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How Fast Do Fluids Squeeze through Microscopic Single-File Pores?
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A one dimensional symmetric exclusion model is used to study pressure and osmosis driven flows
through molecular-sized channels, such as biological membrane channels and zeolite pores. Analytic
expressions are found for the steady-state flow as a function of pore radius, pore energetics, reservoir
temperature, driving force, and internal defects. We find a flux maximum as a function of particle-
pore interactions: This, and other nonlinear dependences suggest numerous diagnostic experiments for
biological and zeolitic systems. [S0031-9007(97)05268-X]

PACS numbers: 47.55.Mh, 05.60.+w

The answer to the title question is tremendously impor{exit) rates at the left and right boundary sites are de-
tant for modeling biological and industrial processes, andined by a(y) and 6(B8), respectively. Hereadr and
has received recent attention with experimental (NMR)§dr are the probabilities for pore entry in timg only if
and theoretical findings that motions of interacting (due tadhe occupations#; = Oor1) 7; = 0 andry = 0, respec-
excluded volume) tracer particles in molecular-sized poretively. The probability per unit time a randomly picked
are governed by subdiffusive dynamics [1]. Biologicalinterior particle within section moves to the right (left)
examples include integral membranes channels that aie p(g) only if the site to the right (left) is unoccupied.
molecular sized and are specific to water and ion transthe implicit random particle hop updating is valid when
port which participate in hydrostatic or osmotic pressurdong wavelength collective modes are irrelevant. The as-
controlled cellular volume regulation [2]. Man-made ma-sumption of no pass pores is accurate even for pore di-
terials such as zeolites and carbon nanotubes may alsaneters~(2 — 3)X particle diameters since overtaking
contain many microscopic, nearly single-file channels thatequires a restricted subset of geometries and will be
can selectively absorb fluids. This size specificity can bestatistically rare. Even when overtaking occurs, inter-
exploited in the separation of linear and branched chaichange between particles at sitesand: + 1 does not
alkanes, where the zeolite acts as a sponge, absorbimgntribute to net flux as long as the average number of
only the desired species [3]. Confining particles in zeoliteparticles in a cylindrical section of lengthis <1. Con-
pores can also serve to catalyze reactions: How fast casider the instantaneous number flux between sections
one get reagents into micropores and the products out? andi + 1,

Therefore, the design and manufacture of porous may, (1) = pr;(1)[1 — 7;4,(1)] — qris () [1 — 7:(2)]
terials [4] is an economically motivated area of research,

and numerous molecular dynamics (MD) studies have been = PL7i(t) = 7ix1(D)] + €7i41(1) — eTi()Ti41(1) .
performed on a variety of specific systems [5]. Anomalies (1)
in numerically computed (MD) “diffusion” constants have
been found [6]. However, numerical simulations neither (L) o fe T (R)

O . O 0]

access the long time scales required to study steady state
flow, nor offer a unifying physical picture of the parame-
ters important for transport. To obtain reasonable flow
rates using MD, artificial external forces such as gravity
are often imposed [7]; in 1D systems such external forces
can yield qualitatively different behavior (such as shock
profiles) from osmosis and pressure driven flow [8], which
occur in the absence of such intrinsic forces.

A model that physically describes transport and how
flows depend on microscopic molecular parameters and
macroscopic thermodynamic constraints would serve as
a useful benchmark in more sophisticated models and
complement more detailed MD simulations. Consider } )
the molecular-sized pore shown in Fig. 1, with particles e AA—
driven from(L) 'to (R) either by osmotic 'pres_s.ureﬁl_], FIG. 1. Schematic of osmosis and pressure driven flow
or by hydrostatic pressurP. The pore is divided into through membrane pores separating infinite reservdiysand

i sections of lengthf each with possible activation en- (g). The coefficientse, 8, y, and 6 are conditional solvent
ergies between bulk and pore particles shown. Entrancentrance and exit probabilities at pore ends.
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Although much attention has focused on the asymmetritane traffic flow [9]; however, these are highly asymmetric
exclusion model € = p — g # 0), particularly in the (e = p since drivers rarely reverse) and include random
thermodynamic limit, where some exact results are knowrp and acceleration effects.

[8], the symmetric exclusion modek (= 0) is valid in Linearity of J(r) when e = 0 renders the mean-field
the absence of external electric or gravitational forcessteady state current found from time averaging Eq. (1)
Locally, particles in microscopic pores that are weaklyexact. Steady state particle conservation along the pore
self-attracting are as likely to move to the left or rightlength results in a linear density profilé = p(r; —

if both left and right adjacent sites are unoccupiedry)/(N — 1); this, along with the steady state boundary
However, a gradient irr; yields biased diffusion and a conditionsJy =J = a(l — 7)) — y71 and Jy = J =

net flux. Related models have been proposed for on@ry — 6(1 — 7y), determine the steady state particle
| number flux

plaB — y9d)
N-—D@+y)(B+8)+pla+p+y+d)

J(N) = ()

