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Is Hund’s Second Rule Responsible for the Orbital Magnetism in Solids?
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We argue that the key parameter responsible for the exchange-correlation enhancement of the orbital
magnetic moments in solids is “Hubbatd’ rather than the intra-atomic Hund’s second rule coupling,
being consistent with a more general concept of the orbital polarization. This leads us to a unified
rotationally invariant local density approximatidhDA) + U prescription for the orbital magnetism.
Validity of the present theory is demonstrated by numerical calculations, which perfectly account for
the orbital magnetism as well as the canted magnetic structure in CoO. [S0031-9007(98)06455-2]

PACS numbers: 71.15.Mb, 71.30.+h, 75.10.Lp, 75.30.Gw

Novel phenomena caused by strong coupling among:. The matrixn = |lny,,,|l generally consists of both
spin, orbital, and lattice degrees of freedom are the cerspin-diagonal and spin-nondiagonal elements. The latter
tral issue in the physics of transition-metal compounds focan be due to the SOI or a noncollinear magnetic order.
the last few years. One of the modes, when this couThis localized nature of the orbital magnetic degrees of
pling is mediated by the relativistic spin-orbit interaction freedom has led to formulation of several classes of OP
(SOI) leads to the orbital magnetism, which is manifestedunctionals [1,4—7], whose general formula can be writ-
in the magnetocrystalline anisotropy, magneto-optical eften asE[p, m, n] = Ey(sypa[p,m] + AEop[n].
fects, magnetic x-ray circular dichroism, etc. It may even The first idea in this direction belongs to Brandow [8],
be a routine work to incorporate the relativistic effects inwho realized that parameters of the nonmagnetic LDA
the modern band structure techniques based on the locdland structure in combination with the on-site interactions
(spin)-density approximation [L(S)DA]. However, the re- among 3d electrons taken in a renormalized Hartree-
sult is rather discouraging: calculated orbital moments ar&ock (HF) form provide a very realistic electronic picture
typically too small compared with experiment [1-5]. Be- behind various Mott-Hubbard phenomena. This leads
sides many limitations of LSDA caused by the homogeto the LDA + U functional, which in the most recent
neous electron gas picture for exchange and correlatiomptationally invariant form has the following OP term [6,7]:
which is incompatible with the orbital magnetism, the fail- LDA+U __ ~ ~
ure may imply an even more fundamental problem in the AEGe = Enln] = Eqc[Tro(n)], (1)
framework of the density functional theory (DFT). LSDA where
is the spin DFT, where the total energ¥i spa[p,m] is ~ 1
the explicit functional of the charge(r) and the spin-  Enyg[n] = EZ(UYWWZW = Uyysy59:) My lysye (2)
magnetizatioom(r) densities. Even if an exact spin-DFT {r}
should be able to include all magnetic orbital effeicts is the renormalized HF energy of the on-sie interac-
plicitly, there is no guarantee that the orbital-related quantions, whose first term is the direct Coulomb interaction
tities can be reproduceskplicitly on the level of fictitious  g,;[7] and the second term is the exchange interaction
single-particle Kohn-Sham (KS) equations. The explicitg,[7]. Eq[Tr,(n)]is a double-counting term, which does
formulation for the orbital magnetism gave rise to thenot depend on the orbital degrees of freedom [6]. It is as-
concept of orbital polarization (OP) in the band structuresuymed that the renormalization can be described by retain-
calculations. The purpose of this Letter is to clarify theing the (unrenormalized) HF form for the electron-electron
fundamental features, origins, and implications of the OR,_,) iNteractionsly, y,y,y, = (mim| V_L Imama)s,s, 8.5,
in the problem of orbital magnetism in solids. _and tuning three (in the case @klectrons) Slater integrals

Because of the quenching effects in the crystal fleIdFo,in andF*[7]. The latter is equivalent to the definition

