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A structure is proposed for the mass matrices of the quarks and leptons that arises in a natur
from the assumption that the breaking of SOs10d gauge symmetry is achieved by the smallest possi
set of vacuum expectation values. This structure explains well many features of the observed sp
of quarks and leptons. It reproduces the Georgi-Jarlskog mass relations and leads to a charm
mass in reasonable agreement with data. It also predicts a large mixing angle betweennm and nt, as
suggested by atmospheric neutrino data. The mixing angles of the electron neutrino are predi
be small. [S0031-9007(98)06830-6]
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In this Letter we propose a structure for the quark an
lepton mass matrices that arises naturally in supersy
metric SOs10d from the simple assumption that SOs10d is
broken to the standard model by the smallest possible
of vacuum expectation values(VEVs). This structure re-
produces many of the features of the known fermion ma
spectrum. It also predicts a large value for thenm 2 nt

mixing angle, as is suggested by the atmospheric neutr
data [1]. Usually this angle is small (or not predicted) i
grand unified models, but in the present model its larg
value has a simple group-theoretical explanation.

The smallest set of vacuum expectation values th
can break SOs10d to the standard model consists of on
adjoint (45) and one pair of spinors (16 1 16) [2]. The
spinor pair breaks the rank of the group from 5 to 4 an
provides superlarge masses for the right-handed neutrin
The adjoint completes the breaking of SOs10d to the
standard model (SM) group SUs3d 3 SUs2d 3 Us1d and
produces the “doublet-triplet splitting”—that is, gives
superlarge mass to the color-triplet partners of the S
Higgs doublets, while leaving those doublets light.

Our assumption of minimality requires that there is onl
one adjoint Higgs. It has recently been shown that th
is enough to break SOs10d with no fine-tuning, while
preserving gauge-coupling unification [3]. Besides i
economy, having only one adjoint seems to be desirab
in the context of perturbative heterotic string theory whe
there are limitations on multiple adjoints [4]. If there is
only one adjoint, its VEV is fixed to be in theB-L direction,
as required by the Dimopoulos-Wilczek mechanism fo
doublet-triplet splitting [3,5]. This severely constrain
the possibilities for constructing realistic quark and lepto
masses. (For other approaches that generate mass m
textures in SOs10d utilizing an extended Higgs sector
see [6].)

In “minimal SOs10d” the quark and lepton masses com
from the operators16i16j10H , wherei and j are family
indices and subscriptH denotes a Higgs field. This leads
0031-9007y98y81(6)y1167(4)$15.00
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to the “naive SOs10d relations”:N ­ U ~ D ­ L. Here
U, D, L, and N denote, respectively, the Dirac mass
matrices for the up quarks, down quarks, charged lepton
and neutrinos.U ~ D would imply vanishing Cabibbo-
Kobayashi-Maskawa angles andm0

cym0
t ­ m0

s ym0
b , which

is off by 1 order of magnitude. (Superscript zero refers t
parameters evaluated at the unification scale.) The weak
“naive SUs5d relation” D ­ LT would imply m0

s ­ m0
m,

andm0
d ­ m0

e. All these bad predictions can be avoided
if the quark and lepton mass matrices depend on bo
superlarge SOs10d-breaking VEVs,k16Hl andk45Hl. [The
latter breaks SUs5d as well.] Empirically, one finds the
so-called Georgi-Jarlskog relations [7],m0

s > m0
my3 and

m0
d > 3m0

e. Sincek45Hl ~ B 2 L, a natural explanation
of the Georgi-Jarlskog factors of3 and1y3 will emerge.

The assumption of minimal VEVs for SOs10d breaking
leads naturally, as will be seen, to the following forms fo
the quark and lepton mass matrices at the unification sca
(with the convention that the left-handed fermions multi
ply them from the right, and the left-handed antifermion
from the left):

U ­

0B@ 0 0 0
0 0 ey3
0 2ey3 1

1CAm, N ­

0B@ 0 0 0
0 0 2e

0 e 1

1CAm ,

D ­

0B@ 0 0 0
0 0 r 1 ey3
0 2ey3 1

1CAm̃ , (1)

L ­

0B@ 0 0 0
0 0 2e

0 r 1 e 1

1CAm̃ ,

These matrices leaveu, d, and e massless and are
obviously not the whole story. At the end of this Letter,
we will discuss extending the model to include the firs
generation. However, sinceme ø mm, md ø ms, and
mu ø mc, the effects of such first-generation physics
should be quite small on the second and third generatio
© 1998 The American Physical Society 1167
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parameters that we wish to fit. It turns out that with onl
two parameters,e and r, one can get a good fit for five
quantities that involve the second and third generation
mcymt , msymb, mmymt , mbymt, and Vcb. (There is
also a phase parameter betweene and r, but it enters
weakly in these quantities.) The other mass ratio,mbymt ,
depends on an unknown ratio of VEVs.