The kinetic parameterfu} = (a, B, 7y, 8) are related| particles (estimated, for example, for edgl} from a 1D
to the relative enthalpies of activatiolE,, between pore Tonk’s gas [10]), andi.z] is the number density in the
and bath particles. We assume local thermodynamiteft [right] reservoir. The internal hopping rape given
equilibrium (LTE), valid when collision timesk mean by (3) represents a ballistic travel time over the distance
transport times. In liquid phase osmosis across singlé = a, weighted by an energetic binding,. A larger
biological pores where/ = 10°/s, typical pore diame- choice for ¢ can be made if(¢/a)r; < 1 and with p
ters and interparticle spacings~ 5 A, and ambient ther- appropriately rescaled and entropic factors included for
mal velocitiesvr = 4 X 10* cm/s, yield collision times  {u} (the E, are then effective free energies); this is useful
teoll = AJur =1 ps< J~!. Therefore, particles suffer in multiple species models where steady state flows for
0(10%) collisions before they are osmotically transported,long pores cannot be obtained analytically [11]. Note
sufficient for (LTE). As an illustrative example, we con- that for £ > a, local free diffusive transport described
sider an axisymmetric right cylindrical porey (= 8), by p = ¢~2 may obtain. Since we explore considerable
where {u} in LTE will be defined by simple transport variations in{u}, we choosef ~ a (approximately a

theory, repulsive hard core diameter) afig represent enthalpies
~ — determined entirely by molecular potentials. Thus,
p = wr/Oexp=E;/ksT), Eo(r = r,) — E4(0) < kT [where E,(r = 0) = Eg]
B = (vr/€) exp(—Eg/kpT), 3) defines an effective pore radius,. For pores that
a[8] = ao[8o]exp—Eafs)/ksT) repel particles (top curve in Fig. 1) and have negligible
| 5 activation energiesHg, E,), p/B ~ O(1).
= qnurivr(wry) exo—Eq[51/ksT) , Upon normalizing (denoted by an overbar) all quantities

wherevy ~ /kgT/m is the thermal velocityf is chosen BY B (such that/ = J/B =1 is the maximum flow

to be the minimum statistical spacing between pcrre?#%_E’Ossibki?’d"_"nhe“gnztl’t‘;‘”da defines a solvent-pore
inity, or binding constant),

- apA
J(N) = , 4
W) N—-—D@+DH@+1—-ad) +pRa +2— @) ()
where | by hydrostatic compression. First consid&r= 0.02,
A=L "0 | - AE/MT Meu/m (5)  Which corresponds to an osmotic pressure in aqueous solu-
a nr tion of AII = 25 atm or a hydrostatic pressure difference

andAE = E, — Es(Pr — P). Equation (5) represents of AP = 0.025 atm of gas at STP. Using the Maxwell
differences in number density and/or enthalpies betweerelationship for particle volume; (3AE/dPg)r = ¥, we

(R) and(L) and along with (4) determine the flow through find A = 0.02 also corresponds tBy — P, = 25 atmin
symmetric pores. Under isobaric conditions (pure osmopressure driven flow of water at 300 K.

sis), AE = 0; in nearly ideal gaseSdAE/dPgr)r = 0, Large values ofx represent pores which are attractive
while hydrostatically driven flows of liquids is described to the solvent (for example, the dashed energy landscape
by (dng/dP)r = 0. In the first two cases, thé results in Fig. 1). WhenaA/(a + 1) is negligible, flows are
predominately from an increased permeable particle deressentially linear irA and defined by hydraulic or osmotic
sity in one of the reservoirs over the other, while pressur@ermeabilities,/ = L,AP or J = P,,All. Although
driven flows of liquids result mainly from the relative re- L, and P, is often interpreted usinghacroscopicfluid
duction of pore entrance activation energies brought abouhechanics [2], a microscopic description arises here. In
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the limit p > (@ + 1)N, rate limiting steps involve pore consider molecularly repelling pores whdre< @ < @

entrance or exit. Linearizing (4) and (5), we find (Eq > 0, Eg = 0); here,p = exp(—E, /kgT), indepen-
a OAE dent of the pore energy level. As the pore is made at-
L, = 2@ + DkpT ( P ) (6)  tracting, 7 will acquire exgEz/ksT) behavior and can be
K kJT defined as

for pressure driven flow of dense liquids. The tem-

perature dependence of, will be determined by S B _ _
—Eg/ksT[~Eq/ksT] for @ > 1[@ < 1] if the ther- P =Po| g 0@ @) +o@—a)
mal coefficient of expansion of the fluid is small. When

P < (@ + N, wheref(x > 1) = 1 is the Heaviside function indicating

_ aq JAE 7 the value of ey when the pore first becomes molecu-
(N — (@ + 1)%kgT \ dPg T’ larly attracting. Upon using (9), the current across

