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A structure is proposed for the mass matrices of the quarks and leptons that arises in a natural way
from the assumption that the breaking of 3@ gauge symmetry is achieved by the smallest possible
set of vacuum expectation values. This structure explains well many features of the observed spectrum
of quarks and leptons. It reproduces the Georgi-Jarlskog mass relations and leads to a charm quark
mass in reasonable agreement with data. It also predicts a large mixing angle bejwardv., as
suggested by atmospheric neutrino data. The mixing angles of the electron neutrino are predicted to
be small. [S0031-9007(98)06830-6]

PACS numbers: 12.15.Ff, 12.10.Dm, 12.60.Jv, 14.60.Pq

In this Letter we propose a structure for the quark ando the “naive SQ@I10) relations™ N = U « D = L. Here
lepton mass matrices that arises naturally in supersynt/, D, L, and N denote, respectively, the Dirac mass
metric SA10) from the simple assumption that 8I0) is  matrices for the up quarks, down quarks, charged leptons,
broken to the standard model by the smallest possible seind neutrinos. U « D would imply vanishing Cabibbo-
of vacuum expectation valu¢¥EVs). This structure re- Kobayashi-Maskawa angles amd/m? = m?/mg, which
produces many of the features of the known fermion mas# off by 1 order of magnitude. (Superscript zero refers to
spectrum. It also predicts a large value for the — v,  parameters evaluated at the unification scale.) The weaker
mixing angle, as is suggested by the atmospheric neutrintmaive SU5) relation” D = LT would imply m? = mg
data [1]. Usually this angle is small (or not predicted) inandm) = m?. All these bad predictions can be avoided
grand unified models, but in the present model its largef the quark and lepton mass matrices depend on both
value has a simple group-theoretical explgnatlon. superlarge SQ0)-breaking VEVs{16) and(45;). [The

The smallest set of vacuum expectation values thaftter breaks S(§) as well.] Empirically, one finds the
can break SQ0) to the standard model consists of onesp-called Georgi-Jarlskog relations [7 = m$,/3 and
adjoint (45.) and one pair of spinorsl¢ + 16) [2]. The 0= 3m?. Since(d5y) « B — L, a natural explanation
e O e the GeorgiJakos fctors fand 1/3 il emerge
The adjoint completes the breaking of G0) to the The assumption of minimal VEVs for S@0) breaking

leads naturally, as will be seen, to the following forms for
standard mode‘l‘ (SM) group Y X _SU&Z) X U(.l) an_d the quark and lepton mass matrices at the unification scale
produces the “doublet-triplet splitting”—that is, gives

I h | ol ¢ the S with the convention that the left-handed fermions multi-
superlarge mass to the color-triplet partners of the ly them from the right, and the left-handed antifermions
Higgs doublets, while leaving those doublets light.

' SO . . from the left):
Our assumption of minimality requires that there is only

one adjoint Higgs. It has recently been shown that this 0 0 0 0 0 0
is enough to break S@0) with no fine-tuning, while 0 0 €3]m, N=10 0 —e€|m,
preserving gauge-coupling unification [3]. Besides its 0 —€¢/3 1 0 e 1
economy, having only one adjoint seems to be desirable 0 0 0
in the context of perturbative heterotic string theory wherep — | o 0 p + €/3 |m, 1)
there are limitations on multiple adjoints [4]. If there is 0 —e€/3 1
only one adjoint, its VEV is fixed to be in th&-L direction,
as required by the Dimopoulos-Wilczek mechanism for 0 0 0 _
doublet-triplet splitting [3,5]. This severely constrains L= 8 3 _16 m,

p €

the possibilities for constructing realistic quark and lepton
masses. (For other approaches that generate mass matrixrThese matrices leave, d, and ¢ massless and are
textures in SQI0) utilizing an extended Higgs sector obviously not the whole story. At the end of this Letter,
see [6].) we will discuss extending the model to include the first
In “minimal SO(10)” the quark and lepton masses comegeneration. However, since, < m,, my < m,, and
from the operatord6;16;105, wherei and j are family m, < m,, the effects of such first-generation physics
indices and subscrigi denotes a Higgs field. This leads should be quite small on the second and third generation
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parameters that we wish to fit. It turns out that with only Diagonalizing the matrices in (1), one finds

two parametersg and p, one can get a good fit for five m)/md =1-— % —£— (ecosa),
quantities that involve the second and third generations: 0 0  p P P21
me/mg, mg/mp, my/my, my/m;, and Vg,. (There is my/m7 = €gpll = m(fCOSa)],

