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A new regime in the transmission of waves through disordered waveguides is predicted, according
to which ballistic, diffusive, and localized modes coexist within the same scale length, due to the
surface-type disorder. This entangled regime is confirmed by the different behaviors of the transmitted
intensities, obtained by means of numerical simulations based on invariant embedding equations for the
reflection and transmission amplitudes. Also, an anomalous conductance crossover from quasiballistic
transport to localization is encountered. [S0031-9007(97)05185-5]
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The statistical properties of the transmission through
disordered waveguide constitutes a long standing pr
lem that has attracted much attention in recent years fr
both theoretical and experimental standpoints. Its form
lation concerns classical (electromagnetic, acoustic, e
tic, gravity, etc.) [1,2] and quantum (electrons) wave
alike [3,4]. In either case, it has been shown that the
terference of multiply scattered waves is crucial to seve
phenomena such as weak [1,5,6] and strong (Anders
[1–4,7,8] localization, intensity correlations [9,10], an
universal conductance fluctuations [11]. With regard
classical waves, the problem arises naturally in the ch
acterization of transport properties related to, for instan
optical waveguides and fibers, remote sensing, radiow
propagation, sonar, shallow water waves, and geophys
probing (cf. Refs. [1,2] and references therein). On t
other hand, it describes as well the electronic transpor
mesoscopic systems [4], being especially relevant to c
ductance in nanowires [12–14].

A serious theoretical breakthrough in the understand
of the problem occurred when the powerful technique
random matrix theory was applied [15,16]. In the course
the mathematical description of anN-mode waveguide, the
random matrix appears in a natural manner as anN 3 N
matrix of transmission amplitudestnm. Then the following
three types of transmittances can be defined [17]:

Tnm ­ jtnmj2, Tn ­
X
m

Tnm, g ­
X
n

Tn . (1)
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The first one,Tnm, measures the coupling betweennth in-
coming andmth outgoing channels (speckle pattern).Tn is
the entire transmitted power for thenth incident mode. The
last one,g, averages this power over allN incoming chan-
nels and corresponds to the dimensionless conductance
electrons. For a waveguide with bulk disorder these en
ties behave in a similar way. Because of the strong int
mode mixing, the incident waves lose their memory aft
a few scatterings, which means that for waveguides lon
than a few scattering lengthsl all information about the
n dependence is washed out. Therefore all modes sw
at L , l from the quasiballistic regime to the diffusive
one. This shows up in the existence of one univers
length scale for all transmittances. This scale is referr
to as the localization length and is believed to be equa
Nl. For waveguide lengths shorter than the localizati
length sL ø Nld the transmittances have RayleighsTnmd
or GaussiansTn, gd statistics [17–20]. Upon increasing
the lengthsL ¿ Nld we observe a crossover to the log
normal distribution which is characteristic for the localize
regime. This allows us to state that all channels are eq
and undergo the same changes with the increase of
system size.

The goal of the present Letter is to study the differenc
which occur as far as surface scattering is concern
Naive considerations would suggest that if we introduce
localization length (which obviously must be much larg
than that for the bulk scattering), we should just rescale
well known results leaving the rest unchanged. Howev
© 1998 The American Physical Society
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this is not the case: Interference effects display themsel
earlier than complete mixing occurs. Some modes beco
localized well before the intermode coupling involves th
other modes into diffusion. Therefore, a waveguide wi
a random rough surface gives us an example when
symmetry between channels is broken and we can obse
all three regimes coexisting at the same system size.

To analyze the problem we derive the invariant embe
ding equations for the matrices of the reflection and tran
mission amplitudes following the method suggested in [8
For a waveguide with a rough surface of lengthL along its
axis (x axis), we obtain the following first-order nonlinea
matrix equations:

dr
dL

­
i
2

se2ikL 1 reikLd yse2ikL 1 eikLrd , (2)

dt
dL

­
i
2

teikL yse2ikL 1 eikLrd . (3)

Herer andt areN 3 N matrices of reflection and trans-
mission amplitudes defined through the asymptotics of t
scattered field:

Cnsx . L, rd ­
1

p
kn

xnsrde2iknx

1
X
m

1
p

km
xmsrdeikmxrnm ; (4)

Cnsx , 0, rd ­
X
m

1
p

km
xmsrde2ikmx tnm . (5)

The x 0
ns are N transversefr ; s y, zdg eigenfunctions

corresponding to theN longitudinal wave numberskn, k ­
diagsk1, . . . , kN d. Scattering is described by the “impurity
matrix” y, constructed as follows:

ynm ­
I

ds fmssdjsL, sdfnssd , (6)

where s is the arc length along the perimeter of th
waveguide cross section,fnssd is the normal derivative of
xnsrd evaluated at the inner surfaceS of the waveguide,

fnssd ­
1

p
kn

∑
≠xnsrd

≠r

∏
r,S

, (7)

andjsx, rd is the random deviation of the surface profil
from the translationally invariant unperturbed one.

