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Hubbard Gap Tunneling in Quantum Dot Chains: An Investigation Using Absorption Spectra
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In a Hubbard chain under an overall confining potential, electrons localized by electron-electron
interaction in the center of the chain coexist with electron tunneling through a quasi-Hubbard gap in
the center, as suggested by the equal-time Green’s function. This mixture of particlelike electrons and
wavelike electrons is analyzed using absorption spectra. The effect is expected in a chain of tunneling-
coupled nanostructures, e.g., coupled quantum dots. [S0031-9007(97)04924-7]
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Quanta sometimes behave like particles and sometim
behave like waves. Quanta seeming to be particles, i
appearing to be an eigenstate of pointjxl, and quanta seem-
ing to be waves, i.e., appearing to be an eigenstate of m
mentumjpl, are different aspects of the same thing, a
when a cylinder viewed from above seems to be circ
lar, but when viewed from the side seems to be recta
gular. The coexistence of these two different aspects
quanta provides interesting problems for condensed-ma
physics, where the interplay between extended waves
localized particles is important in determining the beha
ior of electrons. One example is the Kondo effect of ma
netic impurities in a diluted metal [1,2]; another examp
is a heavy-electron metal in which a localizedf electron
is coupled to conducting electrons [3,4], where localize
states are embedded in a three-dimensional solid-state
terial. Still another example is metal-insulator transition
in which an insulator of localized electrons is transferre
to a metal of extended electrons through a transition poi
When electrons are localized by randomness, the me
insulator transition, i.e., Anderson transition, is well know
to be a second-order phase transition [5,6]. When ele
trons are localized by electron-electron interaction on
lattice, the metal-insulator transition, i.e., Mott transition
may be a first-order phase transition [7,8]. Though the k
netic term in a Hamiltonian highlights the wave nature o
electrons, the electron-electron interaction term, written
position eigenstates, emphasizes the particle nature o
the wave nature.

As the number of dimensions is reduced, mean-fie
analysis can no longer be applied to determine the b
havior of electrons in a solid-state material, particular
the coexistence of the wave nature and the particle natu
though we know the mean-field approximation works
these problems in three dimensions. This is because fl
tuation from the mean-field solution becomes more im
portant as the number of dimensions decreases. A gr
effort has been made to understand correlated electr
in low-dimensional lattices [9,10] and in low-dimensiona
structures, i.e., quantum Hall systems in two dimensio
[11,12], quantum wires [13,14], and quantum dots [15
17]. The size of the confining structure can be smaller th
15 nm if compound semiconductor heterostructures, e
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GaAsyAlGaAs, are used [18]. In tunneling-coupled quan
tum dots, we can expect various phenomena caused by
interplay between electron tunneling through the potent
barrier of a heterostructure and electron-electron intera
tion [19]. In an array of tunneling-coupled quantum dot
we can expect electrons to have various phases when
array is half filled, and these systems can be mapped
Hubbard-type models for low-energy excitation [20–22
If an array of very small quantum dots of GaAs is em
bedded in bulk AlAs, a field effect caused by a depletio
region causes parabolic confinement over the array. T
system can be realized using whiskers of compound se
conductors [23] and can be described by a Hubbard ch
under an overall confining potential [24].

In the present Letter, another kind of coexistence,
mixture of localized electrons and extended electron
which is the result of electron tunneling through a Mo
insulator of localized electrons in a Hubbard chain und
an overall confining potential, is discussed. We calcula
the absorption spectra of several electrons in the chain,
result of which suggests some features of the two oppos
aspects of correlated electrons.

Let us consider a chain of nine sites of a single orbital
each quantum dot, which is described by a Hubbard-ty
model:
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js ĉjs andn̂j  n̂j" 1 n̂j#. ĉ

y
js creates an

electron atjth site with spins. t is the transfer between
adjacent sites andU is the on-site Coulomb interaction
WhenV . 0, electrons in the Hubbard chain are confine
by an overall parabolic potential.E introduces asymmetry
in the chain, as in the Stark effect [25]. In this Letter w
analyze the system of six electrons in the chain havi
L  5, t  1, and U  16. The eigen energyEn and
its eigenstatejnl were calculated using numerical diago
nalization of a Hamiltonian constructed by six-electro
states, aŝc
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n#j0l. Note that we do not need
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to consider six-electron states except states havingSz  0,
whereSz is the total spin of six electrons in thez direction.
This is because the ground state of our Hubbard ch
should haveSz  0 and because the dipole approximation
which is justified by the small size of our tunneling
coupled quantum dots, will not allow optical transition
with a spin flip. The absorption spectra are obtained
calculating the matrix element of the dipole operator

D̂ 
LX

j2L

jn̂j . (2)

Dipole transition from the ground statejC0l to the nth
excited statejCnl, which has absorption energyEn 2

E0, is possible whenG  jkCnjD̂jC0lj2 fi 0. A single
optical transition from the ground state of six electrons h
a largeG, andG of the other optical transitions is smal
enough to ignore. Numerical calculations were perform
using a Cray J916.

