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Analytic Solution of the Pion-Laser Model
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Brooding over bosons, wave packets, and Bose-Einstein correlations, we find that a generalizatio
the pion-laser model for the case of overlapping wave packets isanalytically solvablewith completen-
particle symmetrization. Explicitmultiplicity and momentum dependenceof exclusive correlations and
spectra is found. The effective source radii arereduced for low valuesandenlarged for high values of
the mean momentumin the rare gas limiting case. [S0031-9007(97)05015-1]

PACS numbers: 25.75.Gz, 03.65.–w, 05.30.Jp
the
e
ant

e

e
y
al
em
d

e-
e

e
f

c,
he
The study of the statistical properties of quantum sy
tems has a long history with important recent deve
opments. In high energy physics, quantum statistic
correlations are studied in order to infer the space-time d
mensions of the elementary particle reactions. In high e
ergy heavy ion collisions hundreds of bosons are created
the present CERN SPS reactions whenPb 1 Pb reactions
are measured at160A GeV laboratory bombarding energy
At the RHIC accelerator, to be completed by 1999, tho
sands of pions could be produced in a unit rapidity interv
[1,2]. If the number of pions in a unit value of phase spac
is large enough, these bosons may condense into the s
quantum state and a pion laser could be created [3]. Sim
lar to this process, when a large number of bosonic ato
are collected in a magnetic trap and cooled down to i
crease their density in phase space, the bosonic nature
the atoms reveals itself in the formation of a Bose-Einste
condensate [4], a macroscopic quantum state. Such a c
densation mechanism may provide the key to the formati
of atomic lasers in condensed matter physics and to the f
mation of pion lasers in high energy particle and heavy io
physics, reviewed recently in Refs. [5–7].

The density matrix of a generic quantum mechanic
system is

r̂ 
X̀
n0

pnr̂n , (1)

where the indexn characterizes subsystems with par
ticle number fixed ton, and the multiplicity distribu-
tion is prescribed by the set ofhpnj`

n0, normalized asP`
n0 pn  1. The density matrices are normalized a

Trr̂  1 andTrr̂n  1, where

r̂n 
Z nY

i1

dai rnsa1, . . . , and ja1, . . . , anl ka1, . . . , anj

(2)

and the statesja1, . . . , anl denote properly normalizedn-
particle wave-packet boson states.

A wave-packet creation operator is

a
y
i 

Z d3p
sps2d3y4 e2fsp2pid2y2s

2
i g2ijisp2pid1ivspd st2ti dây

p ,

(3)
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where ai  sji , pi , si , tid refers to the parameters of
the wave packeti: the center in space, the center in
momentum space, the width in momentum space, and
production time, respectively. For simplicity we assum
that all the wave packets are emitted at the same inst
and with the same width,ai  spi , ji , s, t0d.

Then boson states, normalized to unity, are given as

ja1, . . . , anl 

√X
ssnd

nY
i1

kaijasi
l

!1y2

ay
n . . . a

y
1 j0l . (4)

Here ssnd denotes the set of all the permutations of th
indexes h1, 2, . . . , nj, and the subscriptsi denotes the
index that replaces the indexi in a given permutation
from ssnd.

Solution for a new type of density matrix.—There is
one special density matrix, for which one can overcom
the difficulty, related to the nonvanishing overlap of man
hundreds of wave packets, even in an explicit analytic
manner. Namely, if one assumes that we have a syst
in which the emission probability of a boson is increase
if there is another emission in the vicinity,

rnsa1, . . . , and 
1

N snd

nY
i1

r1said

0@X
ssnd

nY
k1

kak jask
l

1A .

(5)
The coefficient of proportionality,N snd, can be deter-
mined from the normalization condition. The density
matrix of Eq. (5) describes a quantum-mechanical wav
packet system with induced emission, the amount of th
induced emission is controlled by the overlap of then
wave packets [8], yielding a weight in the range off1, n!g.
Although it is very difficult numerically to operate with
such a wildly fluctuating weight, we were able to reduc
the problem [8] to an already discovered “ring” algebra o
permanents for plane-wave outgoing states [3].