(CF), the orbital moments are expected to be well localys three physical parameters: the on-site Coulomb repul-
ized in the spherical potential region near atomic nuclei ionU = F°, J = % (F2 + F%), and B = %(91:2 _

and well described in terms of site-diagonal elements o )
the one?partlcle denS|tyAmatr|x in the basis of at(,)\rf'c“kenot differ significantly from the one in atoms and it holds
(3d) orbitalsny,y, = (yi|n(r.r")ly2) as(L) = Trs.(Ln),  f4/F2 ~ 0.6 (e.g., [6]), which further leads to the estimate
whereL is the orbital angular momentum operater= B ~ 0.1J. If the orbital populations are integer (0 or 1), it
{s, m} is the joint index including spinsj and azimuthal holdsn? = n. Then, an analog of two Hund'’s rules can be
(m) counterparts, andirg; denotes the trace over aland  derived fromEyg[n]: first, thes-dependent occupation is

. Typically, the behavior of’> and F* in solids does
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driven byJ; second, then-dependent occupation is driven tation values of the orbital angular momentum operators;
by B. This is the atomic picture. In solids, however, the(ii) single out all interactions involving these variables
local orbital populations are fractional and shall be treatedn Ey[n] and Ex[n]. First, we extract the spin depen-
as independent variational degrees of freedom, which idence of the density matrix by a standard decomposi-
the essence df dependence of the OP in LDA U:if  tionn = 133_ 7” ® &,, whered, is the2 X 2 unity

B is neglected, OP is determined B} = U — J [8].  matrix and the rest ofr, (v = 1,2,3) are Pauli matri-
As we will explicitly show below, the same is true for the ces ¢, o,,5,). The spinless matrices” are given by
orbital magneticdegrees of freedom. Naturally, the spon-»» = Trg(a,7). It is rather straightforward to show that
taneous formatlo_n of the_orbltal moments in LDAU is gy [7] = %Zi—o Ex[#"”]. Taking into consideration the
closely relate_d with opening a Hu_bbard gap. AnOtherthe:{ime-inversionﬁ, each matrixn” can be further decom-
ory of the orbital magnetism in solids which is based on the d asy’ — nvt + 2v— where Rp*™ — —av* [9
similar “Hubbard” idea is the self-interaction-corrected POS€d st = n7m 4 n_ ., where Rn *n"= 9.

LSDA [5]. Using the basic propert L = —L, we get
The role of the Hubbard/ terms in OP functionals is At s A
less clear in the theories designed for another category TrL(E‘” ) = O:\ Tr(n"") =<0,
of magnetic materials, which exhibit clear tendencies to Tro(LR”7) = (L), , Tr,(n"7) =0,

the itinerary and whose spin magnetic properties can ~

be reasonably well described within LSDA. Brooks where (L), are the orbital momenta in the spin sub-
and collaborators put forward an idea to connect thespacer. Thus, all spin-density variablggr,) are given
OP entirely with atomic Hund’'s 2nd rule coupling, and by n**, whereas the orbital part is represented solely
proposed aransatzfor the OP functional (called OPB by n”~. The contribution ofn”~ to Ey[n] is vanish-
hereafter), which is based on two assumptions [1]: (i) ORng. SinceEx[R7*] = Ex[n”], one can writeEx[n”] =

is driv%ngy B; 1(ii) the functional form itself is given g [77*] + Ex[#”~]. Therefore thee-e interactions re-
by AEgp- = —3 B(L)* with the atomic B value and sponsible for the magnetic part of OP are included only

the expectation value ol taken by use of the KS in E4[n*~]. This is a general property of the exchange
orbitals including the effects of the OPB functional self- energy.

consistently. OPB has attracted considerable attention in |n order to evaluateEx[#” ] let us consider first the

the computational electronic-structure community (e.g.p-electron shell, the simple example of the system which
Refs. [1-3]) because of its simplicity and relatively can carry the orbital moment. Then, the antisymmetric
encouraging results obtained along this line for severad x 3 matrix 2%~ is represented by three nonequivalent
classes of metallic compounds. Norman [4] appliedelements (in the real harmonics basis), n*,”, andn?,”

similar ideas to the series of Mott-Hubbard insulators,[g], which can be expressed through the Vexpectation val-

claiming that only a part of interactions ifg[n] and ; ;

