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Trapping of plasma electrons in the self-modulated laser wakefield accelerator via the coupli
Raman backscatter to the wake is examined analytically and with 3D test particle simulations.
trapping threshold for linear polarization is much less than for circular polarization and occurs for
amplitudes of 25%, which is well below wave breaking. Self-channeling provides continuous focu
of the accelerated electrons, which, along with relativistic pump laser effects, can enhance the
gain by a factor of$2. [S0031-9007(98)06509-0]

PACS numbers: 52.75.Di, 41.75.Lx, 41.85.Ar, 52.40.Nk
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Plasma-based accelerators [1] are capable of sustain
ultrahigh electric fieldsEz in excess ofE0  cmvpye .
97n

1y2
0 fcm23g Vym, where vp  s4pn0e2ymd1y2 is the

plasma frequency andn0 is the ambient plasma density
Several recent experiments [2–6] have demonstrated
self-trapping and acceleration of plasma electrons in
self-modulated laser wakefield accelerator (SMLWFA
[1,7,8], with electron energies as high as 100 MeV [5,
over a distance,2 mm. In the SMLWFA, n0 is suf-
ficiently high sn0 , 1019 cm23, E0 , 300 GVymd that
the laser pulse extends over many plasma waveleng
lp  2pcyvp (lpyl , 8, where l  2pcyv is the
laser wavelength). A large amplitude plasma wave (wak
field) is generated via a self-modulation or Raman forwa
scattered (RFS) instability [9] with a phase velocityyp

near the group velocityyg of the laser pulse,yp . yg, and
gp . gg  s1 2 y2

gyc2d21y2 . lpyl. The wakefield
rapidly grows to extreme values such that electrons
self-trapped from the background plasma. Furthermo
the maximum electron energies observed in experime
[5,6] and simulations [6,10] are in excess of the standa
dephasing limit [10,11],Wd . 2g2

pmc2 sWd , 65 MeVd.
It has been suggested that wave breaking is the mec

nism for self-trapping [2,6,10]. Wave breaking of
cold plasma wave in 1D occurs at [12]EWB  f2sgp 2

1dg1y2 E0 ¿ E0. Thermal and 3D effects can lowe
this value, but typically wave breaking requires nonlin
ear plasma waves withEz . E0 [13]. The observed
wakefield amplitude [14], however, is in the rang
EzyE0 , 10% 30%, well below the wave breaking limit.
Accelerated electrons have also been observed with
evidence of wave breaking, i.e., no broadening of t
anti-Stokes peaks [5]. Wave breaking has been sugge
as the mechanism by which the electron energies exc
the dephasing limit [6,10].

In this Letter, it is shown that self-trapping and acceler
tion can result from the coupling of Raman backscatteri
(RBS) to the wakefield. Self-trapping is found to occu
at modest wakefield amplitudes,EzyE0 . 25%, on the
order of those observed experimentally, and much low
0031-9007y98y80(25)y5552(4)$15.00
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than the cold 1D wave breaking limit, which is show
to be EWB  f2g'0sgp 2 1dg1y2E0, whereg'0  s1 1

a2
0d1y2, a2

0 . 3.6 3 10219l2f mmgIfWycm2g (circular po-
larization), andI is the laser intensity. It is also shown
that the self-trapping threshold is considerably lower for
linearly polarized laser pulse as compared with circular p
larization. By including the space-charge field due to se
channeling, it is shown that the maximum energy gain
Wmax  4g2

pmc2. Nonlinear effects can further increas
Wmax by a factor ofFNL . sg'0n0ynd2y3 , 3, wheren is
the self-channeled density. This can account for the fi
energies observed in experiments and simulations. T
particle simulations of self-trapping in 3D indicate a larg
numbers109d of relativistic electrons with a 100% energ
spread and a low normalized emittance,en , 1 mm mrad.