I 1 1 —1
also a phase paramgt_er betweerand p, but it _enters mg/mg =1le pfﬂ [1-+ p(ppzﬂ) (ecosa)], (2)
weakly in these quantities.) The other mass ratig/m;, 0/ 0 o
depends on an unknown ratio of VEVSs. me/m; = €/9, i

i i 1 2 1
The forms of the above Dirac matrices can be under- Vo = e #1[1 + 5 550 (e cosa)],

stood to arise naturally from the assumption of minimal ) .
VEVs. A heavy third generation with) = m® natu- whereO (e*) terms have been dropped, since they affect the

T results at the fraction of a percent level. The following fea-

ra_llly suggests the term6;16;104, giving the .1 €N tures of the observed masses and mixings have been repro-
tries in Eq. (1). However, the second-generation masse

) 0 _ 0. 0 07/, 0
must depend on45;) because of the Georgi-Jarlskog cﬁ(l)ceo(l)by the model: that,, = m; thatVey, ’”M/’Zf“ ?.]d
factors. The simplest such operators are of the forn{s// areall ofti;e same orde(?[(eg],wr}er%amg/mt IS
16,16510,45;. This yields the &” entries in (1). Both ~muchsmallerQ(e)]; and thatmy/m;, = 5 m, /m7. Also

the antisymmetry of these entries and the factorg/6f  €Xplained is the hierarchy among generations, which arises

are consequences f5;) = B — L. from the smallness o and from the rank-2 nature of
With only these “1” and & entries, U would be the matrices. , _

proportional to D, implying V., =0 and m®/m? = Since there are five observables in terms of the two

mg/mg (which is off by an order of magnitude), and Parameters andp in Eqg. (2) (noting thqt the depender_lce

m®/m? would be=1/9 instead of=1/3 of m® /m° on « is rather weak), the model predicts three relations
N y23 T"

All three of these unrealistic features are cured in@Mong the charged fermions. To study them we use the
a single stroke by introducing the group-theoreticallyf!lowing input parametersm, = 105.66 MeV, m, =
simplest dimension-4 operator involving ti&6y), i.e., 1.777 GeV, m,(1 GeV) = (180 = 50) MeV, m;,(m;) =
16,16516;,16);. The 16}; is some spinor Higgs, distinct (426 * 0.11) GeV, m.(m.) = (1.27 * 0.1) GeV  [9],
from 16, which breaks the electroweak symmetry but¥e»r = 0.0395 £ 0.0017, and M, = 174.1 * 5.4 GeV
doesnot participate in the breaking of ST) down to  [10], which corresponds tar, (m,) = 165 = 5 GeV.
the standard model group [8]. That is, the components Various renormalization factors are needed. Those
that get VEVs ard (16;) and5(16};), wherep(q) denotes that run the masses from the low scales up to the su-
ap of SU(5) contained in ay of SQ(10). persymmetry scale Msysy ('gaken to be atm,), are

This term arises most naturally from “integrating out” d€notedn; and computed using 3-loop QCD and 1-loop
10's of SO(10), as shown in Fig. 1. The resulting QED or _eIeptroweak renormalization group equations
operator is5(16,)10(165)(5(16},))(1(165)). Note that (RGE), with inputsa;(Mz) = 0.118, a(Mz) = 1/127.9,
this contributes td. and D, but not toU andN, and that nd sift 6w (Mz) = 0.2315. The relevant RGE can be
it lopsidedly contributes td,; and Ly, but not toDy, ~ found, for instance, in [11]. The results arg,( 7,
andL»;. This lopsidedness, which is the group-theoreticals> 76> Te> 1:) = (0.982,0.984,0.426, 0.654,0.473, 1.0).
origin of the “»” entries in Eq. (1), will explain why the 1€ renormalization factors fromsysy up to the
2-3 mixing is small for the quarks/(, < 1) but large unification scaIeI_VIG are calculated using the 2-loop
for the leptons (sh26,,, ~ 1), providedp > e. MSSMllgeta functions for all parameters [11], wify; =

