ym0 interactions.
In rheological experiments the behavior of the syste

is governed by two dimensionless parameters: The am
tudeAd  Xdmyb and frequencyd  vdyv0 of the driv-
ing stage. Another relevant quantity is the driving veloci
Vd  Add, which is used in rheology to analyze data, an
which is relevant when making comparison to tribologic
results.
© 1998 The American Physical Society 1227
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FIG. 1. (a) Schematic representation of the model. The to
plate of massM is driven by a springK1 and its displacement
is measured by the deflection of the springK2. (b) Phase
diagram in the dimensionless coordinatessVd , Add for weak
springsa , 1d.

The drive (K1) and response (K2) springs act on the
top plate with the dimensionless spring forcefsstd (see
Fig. 1a),

fsstd ;
Fstd

2pF0s
 a2fkAd sinsdtd 2 Y stdg , (2)

whereF0s  2pNU0yb is the static friction force forN
noninteracting particles. Under the action of the combine
force fsstd, due to the two external springs, the top plat
moves byY std and acts on the molecular chain with the
forcefcstd

fcstd  g

√
ÙY 2

1
N

NX
i1

Ùyi

!
2

1
2pN

NX
i1

sinf2ps yi 2 Y dg

; fsstd 2 Ÿ std . (3)

The forcefcstd depends on the driving amplitudeAd, and
on the external frequencyd, and is out of phase with
respect to the drive. We now introduce complex forc
amplitudesfsscd ; f

e
sscd 1 if

y
sscd wheref

e
sscd andf

y
sscd are

the sine and cosine Fourier transforms of thefsscdstd.
Force amplitudes can be expressed in terms of comp
amplitude of the top plate displacementY  Y

e
1 iY

y

fc  fs 1 d2Y  a2fkAd 2 Y g 1 d2Y . (4)

Using the rheological definitions of the complex dy
namic modulus of the confined systemGc  G0

c 1 iG00
c

[14] and Eq. (4) we have

Gc ;
fc

Y
 a2

∑
k

Ad

Y
2 1

∏
1 d2. (5)

The storage modulusG0
c and loss modulusG00

c are
obtained in rheological measurements and determine
elastic and dissipative properties of the confined system

It has been demonstrated [15–17] that the observed
sponse of the internal, embedded, system strongly depe
1228
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on the choice of external, mechanical, parameters of s
face forces apparatus. It is therefore important to analy
the rheological and tribological responses of the syste
in different ranges of the external parameter space. Sin
in rheological measurements the drive is oscillatory, o
can fix the amplitude/frequency and vary the frequenc
amplitude. These correspond to the different lines draw
across the phase diagram in Fig. 1b. In order to probe
rheological properties of an embedded system, the int
action of the top plate with the molecular chain shou
be dominant, so thata , 1. For small driving ampli-
tudes,Ad, the displacement amplitude of the plate,jY j,
is smaller than the period of the surface potential, a
the response of the system is linear. The eigenfreque
of the top plate,

p
a2

psr, Dd 1 a2, depends on the ex-
ternal springs, elastic properties of the chain, and mis
parameterD. For noninteracting particles the paramete
a2

p  1y2 [18]. This frequency corresponds to the broke
line, Vd 

p
a2

p 1 a2 Ad , in Fig. 1b. There is no analog
to such a linear response in tribological experiments p
formed under constant driving velocity. After exceedin
a critical driving amplitude,Adc, the top plate executes os
cillations with an amplitudejY j larger than the potential
period. In Fig. 1b the dotted vertical lineAd  Adc di-
vides the phase diagram into undercritical and overcritic
amplitude regimes. The critical amplitudeAdc can be es-
timated to beAdc ø FsysK1bd, whereFs is the static fric-
tion force obtained from tribological experiments.

For values of the driving amplitude in the rangeVcyd *

Ad * Adc the system exhibits a nonlinear behavior.Vc is
the critical driving velocity which denotes the transitio
to sliding in constant velocity measurements. The diffe
ent “phases” in Fig. 1b can be related therefore to the t
bological observationsFs and Vc [1,4,5,7–9]. For very
high driving amplitudes,Ad . Vcyd, the system again fol-
lows linear response but with an eigenfrequency,a, differ-
ent than that in the low amplitude region. This frequenc
corresponds to the dash-dotted lineVd  aAd in Fig. 1b.
Here the top plate feels only the spring system and not
interaction with the embedded system. Experimentally,
order to be dominated by the properties of the embedd
systems, one should choose frequencies below the eig
frequencies in each regime, as shown schematically by
shaded area in Fig. 1b.

Figure 2 illustrates a case where the response of
system is nonlinear. In the corresponding regime,Vcyd *

Ad * Adc, the top plate displacementsY and the spring
force fs demonstrate stick-slip behavior. This is als
mirrored by the top plate velocity which clearly shows fa
events withÙY ¿ Vd . We observe that in the slip windows
the chain length displays contractions separated by st
windows with the undisturbed chain configuration.