For the numerical simulations we choose the simple
geometry: two parallel planesz ­ 0 andz ­ d with a 1D
deviationj ­ jsxd at one planesz ­ 0d only. In this case
the transverse eigenfunctions acquire the form

xnszd ­

s
2
d

sinsknzd, kn ­
pn
d

,

kn ­

sµ
v

c

∂2

2 k2
n ,

(8)

and the impurity matrix becomes
ves
me
e
th
the
rve

d-
s-
].
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ynmsLd ­
2
d

knkmp
knkm

jsLd . (9)

Our numerical treatment is based on Monte Carlo simu
lations combined with the 6th-order Runge-Kutta method
for solving the system of differential Eqs. (2)–(3). The
matrices of reflection and transmission amplitudes ar
calculated as functions of the lengthL for each real-
ization jsxd of an ensemble of randomly rough surface
profiles. These realizations are numerically generated a
suming zero-mean Gaussian statistics (d being the rms
height) and a Gaussian correlation function (a being the
correlation length). The mean values and fluctuations o
the relevant physical quantities are then obtained by en
semble averaging overNp surface profiles.

In Fig. 1 thekTnnl are shown (in a semilog scale) for
0 $ Lyl $ 1500 in the case of a waveguide of thickness
d ­ 4.25l supportingN ­ 8 guided modes. Averaging
is carried out overNp ­ 2000 realizations of the surface
deviation witha ­ 0.2l andd ­ 0.04l. This plot clearly
reveals the drastic differences in behavior for each incom
ing moden. On the one hand, the lowest moden ­ 1
propagates through the waveguide being hardly scattere
into other forward or backward propagating modes, so tha
85% of the incoming energy remains in the mode afte
1500l. The transmission of the highest incoming mode
n ­ 8, on the other hand, decays very rapidly within the
1500l length due to scattering, in such a way that only les
than 1% of the incoming mode leaves the other end of th
guide. For the remaining incoming guided modes, the di
agonal transmittances exhibit a variety of behaviors bridg
ing the gap between the extremekTnnl for n ­ 1 and 8.
Thus, it should be emphasized that surface disorder, in co
trast to volume disorder, produces enormous difference
in the waveguide transmission properties of each guide
mode.

These differences are displayed not only in the mag
nitude of the transmittances, but mainly in the physica
behavior of the propagation of each mode. In Fig. 2, thes
transport properties are analyzed. Figure 2(a) exhibit

FIG. 1. Logarithm of the averaged diagonal transmission
intensities kTnnl as a function of the waveguide lengthL
for a width dyl ­ 4.25, supporting 8 modes, with disorder
parametersayl ­ 0.2 anddyl ­ 0.04.
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a)
FIG. 2. Averaged diagonal transmission intensities for th
same waveguide as in Fig. 1 but only for three modes show
the different transport behaviors: (a) QB forn ­ 1 through a
linear fit; (b) D for n ­ 5 through aL21 fit; (c) L for n ­ 8
through a linear fit ofkln Tnnl.

the quasiballistic(QB) transport of the (11)-transmission
channel throughout the entire waveguideL ­ 1500l as
revealed by the linear decaykTnnl ­ 1 2 sLylQB

nn d, with
a decay lengthl

QB
11 ø 104l. The diffusive(D) transport

of the (55)-transmission channel is shown in Fig. 2(
through the fit of kT55l to the well known hyperbola
kTnnl ­ lnnyL, from L ø 350l on, with l55 ­ 136l.
Finally, the exponential decaykln Tnnl ­ 2LylL

nn, as-
sociated withAnderson localization(L), can be readily
recognized in Fig. 2(c) through theL dependence of
kln T88l beyondL ø 500l, yielding a localization length
of lL

88 ­ 1007l. We have also calculated the correspon
ing relative transmission fluctuationsdTnnykTnnl [with
dTnn ­ skT2

nnl 2 kTnnl2d1y2] confirming the expected
behaviors as shown in Fig. 3: a slow linear increase in t
QB regime,dT55ykT55l ø 1 (speckle pattern) throughout
the D region, and growing beyond a variance of uni
in the case of the localized modesn ­ 8d. Figures 2

FIG. 3. Normalized fluctuations of the transmission intensitie
shown in Fig. 2 as functions of the waveguide lengthL.
950
e
ing

b)

d-

he

ty

s

and 3 thus demonstrate thecoexistence of quasiballistic
diffusive, and localized transportfor different incoming
channels within the same region of surface disorde
waveguide s500 # Lyl # 1500d. (It should be men-
tioned that theL regime for then ­ 8 mode is preceded
by a D one, and this in turn by a very short QB one, wi
the associated QB-D and D-L transitions. The QB-
crossover is also observed forn ­ 5. The D-L crossover
in the conductance has been studied with a similar geo
try in Ref. [21]; curves similar to those shown in Fig.
have been independently reported therein.)