. infinitely ~ attracting pores becomes/” (N) = p,A/
which has a(.E“ Eg = E,)/kgTl(Ep — Eq E!’)/ [a@o(N — 1)(1 — A) + P,(2 — A)], which can approach
kgT] Arrhenius temperature dependence far > A/(2 — A) >T'. Fora, > @, the maximum remains
1[@ < 1]. In the limit where (7) holds, the rate limiting _,/_ H ' here. < & R EolknT
steps are particle motions within the pore interior Ideala a . TOWever, whettro = a» a, p = em( p/ksT),

ps areé p . P | and the maximum in flux as a function afis preempted
gas limit expressions fok ,[P,] are found by replacing by a current which monotonically approachgd. A

(0AE/3Pg)r by __”ZIH”ZIJ in the corresponding  wigh current may occur @ — = despite the high-pore
limits (6) and (7); the temperature dependences remaigcc nancy due to an accompanying exponential increase

unchanged. in 7. High currents are more difficult to achieveas (as

: - =
The solid curve in Fig. 2(a) shows.5 X 10°) X J(N)  \ye|| as N) increasespecause the onset of exponentially
[from Eq. (4)] for p = 1, A = 0.02 for various pore increasingp is delayed.

Ly

lengthsN = L/a. Wefnd a maximurr?I/'2 at The condition for7”(N) < 7" (N) (a maximum inJ re-
—w_[2Pg+ N - 1) maining as pore well depth is increased) is determined by
= - - 8
(N =11~ A) —s0
for fixedp = p,. The maximum at an intermediate affin- @ >a+ _fl . (10)
ity @* (and occupation;) occurs because the pore is con- at + 1

ducting a substantial number of particles, without beingF. ) 4 .
. ; . “Figure 2(b) compares the behavior b§* X J(5) using
choked off by highr;. However, as the pore is made in- _ 5o = 0.1 (solid curve) with that of10° X J(5)

creasingly attractiveZz > 0 must eventually increas@, 7 . .
diminisr?e){s,, ang = pﬁ/ﬂ « expl(Ep — Ep)}/kBT]. V\ﬁe using Eq. (9) (broken Im_es). Fak = 0.02, the maxi-
will explicitly show, nevertheless, that the flux maxi- mumf_ gtf z V15/14 is destroyed fwhen (10) dls
mum atJ" can persist. Assume no activation barriers aSatisfied, @ = 1.562. ~ Estimating @, from (3) an

the pore mouths, i.eEg[E,] = 0 for E,[Eg] > 0, and A =002, @ < a" for gases, but can b&(l) for
liquids. Curve PyP;P.P; retains the maximumJ/

since @y = 10°7 > 1.562, while PyP,P, corresponds
to @p = 10792 < 1.562 which gives a monotonic/
as @ — . Note that when a maximum persists and
the @ > 1 regime of (7) obtains, a curious, ,,p—z
dependence arises.
According to (8), values ofr that give a maximall~
depend strongly od; thus,A — 1 can yield largear™ >
ay where the maximum in flux is destroyed. At the
maximum valueA = 1 [corresponding approximately to
pure solute or vacuum ifRR)], the maximum flux occurs
whenp > N and approacheg(A = 1) = @/(a@ + 2).
The smallest flux occurs whep < N and@ < 1 as
3 2 4 0 1 2 3 expected. The nonlinearity of(A) is important only
log, @ (solvent—pore *‘affinity’”) when @ > 1, as shown in Fig. 3, corresponding to a
pore interior with high particle occupation, when particle
FIG. 2. (a)1.5 X 103J(N, @) for A = 0.02 and fixedp, =  exclusion nonidealities are most pronounced.
1.0. Various Iengths are indicated. The solid curve between A possib|e experimenta| probe for the predicted behav-

0 and 1 is the average occupation number of any site. ORy narticularly in artificial pores, is to use adiabatic ul-
this scale, the difference; — 7y is not apparent but varies

qualitatively as/. (b) The solid curve iS0* X J(5) for fixed trasonic driving of the fluid in(R) (so as to not affect

P, = 0.1. See text for explanation of curveB,P;P, and & Which depends only on,) with frequencyw < J to
PoP1P4P3. enhance transport: Upon settiddgr) = Ag + A; COSwt
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sis) near the pore mouths can be treated with a macro-

5.0 scopic convection-diffusion equation which yields an
implicit equations =« A(J) [11].

4.0 We have presented an exact nonlinear model of micro-
- porous transport valid when excluded particle volume con-
= 3.0 tributions to the free energy dominate. The main results
= 50| are a correspondence between microscopic interactions and
”3 macroscopic permeabilities defined by (6), (7), and their

1.0 | correspondingzT dependences. Furthermore, we delin-

00 eate cases wher&(@) has a maximum, represented by

Fig. 2, and find nontrivial, dependences. Since relation-
ships among the various kinetic parameters can be deter-
B mined by equilibrium measurements such as solvent-solute
FIG. 3. Nonlinear behavior of0°> X J(10) for 7 = 1.0 as a  heats and volumes of mixing, the simple model presented
f_unction of@. Note the competition between nonlinearities in along with the numerous applicable physical systems of-
@ andA, particularly at largel. fers a framework for experimental tests and will lead to a
better understanding of more complex systems, including
multispecies transport and chemical reactions in pores.
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