For the sake of simplicity we consider nonrelativistic
particles,vskd  k2ys2md. In order to define an analyti-
cally solvable model, we also assume a nonrelativisti
nonexpanding static source at rest in the frame where t
calculations are performed,
© 1998 The American Physical Society
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r1sad  rxsjdrpspddst 2 t0d ,

rxsjd 
1

s2pR2d3y2
exps2j2y2R2d , (6)

rpspd 
1

s2pmT d3y2
exps2p2y2mT d ,

and a Poisson multiplicity distributionps0d
n for the case

when the Bose-Einstein effects are negligible,

ps0d
n 

nn
0

n!
exps2n0d . (7)

This corresponds to the very rare gas limit, and complet
the specification of the model. The plane-wave model,
which the multiparticle wave-packet model was reduce
in Ref. [8], can be further simplified [8] to a set of recur
rence relations with the help of the so-called “ring alge
bra” discovered first by Pratt in Ref. [3]. The probability
of finding events with multiplicityn, as well as the single-
particle and the two-particle momentum distribution i
such events, is given as

pn  vn

√X̀
k0

vk

!21

, (8)

N
snd
1 sk1d 

nX
i1

vn2i

vn
Gis1, 1d , (9)

N
snd
2 sk1, k2d 

nX
l2

l21X
m1

vn2l

vn
fGms1, 1dGl2ms2, 2d

1 Gms1, 2dGl2ms2, 1dg ,

(10)

wherevn  pnyp0 and

Gnsi, jd  nn
0 hn expf2ansk2

i 1 k2
j d 1 gnkikjg . (11)

Averaging over the multiplicity distributionpn yields the
inclusive spectra as

Gs1, 2d 
X̀
n1

Gns1, 2d , (12)

N1sk1d 
X̀
n1

pnN
snd
1 sk1d  Gs1, 1d , (13)

N2sk1, k2d  Gs1, 1dGs2, 2d 1 Gs1, 2dGs2, 1d . (14)

An auxiliary quantity is introduced as

Cn 
1
n

Z
d3k1 Gns1, 1d  hn

nn
0

n

µ
p

2an 2 gn

∂3y2

.

(15)

With the help of the notation

s2
T  s2 1 2mT , R2

e  R2 1
mT

s2s
2
T

, (16)

the recurrence relations that correspond to the solution
the ring algebra [3,9] are obtained [8] for the case of th
multiparticle wave-packet model. These correspond to t
es
to
d

-
-

n

of
e

he

pion-laser model of Pratt when a replacementR ! Re

andT ! Te  s
2
T ys2md is performed.

Let us introduce the following auxiliary quantities:

g6 
1
2

s1 1 x 6
p

1 1 2xd, x  R2
es2

T . (17)

The general analytical solutionof the model is given
through the generating function of the multiplicity distri
butionpn

Gszd 
X̀
n0

pnzn  exp

√X̀
n1

Cnszn 2 1d

!
, (18)

whereCn is

Cn 
nn

0

n
fgny2

1 2 gny2
2 g23, (19)

together with thegeneral analytic solutionfor the func-
tionsGns1, 2d,

Gns1, 2d  jn exp

Ω
2

bn

2
fsgny2

1 k1 2 gny2
2 k2d2

1 sgny2
1 k2 2 gny2

2 k1d2g
æ

,

(20)

jn  nn
0

µ
bn

p

∂3y2

, bn 
1

s
2
T

g1 2 g2

g
n
1 2 gn

2

. (21)

The detailed proof that the analytic solution to th
multiparticle wave-packet model is indeed given by th
above equations is described in Ref. [8].

The representation of Eq. (18) indicates that the quan
tiesCn are the so-called combinants [10–12] of the prob
bility distribution of pn and in our case their explicit form
is known for any set of model parameters, as given
Eqs. (19), (17), and (16). The resulting multiplicity gen
erating function does not correspond to discrete probab
ity generating functions in Ref. [13], so we have found
new type of probability generating functions.

The mean multiplicity isknl 
P`

n1 npn 
P`

i1 iCi ,
Ref. [8]. The largen behavior ofnCn depends on the
ratio of N0yg

3y2
1 , since for large values ofn we always

havesg2yg1dny2 ø 1. The critical value ofn0 is

nc  g
3y2
1  s1 1 x 1

p
1 1 2xd3y2y23y2. (22)

If n0 , n, one finds limn!` nCn  0 and knl , `; if
n0 . nc one obtains limn!` nCn  ` and knl  `; and
finally, if n0  nc one finds limn!` nCn  1 and knl 
`. The divergence of the mean multiplicityknl is related
to condensation of the wave packets to the wave-pac
state with zero mean momentum, i.e.,p  0 if n0 $

nc, Ref. [8]. The multiplicity distribution of Eq. (18) is
studied at greater length in Ref. [8].