The forms of the above Dirac matrices can be unde
stood to arise naturally from the assumption of minima
VEVs. A heavy third generation withm0

b > m0
t natu-

rally suggests the term16316310H , giving the “1” en-
tries in Eq. (1). However, the second-generation mass
must depend onk45Hl because of the Georgi-Jarlskog
factors. The simplest such operators are of the for
16216310H45H . This yields the “e” entries in (1). Both
the antisymmetry of these entries and the factors of1y3
are consequences ofk45Hl ~ B 2 L.

With only these “1” and “e” entries, U would be
proportional to D, implying Vcb ­ 0 and m0

cym0
t ­

m0
s ym0

b (which is off by an order of magnitude), and
m0

s ym0
b would be>1y9 instead of>1y3 of m0

mym0
t .

All three of these unrealistic features are cured i
a single stroke by introducing the group-theoreticall
simplest dimension-4 operator involving thek16Hl, i.e.,
16216316H160

H . The 160
H is some spinor Higgs, distinct

from 16H , which breaks the electroweak symmetry bu
doesnot participate in the breaking of SOs10d down to
the standard model group [8]. That is, the componen
that get VEVs are1s16Hd and5s160

Hd, wherepsqd denotes
a p of SUs5d contained in aq of SOs10d.

This term arises most naturally from “integrating out
10’s of SOs10d, as shown in Fig. 1. The resulting
operator is5s162d10s163d k 5s160

Hdl k1s16Hdl. Note that
this contributes toL andD, but not toU andN, and that
it lopsidedly contributes toD23 and L32 but not to D32
andL23. This lopsidedness, which is the group-theoretic
origin of the “r” entries in Eq. (1), will explain why the
2–3 mixing is small for the quarks (Vcb ø 1) but large
for the leptons (sin2 2umt , 1), providedr ¿ e.

There can be a relative phase,a, between the parameters
e and r. As is apparent from Eq. (1), this phase only
enters at ordereyr, which will be seen to be a small
parameter. (Henceforth the symbolsr ande will denote
jrj and jej, and the phase will appear explicitly asa.)

FIG. 1. A diagram that shows how vectors of fermions ma
be integrated out to produce the “r” terms in the mass
matrices in (1). For group-theoretical reasons these produ
lopsided contributions to the charged-lepton and down-qua
mass matrices that explain whyVcb is small while sin2 2umt

is large.
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Diagonalizing the matrices in (1), one finds
m0

bym0
t > 1 2

2
3

r

r211 se cosad ,

m0
mym0

t > e
r

r211 f1 2
r221

rs r211d se cosadg ,

m0
s ym0

b > 1
3 e

r

r211 f1 2
1
3

r221
rs r211d se cosadg , (2)

m0
cym0

t > e2y9 ,

V 0
cb > 1

3 e
r2

r211 f1 1
2
3

1
rs r211d se cosadg ,

whereOse2d terms have been dropped, since they affect th
results at the fraction of a percent level. The following fea
tures of the observed masses and mixings have been rep
duced by the model: thatm0

b > m0
t ; thatV 0

cb, m0
mym0

t , and
m0

s ym0
b are all of the same order [Osed], whereasm0

cym0
t is

much smaller [Ose2d]; and thatm0
s ym0

b > 1
3 m0

mym0
t . Also

explained is the hierarchy among generations, which aris
from the smallness ofe and from the rank-2 nature of
the matrices.