~ . ues of three antisymmetric operatats, L,, andL, as
Ex[n], which does not depend ot/ should be able = =~ ; ~ y P .§ Y ‘

to open a band gap (no matter how small it is) on’'mm. — ~3{Lmy)v, Where fuymams) is an even permu-

the level of ground-state DFT calculations, whereas théat'on of (cyz). Taking into account the matrix elements

actual magnitude of the gap is determined tyand is oflthe Coulomb interaction, one can finlx[n" "] =

an excited-state effect. Despite such apparent successz Ueri(L); (for p electrons/ = 5 F?). The Stoner-like
we consider that there are serious confusions in th&rm of this expression coincides with the one of OPB.
basic physics of OPB. We will show that (i) the claim However, the OP is driven entirely by.;. The result
that the OPB functionah ESE® directly follows from S Very natural, because t_l)eele_ctron exchange is purely
the open-shell HF analysis [i.e., Eq. (2)] iscorrect, sphencal:d_ue to the; rotat.lonal invariance, there is no pref-
(ii) the actual form of the orbital magnetic enhancemenle_rem'al orbital configuration of the exchange origin for a

driven by the parameteB in Eq. (2) is different from single electron; the same is also true for tywaelectrons

AESFB, and (iii) the form of OPB correction can be due to the electron-hole symmetry between states with the

mimicked by taking into account remaining terms of Sa@mespin.. _ _
Eq. (2) and considering the limit of a relatively small, Generalization ford (and higherf) electrons is cum-
but still finite parameter/. Thus, if the OPB picture Persome, but still feasible. The maximal number of
is practically meaningful, as is apparently true for manynonequwalent matrix eleme.nts nf’_ for d glectrons. is
metallic magnets, the “hidden parameter” responsible fofén- The same number of irreducible antisymmetric op-
the orbital enhancement is agaln, and OPB is one erators being odd order products bf, L, and L, are
of the limiting cases of the more general LDAU  required in order to represent this matrix. Let us con-
concept. sider an isotropic case, when the CF is small, and the
In order to find an explicit expression for the orbital en-Spin and orbital moments have the same quantization axis
hancement, we take the following procedure: (i) solve ar(z). Then, we shall retain only two operatofs, and L,
inverse problem so as to expressn terms of the expec- which simplifies the problem significantly and leads to the
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following expression: Itis very demanding to derive an explicit general expres-
~ ~ A A 5 A sion for OP in terms of expectation values of the angular

Ex[n""]= —clL.); + 02<<L1>V<L§>V - 3—4<L2>12/>, momenta. We have demonstrated some examples and dis-
17 cussed general ideas of how it can be done. In practice,

where c; = 5 (130Uqs — 3698) and o> = g X however, the problem can be solved numerically by work-
(2Uesr — 9B). The result clearly shows that not only g girectly with the site-diagonal elements of the density
B but also Uey is responsible for the OP. Besides nayix 7 in the rotationally invariant LDA+ U approach.

the Stoner-like exchange, OP fat electrons is deter- | ot ys jllustrate this scheme for the rock-salt ox-

mined by the higher order effects with respect t0 th&ge co0, where the orbital moment is not necessarily
orbital angular momentum operatorsc, vanishes if quenched in the% filled ,, manifold [13]. The an-