Dense gas limiting case.—This wave-packet model
exhibits a lasing behavior in the dense Bose-gas lim
corresponding to an optically coherent behavior, chara
terized by a vanishing enhancement of the two-partic
intensity correlations at low momentum,Csk1, k2d  1,
a case which is described in greater detail in Ref. [8].
917



VOLUME 80, NUMBER 5 P H Y S I C A L R E V I E W L E T T E R S 2 FEBRUARY 1998

are

-

ut
t
as

m
d,

er
.
as
a
ters
nt
to
al
-
of

m
s
m,
as

r

o-
s

f
ce

,
try
ry

ls

ith
Rare gas limiting case.—Large source sizes or large
effective temperatures correspond to thex ¿ 1 limiting
case, where the general analytical solution of the mod
presented above, becomes particularly simple and
exclusive and inclusive spectra and correlation functio
can be obtained analytically to leading order in1yx ø 1.
From Eq. (11) one obtains that

Gns1, 2d  jn exp

√
2

n

2s
2
T

sk2
1 1 k2

2d 2
R2

e

2n
Dk2

!
, (23)

jn 
n5y2Cn

sps
2
T d3y2

, Cn 
nn

0

n4

µ
2
x

∂s3y2d sn21d
, (24)

where Dk  k1 2 k2. We can see from Eq. (23) that
the higher order corrections will contribute to the observ
ables with reduced effective temperatures and reduc
effective radii. Equation (24) indicates that the leadin
order combinant in thex ¿ 1 limiting case isC1 with
the first subleading correction given byC2. Thus, the
probability distribution can be considered in the rare g
limiting case as a Poisson distribution of particle single
with a subleading correction that yields a convolutio
of Poisson-distributed doublets. Thevery rare gas lim-
iting case corresponds to keeping only the leadingn  1
order terms in the above equations. The multiplicity dis
tribution is a Poisson distribution withknl  n0 and no
influence from stimulated emission. The momentum di
tribution is a static Boltzmann distribution, and the exclu
sive and inclusive momentum distributions coincide [8
The leading order two-particle Bose-Einstein correlatio
function is a static Gaussian correlation function wit
a constant intercept parameter ofl  1 and with a
momentum-independent radius parameter ofRp  Re [8].

The probability generating function yields the following
leading order multiplicity distribution:

pn 
nn

0

n!
exps2n0d

√
1 1

nsn 2 1d 2 n2
0

2s2xd3y2

!
. (25)

The mean multiplicity, the factorial cumulant moment
of the multiplicity distribution, and the inclusive and
exclusive momentum distributions were evaluated b
keeping only the leading order terms in1yx in Ref. [8].
The two-particle exclusive correlation functions can als
be evaluated by applying a Gaussian approximation to t
leading order corrections in thex ¿ 1 limiting case,

C
snd
2 sk1, k2d 

n2

nsn 2 1d
N

snd
2 sk1, k2d

N
snd
1 sk1dN snd

1 sk2d

 1 1 lK exps2R2
k,sDk2

s 2 R2
K,oDk2

od,

(26)

where K  0.5sk1 1 k2d, the sidewards and out-
wards directions are introduced for spherical symmetr
sources as Dks  Dk 2 KsDk ? KdysK ? Kd and
918
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Dko  KsDk ? KdysK ? Kd, similar to Refs. [14]. The
momentum-dependent intercept and radius parameters

lK  1 1
2 2 27y2e2K2ys

2
T

s2xd3y2
, (27)

R2
K,s  R2

e

1
R2

e 2 21y2e2K2ys
2
T fsn 1 2dR2

e 1 s2ys
2
T dg

s2xd3y2
,

(28)

R2
K,o  R2

K,s 1
n

x3y2

K2

s
4
T

e2K2ys2
T . (29)

