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Geometrically Induced Multiple Coulomb Blockade Gaps
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We have theoretically investigated the transport properties of a ring-shaped array of small tu
junctions, which is weakly coupled to the drain electrode. We have found that the long range intera
together with the semi-isolation of the array bring about the formation of stable standing configurat
of electrons. The stable configurations break up during each transition from odd to even numb
trapped electrons, leading to multiple Coulomb blockade gaps in theI-V characteristics of the system.
[S0031-9007(98)06425-4]
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Transport properties of arrays of small tunnel junction
such as the Coulomb blockade effect and correlated sin
electron tunneling, have been studied extensively [1–
Most of the studies, however, were carried out for on
dimensional (1D) arrays and were based on the near
neighbor interaction approximation [1–4]. The soliton po
tential in that case is known to decay exponentially wi
the screening length,

p
CyC0 where C and C0 are the

junction capacitance between neighboring dots and
self-capacitance of a dot, respectively. According to r
cent studies, however, the soliton potential in one- or tw
dimensional arrays should decay as1yr, wherer is the
distance, if the full interaction between dots in the arra
is taken into account [5,6]. In this work, we have applie
the full-interaction result to a ring-shaped array as show
in Fig. 1, which has two branches or paths for electrons b
tween the source and the drain electrodes. Because of
long range interaction between dots, the charge distrib
tion of one branch of the array is expected to substantia
affect that of the other branch, which should considerab
influence the transport property of the array.

Furthermore, we have isolated the array from the dra
to some degree in order to trap the electrons more ea
within the array. These two ingredients, i.e., the lon
range interaction and the semi-isolation of the array, w
be shown to lead to multiple Coulomb blockade gaps
I-V characteristics under some conditions, which will b
the main topic in this paper.

In the semiclassical approach that we have adopted h
[1–4], the chargeQi of theith dot of the system of Fig. 1,
where nearest neighboring dots are coupled by a tunnel
junction, is given byX

j

Aijfj  Qi , (1)

wherefi is the potential of theith dot and where

Aij  2Cij , i fi j , (2)

Aii 
X

j

Cij , (3)
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whereCij is the capacitance between theith andjth dots.
We have modeled theCij as follows:

Cij 

8<: C0 for i  j ,
C for rij  a ,
C0aysrij 2 ad otherwise,

(4)

where a is the distance between the neighboring dots
(assumed to be the same for all neighbors) andrij is
the real, two-dimensional distance between theith and
jth dots. The soliton potential in this full-interaction
model decays as1yr, where r is the distance between
dots, so as to be consistent with the recent full interactio
studies [5,6]. The parameterC0 determines the degree of
screening ability of nearby dots. The range0.1 & C0yC &

0.3 seems to be reasonable for semiconductor arrays wi
poor screening [5].

To isolate the array from the drain to some degree, th
capacitance between the drain electrode and each dot
the array is further multiplied by a uniform factorCdyC.
We have setCdyC  0.1 in this work, at which value the
array is still conducting but coupled to the drain sufficiently
weakly.

The currentI is calculated for constant bias voltageV
between the source and the drain, via standard Monte Car
simulation [2,4]. The transition rates are determined by

1

2

N

Source Drain

FIG. 1. The two-dimensional array of sizeN . Dashed lines
represent tunneling junctions between neighboring dots.
© 1998 The American Physical Society
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using the golden-rule formula, with the electrostatic ene
of the form

E 
C0

2

X
i

f2
i 1

1
4

X
i,j

Cijsfi 2 fjd2. (5)

In this paper, the units of the current, the voltage, and
temperature arēI  eyRC, V̄  eyC, andT̄  e2ykBC,
respectively, whereR is the inverse of the transmittanc
across the junction between neighboring dots.