As the pump laser self-modulates, it also undergo
RBS, which is the fastest growing laser-plasma instabil
[1,15–18]. RBS is observed in intense short pulse expe
ments, with reflectivities as high as 10%–30% [15]. RB
generates redshifted backward light of frequencyv0 2

vp and wave number2k0, which beats with the pump
laser sv0, k0d to drive a ponderomotive wavesvp , 2k0d.
As the instability grows, the RBS beat wave, which h
a slow phase velocityyp . vpy2k0 ø c, can trap and
heat background plasma electrons [16]. These electr
can gain sufficient energy and/or be displaced in pha
by the RBS beat wave such that they are trapped a
accelerated to high energies in the wakefield [1,5].
similar two-stage acceleration process involving the co
pling of RFS and RBS has been simulated in 1D b
Bertrandet al. [17], however, in a much different regime
with high densitys2 3 1020 cm23, v0yvp  2.36d, low
intensitys1016 Wycm2d, and high temperatures10 keVd at
which the effects of strong Landau damping are importa

To analyze self-trapping, the motion of test particles
analytically specified fields is studied. The effects of fo
fields will be considered: (1) the intense pump laser fie
a0, (2) the RBS radiation fielda1, (3) the plasma wake-
field fp, and (4) the self-channeling space-charge fie
fs, where f  eFymc2 and a  eA'ymc2 are the
© 1998 The American Physical Society
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normalized scalar and vector potentials, respective
Once the fields are specified, the electron motion is evolv
via the relativistic Lorentz equationduydct  =f 1

≠ay≠ct 2 b 3 s= 3 ad, whereu  pymc is the normal-
ized electron momentum,b  uyg, andg  s1 1 u2d1y2.

The pump lasersi  0d and RBS radiationsi  1d fields
are assumed to be of the formai  âiszi , rd ssinciex 1

s coscieyd 1 aziez , where zi  z 2 ygit, ci  kiz 2

vi t, yg0  cbg0  c2k0yv0 is the group velocity,
s  0 ss  1d for linear (circular) polarization, and
= ? ai  0. The wave numberski and frequenciesvi

satisfy cki  divis1 2 v2
pyv

2
i 2 4c2yr2

i v
2
i d1y2 with

d0  1 (pump) and d1  21 (RBS). The wakefield
is fp  f̂pszp , rd cosc, where zp  z 2 ypt and
c  svpyypdzp. The field envelopes are

sâi , f̂pd  sai , f0d exps2r2yr2
j d

3 h1 2 expf2szj 2 zfjd2yL2
j gj , (1)

for zj # zfjs j  0, 1, pd, wheresai , f0d, zfj , Lj, and rj

are constants that determine the amplitude, position
the leading edge, rise time, and spot size of the fie
respectively. The average power isPifGWg . 21.5s1 1

sd sairiylid2 and equal power comparisons requir
sa2

i ds1  sa2
i y2ds0. Furthermore, v1  v0 2 vp ,

yp  yg0  yg1, andr2
p  r2

0 y2 are assumed.
The RBS instability is considered in the strong-pum

limit, which is characterized by a large growth rateG1 ¿

vp and in which the effects of the RBS space-charg
field f1 can be neglected [15,18]. The saturation am
plitude [18] of the strong-pump RBS radiation isa1 
svpyv0d4y3Gsa0d, whereG is a function ofa0, e.g.,a1 .
0.046 for linear polarization,a0  2, andv0yvp  8.5.
In the absence of RBS, trapping could be induced by
jecting a backward laser field of sufficient intensity [19].

In the long pulsesL0 ¿ lpd SMLWFA regime, the
ponderomotive force of the pump laser pulse expels ele
trons (self-channeling), thus creating an electron dens
perturbationdnyn0  k22

p =2fs and a space-charge po
tential [20] via=fs  =g'0, i.e., fs  g'0 2 1, where
g

2
'0  1 1 s1 1 sdâ2

0y2. The radial space-charge force
leads to enhanced focusing of the accelerated electrons