U=J+3B~15/. Th?”’ the strength of Stoner's iterromagnetic spin order additionally lowers the cu-
orbital exchange isc; = 3 B. Thus, both the form pic symmetry of CoO to the trigonal one, resulting in
and the magnitude oEx[n”"] in this limit is close complicated anisotropy effects. Since the orbital mo-
to the assumption made in OPB. The central questiofnents are least quenched along the magnetic easy axis
is whether the limitU ~ 1.5/ is consistent with other [14], the maximum of the orbital angular momentum
features of metallic magnetic materials where LSDA doesjirectly corresponds to the minimum of the magnetic
a good job for the spin magnetism, like ferromagnétic  anisotropy energyKma). The general tendencies Bf;a
metals. The spin polarization in LSDA is also genericallycan be well understood as a competition of cubfg) (
close to the Stoner concephEss *[m]= —3I/m?  and trigonal ) terms [13]: Eya = K(e2e2 + eZe? +
with the characteristic parametdr being of the order e2e2) + T(evey, + eye, + e,ey), where{e;} are the di-
of 0.6-1.0 eV [10]. The averaged spin splitting f@r rection cosines of the spin magnetization. If béthand
electrons in LDA+ U is driven byl = %(U + 4J) [8]. T are positive as in the case of CoO [13], the model al-
Then, U ~ 1.5/ leads to the estimaté ~ 1.1J. If /  lows only one class of equilibrium solutions, where the
varies from 0.7 to 1.0 eV [8]] varies from 0.8 to 1.1 eV, moments are confined in the planel0) and canted off
being well consistent with the LSDA picture. Although the[001] axis by the angl& varying from0° (the [001]
some attempts have been made [11], the concrete scenaeigis) to —35° [the [112] direction in the plang111)] de-
of how the on-siteU is renormalized up t&/ ~ 1.5J for ~ pending on the relative strength &fand7 (Fig. 1). Ex-
many metallic compounds is still an open question. istence of such canted magnetic structure in CoO is well
All processes considered so far have been related witbstablished. In fact, it has been predicted in the pioneer-
the enhancement of the orbital magnetic moments. Howing work of Kanamori [13] and supported by subsequent
ever, the problem has a counterpart, i.e., their quenching.
The basic mechanism of this phenomenon is the CF ef-

fects, whose consequences are twofold: (i) Quenching ¢ c/a=1 c/a<

the orbital moments due to the CF is also enhanced by th = ‘ -
e-e interaction througtEx[n* ], which should be treated 18
on an equal footing withEx[n”~] [4]. Such a unified

treatment of magnetic and nonmagnetic orbital interac S
. . =
tions also guarantees that in the absence of SOl and C . o 1£F
the total energy displays a high degeneracy with respe(g < E
to the real orbitals and the complex orbitals occupation & g
(i) CF leads to the anisotropy of the orbital moments.% o| =g
Generally, the problem cannot pe formulated through the 1 &.é
expectation values of onlg, andL?, and involves all ele- ~
ments ofn” . Thus, the correct OP functional should sat- -

isfy the requirement of the rotational basis invariance: an : ‘ ‘ ‘ — &
unitary transformation ok does not changA Eqp[n]. 01500 5000 4500 = 6000 7300 9000
The intersite part of the density matrix relevant to the Number of Iteration Steps

orbital magnetic phenomena can be evaluated using thac. 1(color). Relaxation to the new magnetic equilibrium
criterion after turning on the SOI in CoO: orbital moment (green
_ M A— | Ay A line) and deviations of spin (white squares) and orbital (black
e=In"n" +nn nAI/In B (3) squares) magnetic moments from the [001] axis. The inset
wheren® = %ZLO n’* ® &,, and|A| means the matrix Sshows trajectories of the spins attached to magnetically different

norm [12]. If ﬁ(r,r’) is totally localized at lattice points Co sites in the planél10). Open and filled arrows correspond

. e di Lin the basis of atomiclik bital to the initial and final states. After reaching the equilibrium, a
(i.e., site diagonal in the basis of atomiclike orbitals), Weg ) tetragonal distortion/a = 0.988 has been turned on at

have ¢ =0 as the result of idempotency of the densitythe point shown by the red arrowt = 8 eV, J = 1 eV, and
matrix n> = n. B = 0.1J are used.
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2 by found along the following line. The first step is to map a
real many-electron problem to the fictitious one described
o by the single-particle KS equations in the LDA U
= tn § form. The most advanced way is to use the optimized
LEl effective potential scheme [18] and to treat the on-site
o o 2 e-e interactions in LDA+ U as variational degrees of
5] S 6 . .. .
E o =  freedom, wh|9h minimize Fhe true toj[al energy functional
o _ £ based on a rigorous static expression for the exchange-
> lin 8 correlation energy. The dynamic fluctuations near the
- 12 static mean-field solution then might be included in the
< ~<%  local form [19].
= The work is partly supported by NEDO.
°-
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