We show in Fig. 2 theI-V characteristics of the ring-
shaped array withN  20 at 2(a), 40 at 2(b), and 60 a
2(c), at various temperatures. In contrast to the sim
connected 1D array case where there is only one Coulo
blockade gap in a low-bias voltage range, the ze
temperatureI-V characteristics in Fig. 2 exhibit shar
multiple gaps:there are two gaps for the array with 2
dots, three for 40 dots, and four for 60 dots. These g
at zero temperature are transformed into negative dif
ential conductance (NDC) regions at finite temperatur

FIG. 2. TheI-V characteristics of the 2D array with 20 (a
40 (b), and 60 (c) dots at various temperatures.C0yC  0.25
for all, but C0yC  0.6 for N  20 and 0.7 forN  40 and
60. The temperatureTyT̄  0.005 and 0.0005 for crosses
of (a) and for thin full line of (c), respectively. Otherwise
TyT̄  0 (thick full line), 0.0001 (solid circles), 0.000 25
(dots), and 0.001 (thin full line).
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ultimately showing monotonically increasing behavior a
higher temperatures.

In Fig. 3, we have shownIyĪ and the average number of
electronsknl within the 40-dot array at zero temperature
knl shows clear steps with integer multiples up toknl  4,
beyond which it increases monotonically without showing
further steps, as does the current. The potential profiles
the plateaus ofknl  1, 2, 3, and 4 for the 40-dot array
are shown in Figs. 3(a), 3(b), 3(c), and 3(d), respectively
From the figure, it is clear that the current peaks aris
during the transient phase in whichknl changes from odd to
even (1 ! 2 and3 ! 4 for the first and second peaks) and
the multiple Coulomb gaps are separated by those pea
Likewise, the peak for the 20-dot array arises during th
1 ! 2 transition, and the peaks for the 60 dot show u
during1 ! 2, 3 ! 4, and5 ! 6 transitions, respectively.
The corresponding potential profiles at the plateaus a
similar to the ones in Fig. 3.

The charge configurations shown in Fig. 3 for the 40
dot array are stable insulating configurations with intege
number of trapped electrons within the array. As the bia
voltage increases from zero, the system undergoes succ
sive transitions from one stable configuration to anothe
If a transition occurs from evenknl to odd knl, for in-
stance, fromknl  2 to knl  3, the transition is smooth
and immediate: a new electron which just tunneled int
the array to makeknl  3 merely pushes the already built-
up standing charge configuration of two electrons a bit to
ward the drain, and the newly tunneled electron stays o
dot 1, making another stable configuration of three elec
trons [see Figs. 3(b) and 3(c)]. However, when a trans
tion occurs from oddknl to evenknl, for instance, from
knl  1 to knl  2, the transition takes place via interme-
diate unstablestates. As the bias voltage increases suc
that tunneling of the second electron into dot 1 from th
source is inevitable, the electron which has been on dot 1
pushed and moves toward the drain. Then possible char

FIG. 3. The average number of electronsknl (right axis) and
correspondingIyĪ (left axis) versus bias voltage for the 40-dot
array of Fig. 2(b) at zero temperature. The potential profile
at the plateaus ofknl  1 (a), 2 (b), 3 (c), and 4 (d) are also
shown, with bright spots representing trapped electrons in th
array.
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configurations are that either one electron solely travels
ward the drain before another tunnels into the array or o
electron in one branch travels ahead of the other electro
the other branch. While these unbalanced charge confi
rations persist, the system becomes conducting, until
stable configuration of two electrons as shown in Fig. 3(
is eventually established at a higher bias voltage. Tha
why the current peaks show up during the transient ph
from an odd to an even number ofknl, whereas no current
peaks arise during the transition from even to oddknl.

We may draw an analogy for the behavior of the rin
type array to the melting of a solid. The state when t
standing configuration is built up may be compared
a rigid solid state with symmetry. When the external
driven distortion of the lattice exceeds some threshold,
symmetry is broken and the solid starts to melt. Likewis
the bias voltage in our array drives the system towa
broken-symmetry state (the transient state during wh
knl changes from odd to even), and the array becom
conducting. In this case, the symmetry is imposed by t
special geometry which has two branches. One differen
in this analogy is that the array system becomes insulat
again when the symmetry of the system is restored with
higher integer value ofknl.