It is insightful to consider the effects of each of th
waves (wakefield and beat wave) independently. In the a
sence of RBSsa1  0d, electron motion in a 1D wakefield
is described by the HamiltonianHw  g 2 bpsg2 2

g
2
'0d1y2 2 fscd, where g'0  s1 1 a2

0d1y2 is constant
(circular polarization),bp  ypyc, f  fs 1 fp, fs 
g'0 2 1, andfp  f0 cosc . In phase spacesuz , cd, the
boundary between trapped and untrapped electron orbit
given by the separatrixHwsbz , cd  Hsbp , pd. The max-
imum s1d and minimums2d axial momenta of an electron
on the separatrix are

uw,m  gpg'0hbps1 1 2f0gpyg'0d

6 fs1 1 2f0gpyg'0d2 2 1g1y2j . (2)
In the limits 2f0gpyg'0 ¿ 1 and gp ¿ 1, uw,max .
4g2

pf0, anduw,min . g
2
'0y4f0 2 f0. Notice thatuw,min
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increases with increasinga0, i.e., the stronger the pump
laser field, the more difficult it is to trap. The back-
ground plasma electrons lie on an untrapped orbit (b
low the separatrix)uzf given by Hwsuzf , cd  1. At
wave breaking, the bottom of the separatrixuw,min co-
alesces with the electron fluid orbit,uzf  uw,min. It can
be shown that this occurs at a wave breaking field o
EWByE0  f2g'0sgp 2 1dg1y2, e.g., EWByE0  5.1 for
g'0 

p
3 andgp  8.5.

In the absence of the wakefieldsfp  0d, electron
motion in a 1D ponderomotive beat wave is described b
the HamiltonianHb  g 2 bpbfg2 2 g

2
'scbdg1y2 1 fs.

Circular polarization is assumed such thatg
2
'  1 1 a2

0 1

a2
1 1 2a0a1 coscb, where cb  sk0 2 k1d sz 2 ypbtd

andypb  cbpb  vpysk0 2 k1d . vpy2k0 is the beat
phase velocity, assumingv2

pyv
2
0 ø 1 and 1yk2

0r2
i ø 1.

The beat separatrix is given byHbsbz , cbd  Hbsbpb , 0d
with maximum and minimum axial momenta of

ub,m  gpbhbpbf1 1 sa0 1 a1d2g1y2 6 2sa0a1d1y2j . (3)

In the combined slow beat wave and the fast wakefiel
self-trapping can occur as follows. Below wave breakin
(e.g.,f0 , 1), plasma electrons are oscillating on an un
trapped orbit below the wake separatrix, i.e., with insuffi
cient energy to be trapped in the fastsyp . cd wakefield.
They can, however, be trapped in the slowsypb ø cd
beat wave. The effect of the beat wave is to displace th
electrons in both momentum and phase such that a fra
tion of the orbits cross the wake separatrix and becom
trapped. Although the actual orbits in both the wakefiel
and beat wave are highly nonlinear, an approximate tra
ping threshold is given by an island overlap condition
Trapping occurs when beat and wake separatrices ov
lap, i.e.,ub,max . uw,min. Using Eqs. (2) and (3) gives a
trapping threshold of

f0 .
g'0

2

"µ
1 1

u2
b,max

g
2
'0

∂1y2

2 bp
ub,max

g'0
2

1
gp

#
.

(4)

In the limits gp ¿ 1, bpb ø 1, anda1 ø 1, Eq. (4) be-
comesf0 . s1 2 bpbdg'0y2 2 sa0a1d1y2. The above
assumes that, in the presence of the wake, well defined b
wave separatrices exist,2k0a0a1yg'0 . kpjf0j. For lin-
ear polarization,g2

'  1 1 a2
0 sin2 c0 oscillates on a fine

scalesl0y2d with a phase velocity nearc. This creates a
“fuzzy” wake separatrix, the bottom of which is given by
Eq. (2) withg'0 ! 1. Hence, it is easier to trap with lin-
ear polarization. For example,a0  1.4, gp  v0yvp 
8.5 sbpb  0.063d, and a1  0.033 give ub,max  0.54
and a threshold off0 . 0.54 sf0 . 0.24d for circular (lin-
ear) polarization.

The 1D theory neglects the effects of transverse focu
ing. Associated with a 3D wakefp is a periodic radial
field which is py2 out of phase with accelerating field,
i.e., there exists a phase region oflpy4 that is both accel-
erating and focusing. If an electron is to remain in thi
5553
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phase region, it must lie within the “3D separatrix” de
fined byHwsbz , cd  Hwsbp , py2d with extremum given
by uw,max . 2g2

pf0 anduw,min . g
2
'0y2f0 2 f0y2, i.e.,

given by Eq. (2) with the substitutionsf0d1D ! sf0y2d3D.
Similarly, the threshold for trapping on the 3D separatr
is given by Eq. (4) withsf0d1D ! sf0y2d3D; i.e., it takes
a wake twice as large to trap on the 3D separatrix as co
pared to the 1D separatrix.

