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Effect of Non-Pairwise-Additive Interactions on Bundles of Rodlike Polyelectrolytes
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Like-charged rigid polyelectrolytes can attract each other due to counterion-mediated interactions to
form bundles. However, the resulting effective interactions between rods are not pairwise additive.
Here we calculate the free energy of arrod bundle explicitly. We find that the breakdown of
pairwise additivity dramatically affects the stability of bundlesdfrods and leads to a barrier in the
free energy that grows with increasing salt concentration. [S0031-9007(98)06735-0]

PACS numbers: 61.20.Qg, 61.25.Hq, 87.15.Da

Experiments on a variety of stiff polyelectrolyte chains, In this paper, we present a closed-form expression for
such as DNA,F-actin, and tobacco mosaic virus, show the electrostatic free energy 8f-rod bundles, based on a
that they can self-assemble in solution into bundlesighly nontrivial generalization of the approach we devel-
of a well-defined size of densely packed, approximatelyoped for two rods [7]. We find that the breakdown of pair-
parallel chains [1,2]. For DNA, this phenomenon is knownwise additivity has dramatic effects. Contrary to previous
as condensation and has attracted attention because of @spectation, the bundle sizenst limited by long-ranged
implications for packaging of viral DNA. Condensation is repulsion due to the net charge. At low temperatures, the
surprising because it implies an attractive interaction, butods prefer to aggregate into indefinitely large bundles. At
the chains carry the same sign of charge and Debye-Huickbigh temperatures, where the interaction between rods is
theory and nonlinear Poisson-Boltzmann theory both prerepulsive at all distances, the rods do not aggregate. These
dict that the interaction should be repulsive [3]. In order toresults hold even in the presence of salt, but theyimre
understand the attraction, recent simulations and theorieonsistentvith the experimental observation of finite bun-
[4-7] focused on two-rod systems. In particular, wedles. Itis possible that nonelectrostatic mechanisms might
found that two charged rods can attract each other [7] dukmit the bundle size. However, our added-salt calculations
to the presence of condensed counterions (i.e., counteriossiggest that kinetic effects might prevent the bundle from
near the rods) [8,9]. These counterions give rise ta@rowing to its equilibrium size.
charge fluctuations on the rods that become correlated We study a system a¥ negatively charged rods paral-
when the two rods are sufficiently close together. Thdel to the z direction. Since chains are highly concen-
resulting short-ranged attractive interaction is reminiscentrated within the bundle, we assume they are ordered on
of the van der Waals interaction and is in quantitativea square lattice with lattice constanf12]. Each rod con-
agreement with two-rod simulations [4] with no ad- sists of M cylindrical monomers of lengtl» and radius
justable parameters [7]. As Podgornik and Parsegian,. Each monomer carries a negative charge-gf (in
[10] recently pointed out, however, these two-rod resultaunits of the electronic charge). The counterions have
cannot be applied to many-rod bundles, since the effecadiusr. and chargeZ and are divided into two classes,
tive interactions among rods are not pairwise additivecondensed and free [8,9]. We defifieto be the average
[7,10,11]. This is because the interactions are attractivaumber of condensed counterions per monomer; we do not
only when the distance between rods is much smalleassume thaf. is determined by the Manning criterion, but
than the rod length; under these conditions, the multisolve for it self-consistently as a function of the number of
pole expansion diverges. The many-body, higher-orderods and the lattice constasnt A condensed counterion is
multipole interactions are not pairwise additive. As aapproximated to lie on the nearest monomer, and to add a
result, it is not clear that the attractive interactions foundchargeZ to the net charge of that monomer. Because con-
between two rods persist fav-rod bundles. Moreover, densed counterions can move along the rods or exchange
given an attractive interaction, it is still not clear why with free counterions, the charge of a monomer can fluc-
the system chooses to form bundles of a well-defineduate. The charge on monomeof rod j can assume the
size. This has been explained in terms of competitiorvaluesq;(s) = —fy + mZ, wherem = 0,1,2,3, etc. is
between the short-ranged attraction and long-rangethe number of condensed counterions occupying a given
repulsion due to the net charge (not all counterions arenonomer. The average charge per monomeris fo —
condensed on the rods) [2]. However, this intuition isZf. and the variance in the charge per monometgs =
based on additivity of the two-rod interactions, and may{[q(s) — {(g(s))]*); = Z*f.. We allow for added salt by
fail for many-rod systems. To understand the formationincluding free ions labeled by the index carrying charge
of bundles and the electrostatics that control their stabilityg,. Finally, it is useful to introduce the Bjerrum length,
it is therefore imperative to study bundles explicitly, ¢z = e?/ekpT, namely, the length scale at which the elec-
without assuming pairwise additivity. trostatic energy is comparable to the thermal energy. We
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will also use the dimensionless Bjerrum length in units ofcharge variableg;(s) and the integral over the free ion
the monomer lengthy = €z/b. The Manning-Oosawa positionsr,,:
parameter [8,9], a measure of the ratio of the electrostatic
(naggggr;[o the thermal energy, is given §y= €5 fo in our 7 :f Dra<e"‘”{>q :f Draf in(s)e—ﬁ}[‘