The instability of the transient region (from odd to eve
knl) is increased by the thermal fluctuations, so its wid
broadens as the temperature is raised. Therefore, the
rent peaks, whose widths depend on that of correspo
ing transient regions, also broaden at higher temperatu
as can be seen in Fig. 2. The thermal fluctuations a
destabilize the standing configurations themselves es
lished at zero temperature. The thermal fluctuation giv
the trapped electrons making up the stable configuratio
a small but finite probability to tunnel through nearb
junctions. Once such a tunneling event takes place,
balanced configuration is temporarily broken, a trapp
electron exits through the drain, and the nonzero curr
flows in the additional Coulomb blockade region, resu
ing in NDC behavior in theI-V curve.

We can estimate the degree of stability of a char
configuration by calculating the free energy changesDF
for its transitions to adjacent configurations. For each
the stable configurations discussed above,DF . 0 for all
possible transitions to adjacent configurations: that is, th
are local minima of the free energy in the configuratio
space. To illustrate this point, let us consider the simpl
possible case of the 4-dot array with identical junction
where the stable configuration responsible for the seco
Coulomb gap ish0, 21, 0, 21j (i.e., when electrons are a
the second and the fourth dots—see Fig. 1 for the d
indices). If we calculate the free energy changeDF for
transitions to adjacent configurationsh0, 0, 21, 21j and
h0, 21, 21, 0j, we have (for the case of strong screenin
for simplicity)

DFsV d  hC2sC2
0 1 C0C 2 4C2dy2Dje2yC

2 h2C2sC0 1 2Cd sC0 1 Cdy2DjeV , (6)
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where the first term represents the electrostatic ene
change, the second the work done by the voltage sour
and D ; sC2

0 1 5C0C 1 6C2d sC2
0 1 5C0C 1 2C2d.

Equation (6) shows that ifC0 . C̃0  s
p

17 2 1dCy2
and if V , Ṽ  esC2

0 1 C0C 2 4C2dy2CsC0 1 2Cd 3

sC0 1 Cd, DFsV d . 0. Thus, the configuration with
electrons at dots 2 and 4 islocally stable,unless thermal
fluctuations which overcome the free energy differen
are introduced, that is, ifT , TcsV d  DFsV dykB.
Further analysis with free energy changes can also g
the widths of the multiple Coulomb gaps and peaks. F
the 4-dot case, the second Coulomb gap appears in the
terval of [V s2d

t , minsṼ , V s3d
t d], whereV s2d

t andV s3d
t are the

threshold voltages for entrance of the second and the th
electrons into the array, respectively, which are given
V s2d

t ø 1y2C0 and V s3d
t ø V s2d

t 1 sCyCeffd2eyC, where
Ceff 

p
C2

0 1 4C0C. Further details will be published
elsewhere.

As can be seen in the above analysis,C0yC is an impor-
tant factor for existence of the multiple Coulomb gaps
theI-V characteristics. To observe the multiple Coulom
gaps separated by peaks,C0yC should not be too weak or
too strong: in the intermediate range of0.1 & C0yC & 1
the multiple Coulomb gaps are seen in general. The ran
is, however, dependent on another factorC0yC which re-
flects the degree of screening by nearby dots. In Fig.
we have schematically drawn the region, in the plane
C0yC andC0yC, where the multiple Coulomb gaps appea
for the 20-dot array at zero temperature. As one may a
ticipate, the figure shows that with less screening, whi
implies stronger interaction among dots, the shaded reg
becomes wider as it shifts toward weaker coupling betwe
dots. At finite temperatures, the shaded region expan
considerably because the thermal fluctuations can give r
to the appearance of peaks which were too narrow to
seen at zero temperature.