This anomalous behavior can be qualitatively interpre
in terms of a rough estimate of the numberMn of scattering
events that each mode undergoes along its trajectory wi
the waveguide. By assuming that the rough boundary r
deviationd is small compared with the mean waveguid
width, the former number is given by

Mn ­
Lkn

2dkn
. (10)

In fact, the impurity matrix acting as the scattering pote
tial can be written in terms of these numbers as

ynm ­
8d2

L2

jsLd
d

sknkmd1y2MnMm . (11)

In the case of the above calculations, for instance, it tu
out that M8 ­ 23.5M1, so that y88yy11 ­ 188. This
factor explains the large differences between the cor
sponding (11)- and (88)-transmission coefficients, be
in reasonable agreement with our numerical resu
slQB

88 ø 5 3 1023l
QB
11 d. Similar scaling differences apply

to the remaining transmitted modes.
The interplay between mode conversion and the ab

mentioned distinct transmission features produced by s
face disorder manifests itself also in the total transmiss
Tn and the dimensionless conductanceg. Since every
Tnm behaves differently [recall thatynm ­ skmyknd1y2 3

sMmyMndynn], the sum over the nondiagonal term
sm fi nd yields at certain lengths a total transmissio
where the three regimes are entangled, thus makin
unfeasible to define a transport regime. Only when mo
coupling is weak and/or thesnmd scaling lengths swap
can one assess that the behavior of the total transm
sion coincides with that of the diagonal transmissio
This has been verified in our numerical simulation
Whereas the QB (L) regimes are easily recognized
sufficiently short (large) length scales, the D regime
either observable only within a narrow waveguide leng
window, or is absent. The entangling of transport regim
due to surface disorder becomes more evident wh
dealing with the dimensionless conductance, the re
vant quantity in the electronic problem. In Fig. 4, it
average and fluctuations are depicted both for the 8-m
waveguide studied thus far and for a narrower wavegu
(supporting onlyN ­ 4 guided modes) with a roughe
surfacesd ­ 0.08ld. The initial QB linear decay and the
long-length L exponential decay are shown in Fig. 4(



VOLUME 80, NUMBER 5 P H Y S I C A L R E V I E W L E T T E R S 2 FEBRUARY 1998

ss,

le
ish
.

-

m
,

.

.
.

t.

il,

.

.

r,

,
.

-

FIG. 4. (a) Averaged conductance through the waveguid
used in Fig. 1 (solid curves) and through a narrower wavegui
(dashed curves) of widthdyl ­ 2.25 (thus supporting only
4 modes) and disorder parametersayl ­ 0.2 anddyl ­ 0.08.
The linear (exponential) decays at short (long) lengths defi
the QB (L) regimes. The inset shows the logarithmic plo
(b) Conductance fluctuations.

through appropriate fits; in between these QB and
regions,kgl fails to fit theL21 dependence characteristic
of the D regime (this is more clearly observed in th
log-plot in the inset). Furthermore, the fluctuations li
below the expected quasi-1D UCF value for such
regime [upper horizontal axis in Fig. 4(b),dg ø 0.364,
cf. Refs. [11–13] ]. Therefore, as far as the conductan
is concerned, an anomalously long effective crossov
from the QB directly to the L regime can take place, du
to the coexistence of QB, D, and L regimes in differen
transmission channels within the same length scale.

In summary, we have demonstrated the coexisten
of QB, D, and L regimes within the same region in
the transport of waves through a surface disorder
waveguide. This phenomenon manifests itself throug
both the different behaviors of theTnm (average and
fluctuations), and the anomalous QB-L crossover in th
conductance that fails to exhibit the D regime in betwee
Thus the coexistence of regimes can be revealed expe
mentally by measuring either the transmission intensiti
of guided microwaves or light (or any other accessib
electromagnetic or classical wave), or the anomalo
conductance crossover in the electronic problem. In th
case of microwaves ofl , 1 cm, waveguides (or tubes
[20]) several centimeters wide could be used, consistin
of metallic plates one of which, at least, should hav
irregularities with lateral dimensions of the order o
millimeters (for instance, by using aluminum foil). The
required waveguide lengths some meters long at whi
the coexistence is observed can be reduced by mak
the roughness strength larger than that employed in o
calculations. Similar considerations apply to optica
waveguides in the micron scale; in fact, the needed su
e
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face roughness is present, due to the fabrication proce
in typical silica waveguides [22].
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