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Quantum teleportation is analyzed for states of dynamical variables with continuous spectra, in
contrast to previous work with discrete (spin) variables. The entanglement fidelity of the scheme
is computed, including the roles of finite quantum correlation and nonideal detection efficiency. A
protocol is presented for teleporting the wave function of a single mode of the electromagnetic
field with high fidelity using squeezed-state entanglement and current experimental capability.
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Quantum mechanics offers certain unique capabilitiestate shared by Alice and Bob is a highly squeezed two-
for the processing of information, whether for computa-mode state of the electromagnetic field, with the quadra-
tion or communication [1]. A particularly startling dis- ture amplitudes of the field playing the roles of position
covery by Bennetet al. is the possibility for teleportation and momentum. Indeed, an experimental demonstration
of a quantum state, whereby anknownstate of a spini— of the original EPR paradox for variables with a continu-
particle is transported by “Alice” from a sending station ous spectrum has previously been carried out [6,7], which
to “Bob” at a receiving terminal by conveying 2 bits of when combined with our analysis, forms the basis of a re-
classical information [2]. The enabling capability for this alizable experiment to teleport the complete quantum state
remarkable process is what Bell termed the irreduciblef a single mode of the electromagnetic field.
nonlocal content of quantum mechanics, namely that Al- Note that up until now, all experimental proposals
ice and Bob share an entangled quantum state and explddr teleportation have involved dichotomic variables in
its nonlocal characteristics for the teleportation processSU(2) [2,8—11], with optical schemes accomplishing the
For spin—é particles, this entangled state is a pair of spinsBell-operator measurement with low efficiency. Indeed,
in a Bell state as in Bohm’s version of the Einstein, Podol-the recent report of teleportation via parametric down
sky, and Rosen (EPR) paradox [3] and for which Bell for-conversion [12] succeeds onlg posteriori with rare
mulated his famous inequalities [4]. post-selected detection events. By contrast, our scheme

Beyond the context of dichotomic variables, Vaidmanemploys linear elements corresponding to operations in
has analyzed teleportation of the wave function of a oneSU(1,1) [13] for Bell-state detection and thus should
dimensional particle in a beautiful variation of the origi- operate at near unit absolute efficiency, enabéngriori
nal EPR paradox [5]. In this case, the nonlocal resourcéeleportation as originally envisionaged in Ref. [2].
shared by Alice and Bob is the EPR state with perfect As shown schematically in Fig. 1, an unknown input
correlations in both position and momentum. The goal oftate described by the Wigner functidt, («) is to be
this Letter is to extend Vaidman's analysis to incorporateeleported to a remote station, with the teleported (output)
finite (nonsingular) degrees of correlation among the relestate denoted bW,..(«). In analogy with the previously
vant particles and to include inefficiencies in the measureproposed scheme for teleportation of the state of a $pin-
ment process. The “quality” of the resulting protocol for particle, Alice (at the sending station) and Bob (at the
teleportation is quantified with the first explicit computa- receiving terminal) have previously arranged to share an
tion of the fidelity of entanglement for a process acting orentangled state which is sent along paths 1 and 2. Within
an infinite dimensional Hilbert space. We further describehe context of our scheme in SU(1,1), the entangled state
a realistic implementation for the quantum teleportation ofdistributed to Alice and Bob is described by the Wigner
states of continuous variables, where now the entanqleﬁjmction Wepr (a1, as) [4]

Wepr(a1; an) = %eXp{_eizr[(Xl —x2)* + (p1 + p2)*1 = ™ [(x1 + x2)* + (p1 — p2)*T

— C8(x1 + x2)8(p1 — pa), 1)

wherea; = x; + ip;. Here, the real quantities;, p;) correspond to canonically conjugate variables for the relevant
pathways and describe, for example, position and momentum for a massive particle, and quadrature amplitudes for the
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Wou () for r — . Nonetheless, the third and final step at the
out sending station is to transmit thitassicalinformation to
the receiving terminal.
As illustrated in Fig. 1, receipt ofi,,,i,,) allows Bob
to construct the teleported stat®,,(a,) from compo-
nent 2 of the EPR state. That this resurrection is pos-
sible can be understood by examining the (unnormalized)
Wigner function for the system obtained by integrating
out (pg,xp) in correspondence to Alice’'s detection of
(x4, pp), NRamely

in G, (a2) [Win 0 G.1(V2(iy, — iip,) + tanh2ray), (3)

1 where the variancer = sech2r/2. Note that asr —
7 o, G,(a) quickly approaches a delta function, while
EPR G,(a) describes a broad background state. Thus, for
large r, the reduced state of mode 2 is described by a