The heights of the current peaks are multiples of th
first peak height. In Fig. 2(b), the ratio of the first and th

FIG. 4. The shaded region in the plot represents the reg
where the multiple Coulomb gaps appear for the 20-dot arra
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second peak heights for the 40-dot array is very close
1:2. That is because the current peaks at zero tempera
reach their maxima just before the standing configuratio
composed of an even number of electrons are built-up,
Fig. 3 clearly shows. Likewise, for the 60-dot array, th
ratio of the current peak heights are close to1:2:3.

The multiple Coulomb gaps are observed only wh
the standing configurations through interaction between
equal number of electrons in upper and lower branch
of the array are built-up. For arrays of large size (N *

20), the standing configurations as shown in Fig. 3 a
possible due to the long range nature of the interact
(Coulomb repulsion). For arrays of smaller size (N &

20), even nearest neighbor interaction with exponentia
decaying soliton potential is sufficient to bring abou
the standing configurations. However, because of
small array size, only one additional gap is seen in th
case and, in contrast to the case of the 20-dot ar
of Fig. 2(a) where the second gap appears whenknl 
2, the second gap in arrays with the nearest neighb
approximation appears with higherknl, which means that,
due to the short range interaction, more electrons
needed to build up the standing configuration. Likewis
if the condition of weak coupling of the ring-type array t
the drain is lifted (i.e.,CdyC  1), it becomes harder for
the electrons to be trapped inside the array such that, a
the case of nearest neighbor interaction only, the stand
configurations appear withknl higher than in arrays with
weak coupling to the drain.

The multiple Coulomb gaps are quite robust against p
sible imperfection of the array. In real experiments, o
can hardly expect the dots in the array to be identic
nor the array itself to be perfectly symmetrical. The e
fect of those imperfections may be reflected in our sim
lation simply by allowing the mutual capacitances give
by Eq. (4) to have “random” contributions to some de
gree. That is,Cij ! Cijs1 1 azijd, wherea is a con-
stant adjusting the magnitude of the randomness andz ’s
are random numbers between21y2 and 1y2. Note that
we have specifically put the subscripts forz to note that
the random numbers are differently assigned for differe
dots and different pairs of dots. We have observed that
up toa  0.1 for the 20-dot array, the multiple Coulomb
gaps are still seen (with peak positions a bit shifted) o
at least, NDC regions are seen in place of the multip
Coulomb gaps. If the source and the drain electrodes
asymmetrically attached to the array, the multiple Coulom
gaps or the NDC regions are seen as well. The sta
charge configurations when those disorders are introdu
are similar to the ones in Fig. 3 but with trapped electro
residing on geometrically asymmetrical points as a co
sequence of their adjustment to changes in electrost
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forces due to imperfections in the array. That the mu
tiple Coulomb gaps are robust against such perturbatio
implies that details in modeling of the mutual capacitan
matrix are not important as long as the long range Coulom
forces between dots are included.

We have also investigated the possibility of observin
the multiple-gap behavior in arrays with two branche
whose geometrical shape departs from the circular one t
we have considered here. Our tentative conclusion is t
the multiple Coulomb blockade gaps and NDC behavio
seem to be generic features of arrays with two branch
although the systematic behavior ofI-V with change of
knl is better seen in the system that we have considered
this paper. In the discussion of the multiple gaps and t
current peaks between them, the essential point was
it is possible that, between twostable insulatingstates,
there is anunstable conductingstate that the system has
to go through, and the unstable state is brought upon
the topology of the configuration (two branches). Wheth
the geometry of the array is circular or elliptical shoul
not matter, as long as stable configurations with a differe
number of trapped electrons are found in the array. O
may also note that the multiple Coulomb gap phenome
is not possible in one-dimensional arrays with simp
connected geometry. In real experiments, where the s
of the dots in the array should have some distribution abo
the average value and the temperature is low yet finite,
predict that it is mostly likely that the negative differentia
conductance regions can be seen in theI-V curve in place
of the additional Coulomb gaps.
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