Since there are five observables in terms of the tw
parameterse andr in Eq. (2) (noting that the dependence
on a is rather weak), the model predicts three relation
among the charged fermions. To study them we use t
following input parameters:mm ­ 105.66 MeV, mt ­
1.777 GeV, mss1 GeV d ­ s180 6 50d MeV, mbsmbd ­
s4.26 6 0.11d GeV, mcsmcd ­ s1.27 6 0.1d GeV [9],
Vcb ­ 0.0395 6 0.0017, and Mt ­ 174.1 6 5.4 GeV
[10], which corresponds tomtsmtd ­ 165 6 5 GeV.

Various renormalization factors are needed. Thos
that run the masses from the low scales up to the s
persymmetry scale,MSUSY (taken to be atmt), are
denotedhi and computed using 3-loop QCD and 1-loop
QED or electroweak renormalization group equation
(RGE), with inputsassMZd ­ 0.118, asMZd ­ 1y127.9,
and sin2 uW sMZd ­ 0.2315. The relevant RGE can be
found, for instance, in [11]. The results are (hm, ht ,
hs, hb , hc, htd ­ s0.982, 0.984, 0.426, 0.654, 0.473, 1.0d.

The renormalization factors fromMSUSY up to the
unification scaleMG are calculated using the 2-loop
MSSM beta functions for all parameters [11], withMG ­
2 3 1016 GeV, and all SUSY thresholds taken to be a
MSUSY. These factors also depend on the value of tanb,
allowed a priori (by the perturbativity of the Yukawa
couplings up toMG) to be in the range1.5 # tanb # 65,
but favored by the fit in this model to be between abou
10 and 40. We use tanb ­ 30. [ In this model, since
the light doublet,H 0 is a linear combination of5s10d and
5s160d, tanb fi mtymb. It is also not expected to be very
small, since the same Yukawa coupling contributes
both the top and the bottom quark masses.] The runni
factors for tanb ­ 30 areshmyt , hsyb , hcyt , hbyt , hcbd ­
s0.956, 0.840, 0.691, 0.514, 0.873d, where hiyj ; sm0

i y
m0

j dysmiymjdMSUSY , andhcb ; V 0
cbysVcbdMSUSY .

Aside from the running of the couplings described b
theh’s, there are finite corrections [12] toms, mb, andVcb

from gluino and chargino loops, which are proportiona
to tanb and thus sizable for moderate to large tanb.
These will be denoted by the factorss1 1 Dsd, s1 1 Dbd,
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and s1 1 Dcbd, which depend on the supersymme
ric spectrum: Db . tanbh 2a3

3p

mMg̃

m2
b̃L

2m2
b̃R

f fsm2
b̃L

yM2
g̃d 2

fsm2
b̃R

yM2
g̃dg 1

l2
t

16p2
mAt

m2
t̃L

2m2
t̃R

f fsm2
t̃L

ym2d 2 fsm2
t̃R

ym2dgj,

wherefsxd ; xlogsxdys1 2 xd. Ds is given by the same
expression but without the chargino contribution (th
second term) and with̃b ! s̃. Dcb ­ 2D

chargino
b . One

sees that even for tanb ø 10 these corrections are o
order 10%. The analogous corrections tomm and mt

arise only from Bino loops, while those tomc andmt lack
the tanb enhancement, and so these are all negligible.

To fit for r ande it is convenient to use the second an
fifth relations of Eq. (2), since there is very little exper
mental uncertainty inmm, mt, andVcb . This givesr ­

f3Vcbysmmymtdg s hthcb

hmhmyt
d s1 2

e cosa

3
3r221

rs r211d d s1 2 Dcbd,

and e ­ f r211
r smmymtdg s hmhmyt

ht
d s1 1 e cosa

r221
rs r211d d.

One finds, for cosa ­ 1, that
r ­ 1.73s1 2 Dcbd, e ­ 0.136s1 2 0.5Dcbd . (3)

The dependence on cosa, arising only at ordereyr, is
rather weak: for cosa ­ 21, r ­ 1.92 s1 2 Dcbd, and
e ­ 0.134 s1 2 0.5Dcbd. The dependence on tanb, be-
cause it is only through the renormalization factors, is al
fairly weak for 10 # tanb # 40. Increasing tanb to 40
changesr by 10.7% ande by 23%. ChangingMSUSY
from mt to 500 GeV changesr by 13% ande by 12%.

Having determinedr ande from Vcb andmmymt , one
can predictmb , ms, mc, and sin2 2umt.