There can be a relative phase between the parameters 2 < 107 GeV, and all SUSY thresholds taken to be at
e and p. As is apparent from Eq. (1), this phase onIyMSUSY- The_se _factors also depenq on the value oBtan
enters at ordek/p, which will be seen to be a small allowed a priori (by the perturbativity of the Yukawa

parameter. (Henceforth the symbglsand e will denote ~ €OUPINgS up ta¢) to be in the range.5 = tan 8 =< 65,
lp| and |e|, and the phase will appear explicitly as) but favored by the fit in this model to be between about

10 and 40. We use tgh = 30. [In this model, since
5(16,)  5(10) 5(10) 10(165) the light doubletH’ is a linear combination o§(10) and
5(16/), tanB # m,/m;. ltis also not expected to be very
small, since the same Yukawa coupling contributes to
Mo both the top and the bottom quark masses.] The running
1(16g) 5(16n) factors for tang = 30 are(n,. -, Ns/b, Ne/ts Mo /rs Neb) =
(0.956,0.840,0.691,0.514,0.873), where 7;/; = (m?/
_ _ m3)/(m; ) m ) mgesyr @8N0 = Vi /(Vep) ey -
FIG. 1. A diagram that shows how vectors of fermions may Aside from the running of the couplings described by

be integrated out to produce thep™ terms in the mass , ‘o ;
matrices in (1). For group-theoretical reasons these producthen s, there are finite corrections [12] ta;, m;, andV,

lopsided contributions to the charged-lepton and down-quarlﬁerom gluino and cha}rgino loops, which are proportional
mass matrices that explain why,, is small while sii2¢,, 10 tang and thus sizable for moderate to large fan
is large. These will be denoted by the factdis + A;), (1 + Ap),
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and (1 + A.,), which depend on the supersymmet-givesm, = (1.05 = 0.11) (1 — A.,) GeV. The error re-
ric  spectrum: A, = tanB{32 n%w—wi% [f(m; /M3) —  flects thelo uncertainties in the experimental values of
) ) 2 A, R 5 5 my, as (= 0.118 = 0.004), andV,,. [These lead, respec-
flmp /M) + f6m m i, LfGmz, /) = fOmz, /)T, tively, to 6.5%, 7%, and4% uncertainties fom, (m.). It
wheref(x) = xlog(x)/(1 — x). A, is given by the same should also be noted that changing gy =10 changes
expression but without the chargino contribution (thethem. prediction by+4%, changingMsysy to 500 GeV

second term) and with — 5. A, = _Azh‘"‘rgi“"_ One has less than 2% effect, and changing cesto 0 reduces
sees that even for tgh ~ 10 these corrections are of e by3%.] SinceA, = —A|"", it is reasonable to
order 10%. The analogous corrections i@, and m, takeA = —0.05, using the supergravitylike spectrum as

arise only from Bino loops, while those to, andm, lack @ guideline. This givesn, = 1.10 = 0.11 GeV, which
the tanB enhancement, and so these are all negligible. IS in quite reasonable agreement with the experimental
To fit for p ande it is convenient to use the second andvaluem.(m.) = (1.27 = 0.1) GeV. ltis interesting that
fifth relations of Eq. (2), since there is very little experi- the sign of the correction term., suggested by the su-
mental uncertainty im,,, m,, andV.,. This givesp = p](cargr?viti/ Spﬁctr:um is such thalt it i:nproves the agreement
T  ecosa 3p’—1 B of m.(m,) with the experimental value.
[3VCh/(m“/T+Tl)] Gimi) 3 wterrn) (1 ff}’)' (iv) sir? 26, prediction—The neutrino-mixing matrix
and e = [*= (m,/m.)](7457) (1 + ecosa ;). U, is defined byv; = 3,.(U,) fmvm, Wherev, and v,
One finds, for coa = 1, that are the flavor and mass eigenstates, respectivgly=
p = 17301 — A, € =0.136(1 — 05A.,). 8) e, u,7, andm =1,2,3. U, = UDTy™, wherey®)
The dependence on cas arising only at order/p, is and U™ are the unitary transformations of the left-
rather weak: for cos = —1, p =192 (1 — A.,), and handed fermions required to diagonalize, respectivily,
€ =0.134 (1 — 0.5A.;). The dependence on t@) be- andM, = —NTMz'N. (Mg is the superheavy Majorana
cause it is only through the renormalization factors, is alsgnass matrix of the right-handed neutrinos.)
fairly weak for 10 = tanB = 40. Increasing tam to 40 The crucial point, easily seen from Eq. (1), is that a
changesp by +0.7% ande by —3%. ChangingMsysy  large rotation in the 2—3 plane will be required to diago-
from m, to 500 GeV changeg by +3% ande by +2%.  nalizeL. Calling this angless, tangss = |Ls»/Ly| =
Having determineg ande from V,;, andm,, /m,, one  p + ecosa. The actualv, — v, mixing angle is the

