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Anomalous Thermal Transport in Quantum Wires
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We study thermal transport in a one-dimensional quantum wire connected to reservoirs. Desp
the absence of electron backscattering, interactions in the wire strongly influence thermal transpo
Electrons propagate with unitary transmission through the wire and electric conductance is not affect
Energy, however, is carried by bosonic excitations (plasmons) which suffer from scattering even
scales much larger than the Fermi wavelength. If the electron density varies randomly, plasmo
are localized andcharge-energy separationoccurs. We also discuss the effect of plasmon-plasmon
interaction using Levinson’s theory of nonlocal heat transport. [S0031-9007(98)06399-6]
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In the Fermi liquid theory of thermoelectric transpor
both charge and energy are carried by fermionic qua
particles [1]. This manifests itself in a universal re
lation between the electric conductivitys and thermal
conductivityk, known as the Wiedemann-Franz (WF) law
(kB ­ h̄ ­ 1),

k

sT
­

p2

3e2 . (1)

The validity of Eq. (1) has been confirmed in the ca
of arbitrary impurity scattering [2] and in the presence
electron-electron interactions [3] within the Fermi liqui
approach.

At low temperatures, in conductors of small size, phas
coherent electron propagation dominates transport. Me
scopic contributions to thermoelectric coefficients in th
diffusive regime are quite significant [4]. The thermoele
tric coefficients of a ballistic quantum point contact hav
been studied experimentally [5] and theoretically using
scattering approach [6–8]. In this case, the observed v
lations of the WF law can be attributed to the strong e
ergy dependence of the scattering matrix.

Electron-electron interactions in low-dimensional sy
tems may lead to non-Fermi liquid behavior. In th
context transport properties of quantum wires are of co
siderable current interest [9]. Theoretically these syste
are studied in the framework of the Luttinger liquid (LL
model [10]. Revived interest in the transport in LLs wa
triggered by the work of Kane and Fisher [11]. The effe
of interaction on the electric conductance crucially depen
on the way in which the quantum wire is connected to t
measuring leads (reservoirs) [12]. More recently therm
transport in a LL was considered [13] and deviations fro
the Fermi liquid relation, Eq. (1), were predicted.

The low energy excitations of an interacting one
dimensional (1D) system are long wavelength dens
oscillations (plasmons) which have bosonic charact
This has drastic consequences for thermoelectric transp
0031-9007y98y80(25)y5611(4)$15.00
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since the scattering properties of the electrons (whic
determine the transfer of charge) are in general qu
different from the scattering properties of the plasmon
(responsible for the transfer of energy). In this paper w
study this distinct difference by considering situation
in which the dc electric conductance is not affecte
by interaction in contrast to the thermal conductanc
Specifically we consider a one channel LL with spatiall
varying density, which is connected to two reservoirs as
is shown in Fig. 1. If the spatial variation related to thes
inhomogeneities occurs on a length scale much larger th
the Fermi wavelengthlF , electrons willnot suffer any
backscattering. The electric dc conductance will therefore
be given by the universal valueG ­ e2y2p . However,
plasmons with wavelengths much larger thanlF will
suffer backscattering. Under these circumstances t
thermal conductance is strongly affected by interactions

The Hamiltonian which describes such an inhomo
geneous electron liquid can be written as [14]H ­R

dxH sxd, where

H sxd ­
p2

2mnsxd
1

1
2

∑
V0 1

p2

m
nsxd

∏
s≠xnud2. (2)

Here, usxd and psxd are the displacement of the elec
tron liquid and the conjugate momentum, respectivel
satisfyingfusxd, psx0dg ­ idsx 2 x0d. The local average
electron concentration isnsxd. Furthermore,V0 is the
interaction strength (the zero-momentum Fourier com
ponent of the interaction potential). The connection o

FIG. 1. The 1D wire, connected adiabatically to two rese
voirs kept at different temperatures. The wire has some inh
mogeneities on a scale which is much larger thanlF .
© 1998 The American Physical Society 5611
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a quantum wire of lengthd to reservoirs is modeled
by a space-dependent interactionV0sxd [V0sxd ­ V0 if
0 , x , d and zero otherwise] [12,15]. For later use w
define the parameterg ­ s1 1 V0ypyFd21y2, character-
izing the interaction strength in the wire. We further
more takensxd ­ n0 ; myFyp in the reservoirs (i.e.,
for x , 0 or x . d). Using the continuity equation
≠xJEsxd 1 ≠tH sxd ­ 0, the energy currentJEsxd can be
expressed in terms ofusxd andpsxd,

JEsxd ­ 2
1

2m

∑
V0 1

p2

m
nsxd

∏
h psxd, ≠xsnudj , (3)

where h· · · , · · ·j denotes the anticommutator. We wil
show that the calculation of the average energy curre
amounts to the solution of a well defined scatterin
problem in analogy to the well known Landauer-Büttike
approach for quantum transport in noninteracting electr
systems [16].

To this end, we diagonalize the Hamiltonian (2) usin
a basis of scattering statesfk,asxd which satisfy the wave
equation

2ĥfk,a ­ v2
kfk,asxd , (4)

wherevk is the energy of the given mode and

ĥ ­
q

nsxd≠x

°
V0ym 1 p2nsxdym2

¢
≠x

q
nsxd .