) broad pedestal with negligible probability upon which sits
FIG. 1. Scheme for quantum teleportation of an (unknown)

input state Wi, (a) from Alice’s sending statiorS to Bob's a .ra’.“?'om'%’ chated- peak ab, ~ ﬁ(lﬁ' T ”Ph.) clo;sefiy
remote receiving terminaR, resulting in the teleported output Mimicing the incoming stat®’i, (a). The location of this

,"'a 'Pb

Alice

(3]

Weer(0t 505)

stateW,, (). random “displacement” is distributed according to Eq. (2),
and is the classical information that Alice sends to Bob.
electromagnetic field. Note that for — «, the state ~ BY way of the actuatord, , shown in Fig. 1, Bob

described by Eq. (1) becomes precisely the EPR state $pus performs linear displacements of the real and imag-
Ref. [3] employed by Vaidman [5] and provides an idealiN€ry components of the complex amplitude to pro-
entangled “pair” shared between the teleportation sendingUc€ ®ou = @2 + V2(i, — iiy,), where the quantities

and receiving stations, albeit with divergent energy in thisix.- ip,) are scaled téx,, py). Integrating out,, andi,,
limit. yields the ensemble description of states produced at the

As for the protocol itself, the first step in teleporting Output of the teleportation device on an ensemble of input
the (unknown) statéV,(a;,) is to form new variables StatesWi,, namely

Ba» along paths(_a,'l'a) Which are linear superpositions Wour = Win © Gy, (4)
of those of the initially independent pathways and _ i )
1 at the sending statio of Fig. 1, namelyB,, = Whereo = ¢~ is the variance of the complex Gaussian

ﬁ(m + ;). The resulting Wigner function in the G, thus completing the teleportation process.

; o B W ” Clearly, for r — « the teleported state of Eg. (4)
variables (B.; By; a2) exhibits “entanglement” between L
the paths’?a,f)b ar21d the remote pgth 2. Step2 at reproduces the original unknown statg, [5]. However,

S is then to measure the observables correspondin ote tha’? as — 0, Wou al_so m.'m'CSWif“ nolw with two
o Refy = = (x; + xi) = x, and IM By, = L (py — xtra units of vacuum noise (i.e0; = ;3 + 7). One of

@« 2ol " N b= 2Pl these noise contributions arises from Alice’s attempt to
pin) = py at the detectorsD,, Dy) shown in Fig. 1, measyre bothixi, pin) [14], while the second comes from
with the resulting classical outcomes denotedty iy,),  Bob's use of this necessarily noisy information to generate
respectively. We define ideal measurementf py) to 5 coherent state af2 (i, — ii,,). In this wayquantum
be that for which the distributio®a (iy,: ip,) is identical  echanics extracts two tariffsne at each instance of the

to the associated Wigner functiof,, (x.; py). With the ey crossing between quantum and classical domains),
entangled state of paths (1,2) given by Eq. (1), we find  o5ch of which we term the quantum duty quduty.

Coe N 2 . .. Note that the limitr = 0 corresponds to what might be
Papiv,sip,) = 2] d*aWin(a)G,[V2(ix, = iip,) = a] considered “classical” teleportation for which the “best
_ . .. measurement” of the coherent amplitude of the unknown
= 2[Win © G,][V2(i, — iip,)]. @ state is made [14] and sent to the receiving station, where
with o denoting convolution and@, as a complex Gauss- it is used to produce a coherent state of that classical
ian distribution with variancer = cosh2r/2. Note amplitude. For anyr > 0, our quantum teleportation
that such ideal detectors provide “perfect” informationprotocol beats this classical scheme.
about (x,, pp) via (ix,, ip,), While all information about  Before calculating an actual figure of merit for our pro-
(pa>xp) = (IM B, = ﬁ(m + pin), ReB, = ﬁ (x; —  tocol, we now specialize from general continuous vari-
xin)) is lost. Furthermore, althougki,,,i,,) contains ables to the case of a single mode of the electromagnetic
a small amount of information about the fiducial statefield and thereby to actual physical implementations of
Win(a) = Wiy (xi, pin), this information goes to zero the various transformations shown in Fig. 1. Beginning
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with the EPR state itself, we note that such a state can bghere p;, is the original state being teleported abdx)
generated by nondegenerate parametric amplification witls the displacement operator. The dynamics associated
the quantitieSx;, p;) as the quadrature-phase amplitudeswith Eq. (9) were first studied by Glauber [19] and Lachs
of the field [6], as has been experimentally confirmed vig20] for an “incoming” vacuum stat¢ = |0)(0| and for
type-ll down-conversion [7]. The linear transformation squeezed vacuum by Vourdas and Weiner [21]. The de-
Bap = % (a1 * ay,) is accomplished by the simple su- tailed behavior of the photocount statistics under this dy-
perposition of modes and 1 at a50/50 beam splitter. nhamics was investigated by Musslimaatial. [22]. These
The detector$D,, D) of Fig. 1 are now just balanced ho- references also relate the development of the convolutional
modyne detectors with the phases of their respective locdprmalism used here (see also Refs. [23,24]).
oscillators set to recortk,, p,) in the observed photocur-  To illustrate the protocol, consider teleportation of the
rents (i,,,i,,). Note that for unit efficiency, homodyne coherent superposition state
detection prowdgs an |deallquantum measurement of the ) < | + @) + | — a), (10)
quadrature amplitudes required for our protocol [15-17].
Nonideal detectors, each having (amplitude) efficiencywith corresponding Wigner functionVi,(a) illustrated
1, may be modeled by using a pair of auxiliary beamin Fig. 2(a). The teleported Wigner functid#,,(«) as
splitters at (D,, D) to introduce noise from a pair computed from Eq. (8) is shown for Fig. 2(b) for parame-
of vacuum modes described by annihilation operatoréers corresponding to-10 dB of squeezing (i.e.; =
(24 das) [15,18]. It is then convenient to introduce 1.15) with efficiency 7> = 0.9, which should be com-
annihiliation operators corresponding to the “modes” ofpared to the parameters of Ref. [25] [namely squeezing
the photocurrents described by r = 0.69 (i.e., 6 dB of squeezing), and detectors with ab-
solute quantum efficiency? = 0.99 =+ 0.02]. Note that
A A /1 -n% ~ the quantum character of the state survives teleportation,
tap = MPBap + 2 (Cap + dap), (5) including negative values fd,,, associated with quan-