In terms of the charge variableg(s) on the rods and 2)
the free ionsg,, along with their associated positions

. ; o T We now make the Hubbard-Stratanovich transforma-
r;(s) andr,, the electrostatic interaction Hamiltonian is

tion [13] and use the Gaussian approximation [7]. For
4i()q;(s") simplicity, we assume that the counterions are identical
BH 63[ > Z e to one of the ionic species of the added salt. We treat
ij ss' Iri(s) = r;(s)] the free ions within the Gaussian approximation and trace

over their positions first; this is equivalent to Debye-

+ 0 Z Z Z _4i(8)qa Huckel theory [6]. The effect of free ions is simply to
[ri(s) — ral replace the bare interactiofiz/r, by a “screened” one,
€ge™*"/r [6], where k is an inverse Debye screening
n daqa’ } (1) length given byk? = 47€3Z*n (here we have assumed
“ |ry — rol that both ions of the salt have valenzy.

To integrate out the remaining degrees of freedom
where B8 = 1/kgT. The nonzero radii of the rods and associated with the monomeric charggss), it proves
counterions are incorporated by separating the radial anaseful to Fourier transform frony to k. We define
axial components of the separatipiis) — r;(s’) for two  matricesM (k) and’M to be
charge variables on theamerod i, so that|r;(s) —

I‘,‘(S/)|2 = [Zi(S) - Zi(S/)]2 + d*. The cutoff Iengthd OMU = 56]725,‘1' + ZzBKo(KR,'j),
represents the minimum separation between two con- 3
densed counterions on the same rod; we take 2(rp + M;j(k) = 8q728;; + 2€BK0(Rij’/K2 + k2),

r.), wherer. is the counterion radius [7].

The system can adjust the monomer charggs) but ~ whereR;; is the distance between rodsindj, R;; = d,
not their positionsr;(s). It can also adjust the free ion and Ky(x) is the zeroth-order modified Bessel function
positionsr, but not their charges;,. The partition of the second kind. The electrostatic free energy per
function is therefore the sum over all realizations of t?emonomer of the rods, far < L, is

1 1 1 b
B Froas(a) = ~ ¢ [51-» - OM;I}— N \n[dets M (k)]
d 2 lzJ: Tosqr Y f

o

— bN§q g f %Ko(d\/xz + k2). (4)

The first term in Eq. (4) represents the repulsion due to the net charge on the rods. The second term represents the
attraction due to fluctuations in the monomeric charge. Whkien 2, then we obtain the two-rod result [see Eq. (6) in
Ref. [7]]. The last term is the self-energy that must be subtracted. The free energy in Eq. (4) cannot be written as the
pairwise sum of the two-rod interaction unless we retain only the leading term in the expansion of Eq. (4) in powers of
842 (i.e., up to monopole-dipole interactions).