The indexa ­ r , l labels the states incident from the righ
and left reservoir, respectively, with wave vectork. The
scattering states have asymptotics

fk,lsxd ­ eikx 1 rvk
e2ikx for x ! 2` ,

­ tvk eikx for x ! ` ;
(5)

fk,rsxd ­ tvk
e2ikx for x ! 2` ,

­ e2ikx 2 rp
vk

stvk ytp
vk

deikx for x ! ` ,
wherervk

andtvk
are the reflection and transmission am

plitude, respectively. We emphasize thatfk,a describes
plasmon wavesrather than electronic excitations. The di
agonalized Hamiltonian is given by

H ­ s1y2d
X
a

Z
dkvksby

k,abk,a 1 bk,ab
y
k,ad . (6)

Here, the operatorsb and by obey the Bose commuta-
tion relation fbk,a , b

y
k0,a0 g ­ da,a0dsk 2 k0d. The dis-

placement field and its conjugate momentum can
expressed as

psxd ­
X
a

Z `

0
dk

1
i

s
Vksxd

2

3 ffk,asxdbk,a 2 fp
k,asxdby

k,ag ,

usxd ­
X
a

Z `

0
dk

s
1

2Vksxd

3 ffk,asxdbk,a 1 fp
k,asxdby

k,a g , (7)
where Vksxd ­ mnsxdvk . At this point we want to
stress that the above formulation is applicable becau
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each mode contributes independently to the energy fl
A similar approach cannot be applied to determine t
electric current, as the charge is transported through
sample via a complicated superposition of plasmon mod

Now we are in a position to calculate the average e
ergy current. This quantity is space-independent beca
of current conservation, hence we calculate it, say, f
x ! `. We substitute the appropriate asymptotics fro
(5) into (7), then perform the Gibbs average of the a
ticommutator in (3) with respect to the Hamiltonian (6
As a result we find

kJEl ­
1

2p

Z `

0
dvjtv j2fnlsvd 2 nr svdg , (8)

wherenasvd is the Bose function of reservoira. This
result holds as long as electrons are not backscatte
by inhomogeneities. In the linear response regime, wh
the temperature differenceDT between the reservoirs
is vanishingly small, the thermal conductance is read
evaluated to be

K ­
1

8pT 2

Z `

0
dv

v2

sinh2sbvy2d
jtv j2, (9)

where b is the inverse temperature1yT . For noninter-
acting electrons,jtvj ­ 1, this expression reduces to the
well known resultK ­ pTy6. Equation (9) shows that
inhomogeneities strongly affect thermal transport in an i
teracting quantum wire, even in the absence of any el
tron backscattering. This is essentially the analog of t
Kapitza boundary resistance [17]. Below we study th
behavior ofK, Eq. (9), in two relevant limits.

(i) The simplest situation occurs when an interactin
wire of finite length with a constant electron densityn0 is
connected adiabatically to two noninteracting reservoi
In this case the solutions of Eq. (4) inside the wire a
plane waves, with momentumgk. The plasmon transmis-
sion coefficient can be calculated explicitly; it is strongl
frequency dependent with characteristic frequencyyFygd
due to the mismatch of momenta atx ­ 0 and x ­ d.
As a result,K will be suppressed below its noninteractin
value. The Lorentz numberL ­ KyGT ­ 2pKye2T as
a function of temperature and interaction strength is plo
ted in Fig. 2. In the low-temperature limit, the Lorent
number attains its noninteracting valueL0 ­ p2y3e2

(since the zero frequency transmission coefficient equ
unity) and decreases with increasing temperature and
teraction strength. Notwithstanding the fact that a d
crease ofL is a genuine feature of the system, the actu
quantitative suppression depends on the specific choice
the space dependence of the interaction strength. No
finally, the profound difference between our results an
those obtained in [13]. For an infinitely long interact
ing wire without reservoirs, the electric conductance
renormalized [11]. However, the thermal conductance
unaffected by interactions and an enhanced Lorentz nu
ber signals the breakdown of Fermi liquid theory [13
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FIG. 2. The Lorentz number for an ideal wire attached t
reservoirs is plotted as a function of the temperature and t
interaction strength.

In the presence of reservoirs, the electric conductance
unrenormalized [12] but the thermal conductance is su
pressed, leading to a suppression ofL.

(ii) Even in the best samples, random variations o
electron density on scaleslD much larger thanlF are
unavoidable. Plasmons, therefore, propagate in a rand
medium and, depending on their energy, can be localize
We anticipate that in some temperature range charge a
energy are spatially separated (charge-energy separation).
In order to model the randomness, we decompose
electron density asnsxd ­ n0 1 dnsxd where the random
component has a normal distribution with variance

kdnsxddnsydl ­ n2
0d

µ
x 2 y

lD

∂
.