- : tum interference for the off-diagonal componentspgf.
where these fictitious objects allow us to apply an analogq, comparison, note that for classical teleportation (i.e.,

of the Wigner-function formalism to the photocurrents . _ 0), We!_ consists of the (incoherent) superposition of
and to incorporate the effects of nonideal photodetecy,q qistri o

S : ) butions centered at «, each of which is broad-
tion in a straightforward fashion. For example, l0ss iNgnaq by theguduty

the response of Alice’s detectors [Eq. (2)] leads 10 the 14 nroyide a quantitative measure of the “quality” of
convolution the output state, we note that the strongest measure of
fidelity of a teleported state relative to the input state is
given by theentanglement fidelity26]. For processes
described by Eq. (9), it is given by

Pah(ixa’ipb) = # [Pab ° G(] [(ix,, + iim,)/n]’ (6)

whereG, has variancg = (1 — 5?)/27n?, which goes to

zero forn — 1in cor'responderjce.with the ideal character F, = [ dsza(f)l,\/W G (11)
of homodyne detection. Substituting By, from Eq. (2) i
then gives
pah(ixa’ipb) = % [Win o Gl‘/] |:£ (ix,, — iipb)i|’ (7) Ol
n n
wherep = % cosh2r + (1 — 5?)/7n>. 02

Within the context of the electromagnetic field, Bob can
efficiently perform the required phase-space displacement
of mode 2 based upon the classical information, i, )
received from Alice by combining the field of mode 2
with a (classical) coherent state of mean amplitude
E/t, whereE = /2 (i,, — ii,,)/7, at a highly reflecting
mirror of transmissivityy — 0. The mean state after this <4 .-
shift is the final teleported state, namely

W
Wout = Win © G4, (8) o6d. W
whereG4(a) = % exp(%“'z) with o = ¢~2r + =22
The teleportation evolution described by Eq. (STS may be
written in density matrix form as

04

024,

B W,

FIG. 2. (a) Wigner functionW;,(«) for the input state of

— 2603, A DT Eqg. (10) with o« = 1.5/ and ¢ = 7. (b) Teleported output
Pout ] 4 EGo (DD (L), ©) stateW, (a) for r = 1.15 andn? = 0.99.

871



VOLUME 80, NUMBER 4 PHYSICAL REVIEW LETTERS 26 ANUARY 1998

where y,, (§) =tr D(ié)pin is the characteristic func- S.L.B. was funded in part by EPSRC Grant No. GR/

tion for the incoming state’s Wigner function. L91344 and by a Humboldt Fellowship. H. J. K. acknowl-
For the coherent superposition of Eq. (10) direct substiedges support from DARPA via the QUIC Institute ad-
tution yields a fidelity of entanglemet, of ministered by ARO, from the Office of Naval Research,
—4jaf? —45lal —4laP and from the National Science Foundation. Both appreci-
1 1+e — expl—35 ) — explig ) ate the hospitality of the Institute for Theoretical Physics
1+ 2(1 + &) (1 + e~ 2l cosg)? ' under National Science Foundation Grant No. PHY94-
(12) 07194

For the state shown in Fig. 2(b) this fidelity is 0.6285 for

r = 1.15 and »? = 0.99 compared to 0.2487 for = 0
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