The electrostatic free energy in Eq. (4) depends on the average number of condensed counterions per fionomer,
To solve forf. self-consistently, we enclose the bundle in a large cylinder of radiuand lengthZ, and construct the
total free energy in terms of the number of condensed and free counterions. We then equate the chemical potentials of
condensed and free counterions. The total free energy valid Tor< L is then

IBﬁota] = Nfc(ln ch]z;/O - 1) + (fo zl/lbL )|: ( Lfljjiw + %)Uo - 1:| zl’lbL (Innv0/2 - 1)
L

+ NZqlpfrKo(kd/2) + BT, _ LLL syl
qtpJ KoK rods 127TK 74 nU()’ (5)

wheref; = (fo — Zf.)/Z is the number of free counterions per monomer ands the counterion volume. The first
three terms in Eq. (5) correspond to the entropy of mixing of condensed counterions, free counterions (including the
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positively charged salt ions), and negatively charged salt 0.06—

ions, respectively. The fourth term is the interaction

of free counterions with rods, and the fifth is given in

Eg. (4). The sixth term is the standard Debye-Hickel 0.04

result for the salt ions, and the last term corresponds to

the repulsive interactions between free counterions. We

solve for f. by minimizing 8 Fio1 (See Ref. [7]). We 0.02

have solved for the rod free energy numerically for small i

bundles § = 36), and analytically in the asymptotic £

largeN limit. B -‘};’OdS oL
To calculate the equilibrium bundle size, we have cho- -

senZ =2, T =300K, e = 80,b = 1.7 A andfy = 1. I

The rod radius isy = 4.2 A and the counterion radius is -0.02

r. = 2.1 A. In addition,M = 10° andL, = L; the re-

sults do not vary much for largef andL,. We first

discuss what one would expect if the interactions were -0.04

pairwise additive. In Fig. 1, we have plotted the rod free

energy Foas given in Eq. (4) as a function of the number

of rods in the bundle), for two different salt concentra- -0.06L

tions. The lattice constant of the bundlezis= 24 A. In 0

all cases, the reference free energy corresponds to infinite

separation 9{ tbe rodsz(— e). In the IOW?r salt case, FIG. 1. Electrostatic rod free energyf.¢, as a function

x =006 A™! = 0.02 M salt, the expectation based on ¢f the number of rods in the bundiey. The parameters

pairwise additivity of the results in Ref. [7] is plotted as aused areT = 300 K, € = 80, f, = 1, and Z = 2 (divalent

bold solid curve in Fig. 1. Because the interaction consistsounterions). The lattice constantds= 24 A. The bold and

of a short-ranged attraction and longer-ranged repulsioﬁhitnhSOHd (‘#YVGS correspond to ng:t(')gtl&_l; (tjhfh b%'qd_ curve
L - : i$ the result assuming pairwise additivity, and the thin curve is
the free energy has a minimum &t~ 16. In the high the result of the fullN-rod analysis. Similarly, the bold and

— -1 —
salt casex = 0.1 A = 0.05 M salt, on the other hand, iy dashed curves correspond to the pairwise-additive and full
the pairwise additive result is plotted as a bold dashegesults fork = 0.1 A~!.