car; predicrtmé,i, glsﬂely'r?n:‘jirsiﬁrzlaﬁg.n fEa (2) impjies JifTETENCE betweerss;’ and the corresponding rotation
() m,, predictio e first relation of Eq. (2) implies angle,ag), required to diagonaliz#f,.

_ n: _2_p
my (mp) = mz(m) ( )1 =3 757 ecosa)(l + A,). It might appear that one can know nothing abafyt,

No N/
and therefore abo@é@'), without knowing the precise form

For cosae = 1, this givesm;(m;) = 5.0 (1 + A,) GeV.
Comparing _ this  with ~the  experimental _value of Mg. This is not so. From Eg. (1) one sees that in the
limit € — 0 both N and M, = —N"My'N are propor-

426 = 0.11 GeV, one sees that\, = —0.15. This

is quite a reasonable value if tdn= 30. (With su- ) _ ™)

pergravity boundary conditions and a generic sparticlé'ol\f‘al to diad0,0, 1), so thatf,;" — 0. Thus, formally,
spectrum, the gluino loops contribute=0.2 to A,, while 637 = O(e). If M,{1 is parametrized by(M;l)zz =
the charginos contribute roughly a quarter as much andM§1)33Y/ez, and (M§1)23 = (M,{‘)n = (M§1)33X/e,
with the opposite sign [13]. We shall keep these numbersne finds (ignoring the first generation) that 2 =
as a rough guide to estimate the corrections.) It should bge|(1 — X)/(1 — 2X + Y)|. UnlessX andY are fine-
noted that if tarB is close tol.6 or near60, my(m,) Will  tyned, this is indeed of order. Definex by Re(U%) =
?heelsr:a tgftrz(;:zchlzleesrgp'?glz\ézrlﬁ?o;gobrel_d!(i)cvtvig\rﬁr(’)f k€ COSa, in a phase convention wheté? isreal. Ifitis

required thatn, /m, = 0.05, as suggested by the atmo-

the charm massrl.(m.) = 1.57 GeV when tang = 1.6] spheric and solar neutrino data, tHefh < 2. Theu — 7

and are thus d_|sfavored within the "_‘Ode'- An Interestm%1ixing angle at the unification scale is then given by
consequence is that the model predicts the sign ¢ind p + (I — K)e cosa

A,) to be such that it decreases thejuark mass through tand,,, = (4)
the gluino and chargino graphs. 1 + kpecosa , _
(i) m, prediction—The first alnd third relations of The :?t”e[IZ?E riﬂormal'zlatéonmg“f[”paeq)u/i‘;z(l)” f)or this

- _ 1 p (_ quantity as the simple fora(Intand ,,)/d(In u) =

=0 (21) yleldmxgll)z(ie\/) malime)s €557 G ) X —h2/1672. Fortang = 30, tand,,, = 1.03 tan6’,.

(I = 3ecosa ;7o) (1 + Ay).  For cosa = 1 this Unlike the quark masses, the, — », mixing angle is

gives my(1 GeV) = 176 (1 + A;) MeV. Taking A; =  very sensitive to coa, and therefore sf26,,. can be in

A, = —0.15 (justified if the gluino loop dominates and a large range, from 1 down to about4. Values>0.7

msz = mj), one findsn,(1 GeV) = 150 MeV, in excellent  obtain for most of the parameter range. For example,
agreement with the experimental valuel8d = 50 MeV.  if cosa = 0, Eq. (4) simplifies to tad,. = p, giving

(iii) m, prediction—'ll'he fourth relation of Eq. (2) im- sir? 260, = 0.78, independent ofx. If « =0, then
plies m.(m.) = m,(m,) 5 €*(72—). For cosx = 1, this  sin*26,, > 0.7 for all cose. sin’26,, reachesl for

NeNe/t
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