(i) mb prediction—The first relation of Eq. (2) implies
mbsmbd ­ mtsmtd s ht

hb hbyt
d s1 2

2
3

r

r211 e cosad s1 1 Dbd.
For cosa ­ 1, this givesmbsmbd ­ 5.0 s1 1 Dbd GeV.
Comparing this with the experimental valu
4.26 6 0.11 GeV, one sees thatDb > 20.15. This
is quite a reasonable value if tanb ø 30. (With su-
pergravity boundary conditions and a generic spartic
spectrum, the gluino loops contribute,60.2 to Db , while
the charginos contribute roughly a quarter as much a
with the opposite sign [13]. We shall keep these numbe
as a rough guide to estimate the corrections.) It should
noted that if tanb is close to1.6 or near60, mbsmbd will
be in the acceptable range even withDb ­ 0. However,
these extreme values of tanb lead to wrong predictions of
the charm mass [mcsmcd . 1.57 GeV when tanb . 1.6]
and are thus disfavored within the model. An interestin
consequence is that the model predicts the sign ofm (and
At) to be such that it decreases theb quark mass through
the gluino and chargino graphs.

(ii) ms prediction—The first and third relations of
Eq. (2) yieldmss1 GeVd ­ mtsmtd 1

3 e
r

r211 s ht

hshsybhbyt
d 3

s1 2
1
3 e cosa

3r221
rs r211d d s1 1 Dsd. For cosa ­ 1 this

gives mss1 GeVd ­ 176 s1 1 Dsd MeV. Taking Ds .
Db > 20.15 ( justified if the gluino loop dominates and
ms̃ > mb̃), one findsmss1 GeVd ­ 150 MeV, in excellent
agreement with the experimental value of180 6 50 MeV.

(iii) mc prediction—The fourth relation of Eq. (2) im-
plies mcsmcd ­ mtsmtd

1
9 e2s ht

hchcyt
d. For cosa ­ 1, this
t-

e

f

d
i-

so

e

le

nd
rs
be

g

givesmc ­ s1.05 6 0.11d s1 2 Dcbd GeV. The error re-
flects the1s uncertainties in the experimental values o
mt, as (­ 0.118 6 0.004), andVcb. [These lead, respec-
tively, to 6.5%, 7%, and4% uncertainties formcsmcd. It
should also be noted that changing tanb by 610 changes
the mc prediction by74%, changingMSUSY to 500 GeV
has less than a2% effect, and changing cosa to 0 reduces
mc by 3%.] SinceDcb . 2Dbjchargino, it is reasonable to
takeDcb . 20.05, using the supergravitylike spectrum a
a guideline. This givesmc ­ 1.10 6 0.11 GeV, which
is in quite reasonable agreement with the experimen
valuemcsmcd ­ s1.27 6 0.1d GeV. It is interesting that
the sign of the correction termDcb suggested by the su-
pergravity spectrum is such that it improves the agreem
of mcsmcd with the experimental value.

(iv) sin2 2umt prediction.—The neutrino-mixing matrix
Un is defined bynf ­

P
msUndfmnm, wherenf and nm

are the flavor and mass eigenstates, respectively.f ­
e, m, t, and m ­ 1, 2, 3. Un ­ UsLdyUsNd, where UsLd

and UsNd are the unitary transformations of the left
handed fermions required to diagonalize, respectively,L
andMn ­ 2NT M21

R N . (MR is the superheavy Majorana
mass matrix of the right-handed neutrinos.)

The crucial point, easily seen from Eq. (1), is that
large rotation in the 2–3 plane will be required to diago
nalizeL. Calling this angleu

sLd
23 , tanu

sLd
23 > jL32yL33j >

r 1 e cosa. The actualnm 2 nt mixing angle is the

difference betweenu
sLd
23 and the corresponding rotation

angle,u
sNd
23 , required to diagonalizeMn.