We calculated the average plasmon transmission coe
cient with the help of the invariant embedding techniqu
developed in Ref. [18]. The decay of the plasmon wav
inside the interacting wire is governed by the length sca

jv ­
yF

g
tDsvd ­

2p2

g6

y
2
F

V 2
0

y
2
F

lDv2
, (10)

where we introduced the lifetime for impurity scattering
tDsvd. Equation (10) was derived using the golden ru
in Ref. [14]. The transmission coefficient asymptoticall
decays as

jtv j2 , e2dyjv

for d ¿ jv . At low enough temperatures,T , v
p
1 ­

s2p2y
4
Fyg6lDV 2

0 dd1y2, the thermal plasmons propagat
ballistically. In the opposite limitT . v

p
1 , localization

of high-frequency plasmons occurs and the thermal co
ductance rapidly saturates to some constant valueK0 as
sketched in Fig. 3.

A finite plasmon lifetime is not only caused by scat
tering off inhomogeneities. The nonzero curvature o
the single electron spectrum leads to interactions betwe
plasmons. The effect of these two scattering mechanis
o
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FIG. 3. The behavior of the Lorentz number and the therm
conductance is sketched for the case in which the wire
disordered. The saturation ofK at some valueK0 is related
to the localization of the high-frequency plasmons.

on the plasmon kinetics is very different, as we will dis
cuss in the remainder of this paper. Scattering off i
homogeneities relaxes the momentum but does not lea
thermal equilibrium. This is established by plasmon inte
actions which, in lowest order, are described by the cu
Hamiltonian [10]

Hint ­ 2
1
2

Z
dx

p2

mnsxd
≠xsnud 2

p2

6m

Z
dxs≠xn0ud3.

(11)

The rate for three-plasmon scattering can be calcula
using the golden rule. Special care is needed, howev
in this case. Since the dispersion relation is linear ink,
momentum and energy conservation are simultaneou
satisfied, hence the rate is infinite. In the presence of i
purity scattering it can be regularized, because a state w
given energyv corresponds to a wave packet withkkl ­
gvyyF and a width ksdkd2l , fgyyFtDsvdg2. Using
the broadened dispersionvk ­ yF jkjyg 1 it21

D syFkygd,
we find the rate associated with spontaneous decay o
plasmon

1
tsvd

­
s3 1 g2d

16g2

v2

n2
0V 2

0

yF

lD
. (12)

Interactions are important for plasmons with energi
larger than the cross-over frequencyv

p
2 , yFy

p
dlF ,

since they experience interactions while diffusing ov
distances of the order of the length of the wired. The
ratio svp

2yv
p
1 d2 , sV0yyFd2lDylF should be much larger

than unity. This, together with the conditionksdkd2l ø

kkl2 for the wave packet discussed above, implies th
slFylDd1y2 ø V0yyF ø 1.

The scattering approach of thermal transport, resulti
in Eq. (8), applies when both reservoirs are kept at a te
perature smaller thanvp

2 . At temperatures larger thanvp
2

local equilibrium tends to be established. The differen
between these two regimes can be distinguished, e.g.
considering the nonlinear response to a large tempera
5613
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differenceDT between the reservoirs. Using the scatte
ing approach Eq. (8) one finds

JE , DT if DT , vp
2 . (13)

If DT ¿ v
p
2 , interaction between plasmons can no longe

be ignored. Using Levinson’s theory [19,20] of phono
heat transport in disordered dielectrics and semicondu
tors, we will show that far from equilibrium the energy
current depends algebraically on the temperature diffe
enceDT .

Below we closely follow the derivation given in
Ref. [19]. Since low energy plasmons propagate eas
through a disordered wire than high energy ones, th
plasmon distribution function is depleted at energie
smaller than a certain cross-over frequencyv̄. Therefore,
in the presence of plasmon interactions, down ener
conversion occurs from thermal to low energy plasmon
The latter then carries the energy to the cold end of th
wire. The relevant time scale for down conversion is

1
tBsvd

­
2

tsTd
v

T
­

s3 1 g2d
8g2

vT

n2
0V 2

0

yF

lD
. (14)

Comparing tB with the diffusion timegd2yyFjv one
finds

v̄ ­ T

µ
d

LT

∂22y3

, (15)

where LT ­ h4pn0y
2
Fyfg5s3 1 g2dg1y2jT 22. For

frequencies below v̄ the depleted distribution
function obeys the stationary diffusion equation
syFjvygd≠2

xn ­ 1ytsT d, hence it is given by

nsvd ,
µ

d
LT

∂2µv

T

∂2

. (16)

For frequencies larger than̄v the thermal distribution
nsvd , Tyv is recovered. Using this distribution func-
tion it is possible to evaluate the nonlinear energy curre
JE ,

R
dvvjvnsvdyd,

JE , sDT d4y3 if DT . vp
2 . (17)

The power law given in Eq. (17) isuniversal: it does
not depend on the interaction strength. Still, this alge
braic behavior is a genuine effect of the electron-electro
interaction: in the noninteracting case, plasmons are b
listic at all frequencies and Eq. (13) applies. The non
linearity in Eq. (17) is a result of the interplay between
electron-electron interactions and plasmon-plasmon inte
5614
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actions, which provides a mechanism for redistribution o
energy over the plasmon spectrum.
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