When V  0, electron gas has an almost consta
density over the chain. Because the density of electro
is smaller than that of half-filled electrons, our electron
system is a metal of correlated electrons [26]. As th
confining potential becomes stronger, i.e.,V becomes
larger, the density of the center region becomes high
When the density of the center region reaches that of ha
filled electrons, the Mott-Hubbard gap appears, with a
antiferromagnetic spin correlation. Hubbard gap tunneli
is seen in the chain through the Hubbard gap induced
the overall confining potential [24]. This electronic syste
can be analyzed using the equal-time Green’s function
the ground statejC0l:

Gi,j  kC0jĉ
y
i"ĉj"jC0l  kC0jĉ

y
i#ĉj#jC0l , (3)

because whether electrons are localized or delocaliz
can be determined by the behavior ofGi,j si fi jd. In
Fig. 1, G23,j is plotted as a function ofj with various
E, whereV is taken to be 1. Note thatG23,23 is the
expectation value of the density of electrons at thej  23
site. First we analyzeG23,j whenE  0. In this region
of the confining potential,G23,3 has a considerable value
as shown in Fig. 1, althoughG23,j is very small when
22 , j , 2. The figure shows that an electron at th
j  23 site can tunnel to thej  3 site through the barrier
of Mott-insulating electrons in the center. The valu
G23,jyG23,3 may be useful in determining the amplitud
of the Hubbard gap tunneling. In a Mott insulator o
a Hubbard chain of finite sites, the equal-time Green
function decays exponentially as the distance between s
increases—the fermionic excitation is massive because
the Hubbard gap. Thus, if the Hubbard chain of finit
sites is surrounded by metallic electrons, we can exp
tunneling through the Mott insulator.

WhenE introduces asymmetry into the chain, we see
reduction in the tunneling amplitude, as shown in Fig.
G23,jyG23,3 decreases rapidly asE increases. WhenV 
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FIG. 1. Equal-time Green’s function of the six-electro
ground stateG23,j as a function ofj. The strength of the
external electric fieldE is taken to be 0,0.2 3 1022, 0.4 3
1022, . . . , 1 3 1022, and successive traces are displaye
upward by 0.2. V  1 is taken so as to allow the chain to
have Hubbard gap tunneling.

1 induces a Hubbard gap in the center of the chain, the l
and right sides from the center region should have discr
excitation spectra of a single electron. The least-ener
state of the left-hand side, denoted byjLl, can be reso-
nantly coupled to the least-energy state of the right-ha
side, denoted byjRl, so resonant tunneling through th
Hubbard gap can occur. IfE is taken to be a nonzero value
“off resonance” between these two sides causes a red
tion in the tunneling amplitude. Note that this descriptio
cannot be applied in all details to our system because
system has six electrons whose wave functions are tota
asymmetric andjLl and jRl are really six-electron states
[25]. Thus, the total Hilbert space of our six-electron sy
tem is decomposed, approximately, into two sectors—
one, electrons are localized by electron-electron intera
tion and, in the other, electrons are extended through
Hubbard gap.

Now we examine the electronic system using absor
tion spectra. Figure 2(a) shows the absorption ener
when V is changed from 0 to 1. Figure 2(b) shows th
dipole matrix elementG of the allowed transition from the
ground state. WhenV , 0, i.e., in a Hubbard chain with-
out confinement, absorption with a considerable ener
exists in the absorption spectra. In the Hubbard cha
electrons are strongly correlated, but metallic. This ele
tronic system has photon absorption just as a Fermi liqu
(more exactly, a Luttinger liquid) has. Therefore, the a
sorption is due to the transition from the ground state
the electron liquid to the first excited state, in which a
electron-hole pair is created. The energy difference b
tween the ground state and the final state of absorption
enlarged because of the finite length of the chain. Ho
ever, the matrix element of the dipole transition is rath
small because the effective size of an electron at the Fe
level is reduced by electron correlation in the chain.
573
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FIG. 2. (a) Absorption energy and (b) optical transitio
coefficient G as a function of the strength of the confining
potentialV whenE  0.

As V increases, the absorption energy becomes smal
together with the matrix element of the dipole transition
However, whenV exceeds 0.1, the dipole matrix elemen
increases because of Hubbard gap tunneling. As sugges
previously, the six-electron statejLl, in which there is a
single electron located to the left of the Mott-insulatin
electrons in the center of the chain, and the six-electr
state jRl, in which there is a single electron located t
the right of the Mott-insulating electrons, are useful i
describing Hubbard gap tunneling [27]. In a six-electro
chain under an overall confining potential, a tunnelin
electron can absorb a photon through the dipole tran
tion from the ground state of the “bonding state”sjLl 1

jRldy
p

2 to the excited state of the “antibonding state
sjLl 2 jRldy

p
2. This electron extends through the chai

via the Hubbard gap embedded in the center of the cha
Thus, the dipole-matrix element of the transition is large

Let us turn to absorption spectra of our Hubbard cha
under an external electric field—we will see the Star
effect on the Hubbard gap tunneling whenV  1. Fig-
ure 3(a) shows the absorption energy when external el
tric field E is changed from 0 to 0.01. Figure 3(b) show
the dipole-matrix elementG of the allowed transition from
the ground state. As is expected, the absorption is wea
ened by introducingE and the energy of the absorption
becomes larger whenE increases. If the ground state is
written asajLl 1 bjRl and the excited state asbjLl 2

ajRl, where a2 1 b2  1, a is very different from
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FIG. 3. (a) Absorption energy and (b) optical transitio
coefficient of G as a function of the strength of the externa
electric fieldE whenV  1.0.

FIG. 4. (a) Absorption energy and (b) optical transitio
coefficient ofG as a function ofV andE.
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b when our chain is under an external electric fiel
BecausekRjD̂jLl is very small, the matrix element of the
dipole transition is weakened and the absorption energy
increased by the Stark effect, as in a single electron tu
neling through a potential barrier.

For comparison, we plot the absorption energy andG

of the Hubbard chain as a function ofV andE in Fig. 4.
When there is no confinement in the chain, we cannot s
strong dependence of absorption on the strength of
external electric fieldE. This is because this system is
identical to that of metallic electron gas under an extern
electric field and is very different from the system havin
Hubbard gap tunneling.
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