The main output of rheological experiments is the com
plex modulusGc [see Eq. (5)] from which an effective vis-
cosity can be obtained [10–12,14]. Figure 3 shows t
storage modulusG0

c and the loss modulusG00
c as a function
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FIG. 2. Time dependence of the spring forcefs, the top
plate displacementY and velocity ÙY , and the embedded chain
deformation, DL, for the driving amplitudeAd  40 and
frequency d  0.001 (all values are dimensionless). Other
relevant parameters aré 0.01, a  0.1, g  1.0, k  0.5,
r  1, D  0.1, andN  15.

of the amplitude of the top plate displacement (strain) fo
two different driving frequencies. We now show that from
the analysis of the moduli one can deduce some unkno
internal parameters of the system. In Fig. 3 one can clea
distinguish among three regimes which correspond in t
phase diagram, Fig. 1b, toAd , Adc, Adc , Ad , Vcyd,
and Ad . Vcyd. Namely, we find two linear regimes,
jY j ø 1 andjY j ¿ 1, where the system responds linearly
and an intermediate nonlinear regime,jY j * 1. According
to our model the measurements ofG0

c andG00
c for jY j ø 1

give G0
c  a2

p and G00
c  gdy2, which in dimensional

representation corresponds toG0
c  4p2a2

pNU0yb2 and
G00

c  Nh0vdy2. From these measurements one readi
obtains the microscopic parametersNh0 and NU0yb2.
From the value of the critical amplitudeAdc and from
G0

c, one can estimate the periodicity of the chain-plat
interaction Usxd. In the jY j ¿ 1 regime G0

c ø 0 and
G00

c  gdy2.
An interesting feature of the loss modules in Fig. 3 i

the abrupt increase ofG00
c at the critical displacementAdc

followed by a decrease withjY j, which is a manifestation
of the shear thinning effect. The increase ofG00

c is re-
lated to a corresponding increase in dissipation. The lat
originates from the stick-slip motion in this range ofjY j,
which leads to a strong energy dissipation during fast sl
events seen in Fig. 2. Assuming that the length,l, and the
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FIG. 3. The dependence of the storageG0
c (a) and lossG00

c (b)
moduli on the amplitude of the top plate displacementjY j. The
dependence is obtained for two driving frequencies:d1  0.001
(squares) andd2  0.01 (circles). All other parameters are the
same as in Fig. 2. The dashed lines show the slope21.

energy loss,E0, during each slip event are practically in-
dependent of the external drive, we can roughly estima
the energy loss,W , during a period of the driving oscilla-
tions,T  2pyd. For the driving velocities,Add, which
are below the critical velocityVc, the number of stick-slip
events is proportional toAdyl, so that the energy loss is
W ~ E0Adyl. As a result we have

G00
c ~ WyjY j2 ~ E0yljY j . (6)

This scaling behavior ofG00
c with jY j, and the indepen-

dence ofd, is observed in Fig. 3b forjY jc , jY j , Vcyd.
Note that stick slip occurs only for velocities belowVc.
As the amplitude of the displacement keeps growing w
arrive in the regime where two phases, stick-slip an
smooth sliding, coexist under the condition of oscillatory
drive. These two phases compete as channels for d
sipation, and the relative weight of the stick slip com
pared to smooth sliding is reduced whenjY j increases.
For Vd . Vc, during a displacement of lengthAd, stick-
slip motion occurs in the intervalAdVcyVd and the num-
ber of stick slips equalsVcyld. Namely, the contribution
of the stick-slip phase to the energy loss during thi
period is WSS ~ E0Vcyld. The contribution from the
smooth sliding isWSL ~ sgdjY j2y2d f1 2 fsVcydjY jdg,
wherefszd ; 2sarcsinz 2 z

p
1 2 z2 dyp. In this tran-

sition regime we get

G00
c ~

gd

2
1

dE0

Vcl

∑µ
Vc

djY j

∂2

2
gVcl
2E0

f

µ
Vc

djY j

∂∏
, (7)

which leads to the behavior shown in Fig. 3b forjY j .

Vcyd. The larger is the displacementjY j, the smaller
1229
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FIG. 4. The dimensionless effective viscosityheff  G00
c yd

as a function of the top plate velocity (strain),V  jY jd.
Notations and parameters are as in Fig. 3.

is the relative contribution of the stick slip. ForjY j ¿
Vcyd we arrive atG00

c ø gdy2, which is characteristic for
smooth sliding typical of “liquid”-like systems.

In addition to the scaling ofG00
c with jY j, it follows from

Eqs. (6) and (7) that the effective viscosityheff  G00
c yd

scales with the velocity of the top plate,V ; jY jd, in the
thinning regime. Figure 4 supports this result and clear
shows that curves which belong to differentd values col-
lapse in the thinning regime as a function of velocity
Using jY jd as a meaningful velocity in the case of os
cillatory drive is, therefore, justified only in this thinning
regime. For lower values of this velocity the behavior de
pends on the actual values ofd and/or jY j. An imme-
diate conclusion from Fig. 4 is that the maximal value o
heff depends ond. Namely, the choice of the driving fre-
quency,d, determines this observed maximal value, whic
is not an inherent property of the embedded system. T
can explain the controversial observations of the enhanc
viscosity at low velocities [3,6]. Also the velocity at which
thinning sets in appears to depend ond.

Similar behaviors ofG0
c, G00

c , and heff, as shown in
Figs. 3 and 4, including the scaling properties, have be
observed experimentally [10–12]. The experiments repo
an inverse power law dependence ofheff on velocity,
heff ~ 1yV , which follows directly from Eq. (6) asheff ~

E0ydjY j.
The predicted properties of the harmonically driven sy

tem should be amenable to experimental tests. In p
ticular, we propose investigations of the shear moduli
low driving amplitudes from which one can deduce micro
scopic scale parameters, such as the friction constanth,
the effective amplitudeU0, and periodb of the substrate
potential. These parameters characterize the system fo
1230
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driving amplitudes. Our interpretation of the mechanism
that leads to shear thinning, which occurs at higher am
plitudes, can be verified by careful analysis of the sprin
force time series. This can be done, for instance, by stud
ing the corresponding power spectrum [19].
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