curve. In this case, the two-rod interaction at a spacing
of a = 24 A or larger is repulsive, so the minimum of the
free energy lies aW = 1 (completely separated rods). monomer froas = JFrods/NM, for 16 rods as a function of
The results from the fullvV-rod calculation are quite «. Since the system is free to adjust its lattice spacing, we
different from the pairwise-additive results, as shown bymust consider the global minimum of the free energy. As
the thin curves. At the higher salt concentratian=  shown in Fig. 2, the free energy minimum is at smalso
0.1 A=!, we find qualitatively similar but quantitatively the rods collapse to form a dense bundle, independent of
different behavior from the pairwise-additive case. In bothsalt concentration. This is true for all salt concentrations
cases, the minimum of the free energy liesvat= 1 be- uptox. = 0.25 A~! = 0.3 M of a 2:2 salt [14]. Above
cause the interaction is repulsive. However, the magnitude., the onset of attraction is smaller than the cutoff distance
of the free energy is significantly lower in the full analysis, d, so there is no attractive regime. In other words, the equi-
implying that the repulsion is much weaker. Thus, the in-librium bundle size iV = « for k = k., andN = 1 for
clusion of additional charge fluctuations, neglected in thec > «.. Our calculations are consistent with Brownian
pairwise additive case, leads to more screening of the redynamics [15] and molecular dynamics [16] simulations.
pulsive contribution to the free energy. Atlower salt con- The physical reason why electrostatics prefer= «
centrations, there is a striking difference between the fulls that the condensed counterions along the rods can be-
analysis and the pairwise-additive one. iAt= 0.06 A~!,  come correlated over the entire bundle, not just pair by
we obtain the thin solid curve. In contrast to the pairwise-pair. At very low temperatures, the system becomes
additive result, the full numerical analysis yields a free en-an ionic crystal [4], and it is not surprising that the
ergy that is monotonically decreasing up to the limit of ourionic crystal is not limited in size by electrostatic re-
calculationsN = 36, implying an equilibrium bundle size pulsion. However, our finding is in direct contradiction
of N = . This extrapolation is borne out by our asymp- with the experiments [1,2], which find well-defined finite
totic analysis, where we find that the free energy per rodbundles. One possible explanation for the difference is
Frodas/N, approaches a limiting value & — «, so that that nonelectrostatic mechanisms are at play. Since we
Frods Scales linearly withv. have treated rigid rods, we have not allowed repulsions
As the salt concentration increases, the onset of attraciue to conformational fluctuations [17] or topological de-
tion moves to smaller lattice spacings This is shown fects that are introduced by the winding of chains into
in Fig. 2, where we have plotted the rod free energy per torus [18]; these mechanisms might limit the bundle
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0.004 T for large N, we find the following criterion for pairwise
0003 E N, E additivity to hold: k?a® > 8¢*¢g/b. For the case of
oo0s b \ ] x = 0.1 A™!, the criterion requires: = 30 A. In this
T A ] regime, the interaction is repulsive. We always find that
pairwise additivity is valid only far on the repulsive side
of the barrier.

It has long been recognized that many-body, non-
pairwise-additive interactions play an important role in
electrostatic systems such as colloidal suspensions and
polyelectrolyte solutions. The great difficulty has been to
-0.004 e formulate a theoretical approach that includes these inter-
0 20 40 o 80 80 100 actions. We have shown that it is possible to calculate

aA) the free energy explicitly for a many-rod system.
FIG. 2. The electrostatic rod free energy per monomer, We thank Robijn Bruinsma, Bill Gelbart, Niels
froas = Jroas/NM, as a function of the lattice constantfor ~ Grgnbech-Jensen, Rebecca Nyquist, Adrian Parsegian,
the same parameter values as in Fig. 1, for a 16-rod bundigyng Helmut Strey for instructive discussions. This work

The bold solid curve corresponds .45, the bold dashed _
curve to the attractive contribution tfi,qs, and the bold dot- was supported by NSF Grant No. DMR-9619277.

dashed curve to the repulsive contribution fQ4, for the
casex = 0.001 A='. The thin solid, dashed, and dot-dashed
curves correspond tg.qs, and the attractive and repulsive
contributions tof;.qs, respectively, forx = 0.1 A~!. Note that

the free energy develops a repulsive barrier as the amount ofl] V.-A. Bloomfield, Biopolymers3l, 1471 (1991); V.A.
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references therein.
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