Thus the symmetrization results in a momentum
dependent intercept parameterlK that starts from a
lK0 , 1 value at low momentum andincreaseswith
increasing momentum. Already in the first paper abo
the pion laser model, Ref. [3], a reduction of the exac
intercept parameter was observed and interpreted
the onset of a coherent behavior in the low momentu
modes. First, a partially coherent system is create
characterized bylK , 1, and if the density of pions is
further increased, one finds a fully developed pion las
with lK  0; see Ref. [8] for analytic considerations
Although a decrease of the intercept parameter w
reported in earlier numerical investigations [15], and
momentum-dependent decrease of the radius parame
was noted for the plane-wave version of the prese
model in Ref. [16], these investigations were restricted
a few points in the parameter space only and no analytic
formulation of these numerical results was given. Be
cause of this, many interesting effects like the increase
the radii and the intercept parameter at largeK were not
even expected from the earlier numerical studies. Fro
our analytical solution, however, it follows that the radiu
parameters not only decrease at low mean momentu
but they also increase at high mean momentum,
compared toRe. This decrease of the effective source
radii, given by Eqs. (28) and (29), is more pronounced fo
higher values of the fixed multiplicityn, in contrast to the
momentum dependence oflK that is independent ofn.

Last, but not least, a specific term appears in the tw
particle exclusive correlation function that contribute
only to the out direction, which, in case of spherically
symmetric sources, may be identified with the direction o
the mean momentum [14]. This directional dependen
is related only to the direction of the relative momentum
as compared to the direction of the mean momentum
and does not violate the assumed spherical symme
of the boson source. This effect vanishes both at ve
low or at very high values of the mean momentumK,
according to Eq. (29). The top, middle, and bottom pane
of Fig. 1 indicate the momentum-dependentlK intercept
parameter, and theRK,s and RK,o radius parameters for
a fireball with R  11 fm, T  120 MeV. The pions
are assumed to be described by wave packets w
spatial widths of sx  2 fm, and events with fixed
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FIG. 1. Multiparticle symmetrization results at lowK in a
momentum-dependent reduction of the intercept parameterlK,
the sidewards and the outwards radius parameters,RK,s and
RK,o from their static values of 1 andRe, respectively. The
enhancement of these parameters at high momentum is ha
noticeable for large and hot systems.

identical pion multiplicity of nx  600 are selected for
the evaluation of the correlation function. For this set
parameters, the enhancement oflK, RK,side and RK,out
is hardly noticeable at high momentum, but their sma
decrease at low momentum is clear. One may conside
small cold pionic system with a few large wave packe
only, by inserting R  4 fm, T  10 MeV, np  3,
and sx  5 fm to Eqs. (27)–(29). This source could
correspond to heavy ion collisions in the30A MeV energy
domain [14] characterized by an effective radiusRe 
4.5 fm and effective temperature ofTe  15.6 MeV [14].
In this case, the directional dependence of the ra
and the enhancement of the radius parameters at h
momentum as compared toRe becomes significant not
only analytically but numerically as well.

Highlights.—In this Letter a consequent quantum me
chanical description of multiboson systems is present
using properly normalized projector operators for ove
lapping multiparticle wave-packet states describing stim
lated emission of bosons. Our new analytic result is th
multiboson correlations generatemomentum-dependentra-
dius and intercept parameters even forstatic sources, as
well as induce a specialdirectional dependenceof the cor-
relation function. The effectiveradius parameterof the
two-particle correlation functionis reduced for low val-
ues and enlarged for large values of the mean mome
tum in the rare gas limiting case, as compared to the ca
when multiparticle symmetrization effects are neglecte
For extended, hot, and rare gas of a few hundred pio
the reduction of the radius parameters at low momentu
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is found to be the most apparent effect. The direction
dependence of the radius parameters and the enhancem
of the radii at high momentum is characteristic for a sma
cold pion gas with only a handful of particles in it. Thes
results can be understood qualitatively by an enhancem
of the wave packets in the low momentum modes, due
multiparticle Bose-Einstein symmetrization effects, as t
system starts to approach the formation of a laser, char
terized by the appearance of partial optical coherence
the low momentum modes.

Our results explicitly depend on the multiplicity, pro
viding theoretical insights to event-by-event analysis
heavy ion data. However, a direct comparison of th
model with experimental data is limited to the nonrela
tivistic kinematical domain, for example, soft pions a
midrapidity, for systems where final state interactions a
spin and isospin effects are negligible.
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