It might appear that one can know nothing aboutMn ,
and therefore aboutu

sNd
23 , without knowing the precise form

of MR . This is not so. From Eq. (1) one sees that in th
limit e ! 0 both N and Mn ­ 2NT M21

R N are propor-
tional to diags0, 0, 1d, so thatu

sNd
23 ! 0. Thus, formally,

u
sNd
23 ­ Osed. If M21

R is parametrized bysM21
R d22 ­

sM21
R d33Yye2, and sM21

R d23 ­ sM21
R d32 ­ sM21

R d33Xye,
one finds (ignoring the first generation) that tan2u

sNd
23 >

2ejs1 2 Xdys1 2 2X 1 Y dj. UnlessX and Y are fine-
tuned, this is indeed of ordere. Definek by ResUsNd

23 d ­
ke cosa, in a phase convention whereU

sLd
23 is real. If it is

required thatmnm
ymnt

ø 0.05, as suggested by the atmo
spheric and solar neutrino data, thenjkj & 2. Them 2 t

mixing angle at the unification scale is then given by

tanumt ­
r 1 s1 2 kde cosa

1 1 kre cosa
. (4)

The one-loop renormalization group equation for th
quantity [14] has the simple formdsln tanumtdydsln md ­
2h2

ty16p2. For tanb ­ 30, tanumt ­ 1.03 tanu0
mt .

Unlike the quark masses, thenm 2 nt mixing angle is
very sensitive to cosa, and therefore sin2 2umt can be in
a large range, from 1 down to about1y4. Values.0.7
obtain for most of the parameter range. For examp
if cosa ­ 0, Eq. (4) simplifies to tanumt ­ r, giving
sin2 2umt ­ 0.78, independent ofk. If k ­ 0, then
sin2 2umt . 0.7 for all cosa. sin2 2umt reaches1 for
1169
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cosa ­ 1 and k ­ 2, and reachesø1y4 for cosa ­ 1
andk ­ 22. (For other ways to generate largenm 2 nt

mixing see Ref. [15].)
There is not a unique way to extend this model to in

clude the first generation. A simple possibility that give
a reasonable fit to the first-generation masses and mixi
is to add s12d and s21d entries symmetrically to all the
mass matrices. This would give several new prediction

(i) m0
d

m0
e

­ 3s1 1
2

3r e cosad (a Georgi-Jarlskog rela-

tion); (ii) jV 0
usj ­ j

p
m0

dym0
s

1
s r211d1y4 2

p
m0

uym0
c eifj;

(iii) jV 0
ubj . j

p
m0

dym0
s

m0
s

m0
b

r

s r211d1y4 2
p

m0
uym0

c eif 3

s
p

m0
cym0

t 2
m0

s

m0
b

1
r dj. If f, which is a phase parame

ter, is nearp, acceptablejVusj and jVubj result. The
leptonic mixing angles involving the electron are give
by jsUnd0

en2
j . j

p
m0

eym0
m sr2 1 1d1y4 1 Osedj, and

jsUnd0
en3

j . j
p

m0
eym0

m

m0
m

m0
t

sr211d3y4

r 1 Ose2dj where the
Osed and Ose2d terms represent corrections from th
neutrino sector. Since these mixing angles are both sm
their precise values are sensitive to the structure ofMR .
These values are consistent with the small angle ma
oscillations for the solar neutrinos [10].

The model presented here can be tested in future
periments in several ways. (i) The prediction of tanb ­
10 40 can be tested once supersymmetric particles a
discovered. (ii) The spectrum of the sparticles is predict
to be such that the gluino and the chargino corrections
mb decrease its value by about15%. (iii) More precise
determinations ofmt, a3sMZd, and Vcb and information
about the sparticle spectrum will sharpen the model’s p
diction of mcsmcd. (iv) Large anglenm 2 nt oscillations
should be seen in long baseline experiments, but not
the ongoing accelerator experiments. The interpretat
of the atmospheric neutrino anomaly in terms ofnm 2 nt

oscillations should be confirmed. (v) There are also pr
dictions in the model for proton decay branching ratio
[16] and rare decays such asm ! eg [17].

In this Letter we have studied a simple form fo
the mass matrices that is motivated by general grou
theoretical considerations, without examining a particul
underlying unified model in great detail. That has bee
done in [18], where it is found that mass matrices of th
type discussed here can arise in realistic models.

This work was supported in part by Department o
Energy Grants No. DE-FG02-91ER-40626 and No. DE
FG02-90ER-40542. C. H. A thanks the Fermilab The
retical Physics Department for its kind hospitality.

Note added.—After submission of this paper, Super
Kamiokande has reported unambiguous evidence for n
trino oscillations in their atmospheric neutrino data [19].
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