In the SMLWFA, additional transverse forces arise from
the self-channeling space charge potentialfs, which is
focusing for all phases. Hence ifj='fsj . j='fpj, the
radial space-charge force dominates the radial wake a
an accelerated electron is focused for all phases. T
condition impliesf0 , s1 1 sda2

0r2
py2g'0r2

0 , e.g.,f0 ,

0.58 for s  0, a2
0  4, and r2

p  r2
0 y2. When this is

satisfied, the “1D separatrix” trapping results apply, i.e
Eqs. (2) and (4). Furthermore, the maximum energy ga
is Wmax . 4g2

pf0mc2 which is twice the conventional
resultWd. In addition, relativistic pump intensities imply
f0  g

1y2
'0 EzyE0 andgp  g

1y2
'0 v0yvp. Self-channeling

may increasef0 andgp by a factor ofsn0ynd1y2. Hence,
nonlinear effects may increaseWmax by a factor as high
as FNL . sg'0n0ynd3y2 . 3.5, assumingg'0 

p
3 and

nyn0  3y4.
Simulations of trapping were performed by pushin

test (noninteracting) electrons in analytically specifie
1D and 3D fields (a0, a1, fp, and fs as described
above). A short axial segment (typically1 mm) of
stationary electrons (typically 16 000 particles) is in
tiated in front of the laser pulse and is evolved i
the fields via the relativistic Lorentz equation. Th
simulation parameters were (unless otherwise spe
fied) flattop field amplitudes ofa0  1.4 sa0  2d and
a1  0.033 sa1  0.046d for circular (linear) polarization
(equal power), v0yvp  8.5 sn0  1.5 3 1019 cm23

for l0  1 mmd, v1  v0 2 vp sbpb . 0.063d,
yp  yg0  yg1, rise lengths on the field profiles of
L0  L1  Lp  4lp , and positions of the field fronts
of zf0  0 andzf1  zfp  2lp .

Figure 1 shows simulation results for 1D fields for cir
cular (solid curves) and linear polarization (dashed curve
Plotted versusf0 are the maximum electron energyWmax

(open points) and fraction of the initial electrons that b
come trappedftr (solid points) after a distance of 2 mm
When trapping occurs,Wmax agrees with the expression
from 1D theory, Eq. (2) withgp  8.5. Note that the
simple expression forgpf0yg'0 ¿ 1 significantly under-
estimates the energy gain, i.e.,Wmax . 4g2

pf0 . 59 MeV
for gp  8.5 andf0  0.4 as compared to 73 MeV from
Eq. (2). For circular (linear) polarization, trapping occur
for f0 $ 0.55 sf0 $ 0.2d, in approximate agreement with
theory. A similar sudden onset in trapping was observ
whena1 was increased for fixedf0.

Figures 2 and 3 show results for linearly polarize
3D fields with r0  r1 

p
2 rp  4 mm sgp  gg0 .

7d. The initial electrons are loaded inr # rb  2 mm
(simulations show electrons atr . 2 mm do not trap).
5554
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FIG. 1. Maximum electron energy (open points) and tra
ping fraction (solid points) versusf0 from 1D simulations
with v0yvp  8.5 after 2 mm for circular polarization (solid
curves) witha0  1.4 and a1  0.033 and linear polarization
(dashed curves) witha0  2 anda1  0.046.

Figure 2 showsWmax (solid curve) andftr (dashed curve)
after 1 mm with (a)f0 varied sa1  0.046d and (b) a1

varied sf0  0.4d. Figure 2(a) shows the onset of trap
ping at f0 . 0.2 (theory givesf0 $ 0.23) and peaks at
f0 . 0.35 s ftr . 0.66%d. Beyondf0 $ 0.6, trapping is
greatly reduceds ftr , 0.05%d, in agreement with theory
that predicts radial scattering (defocusing) by the wa
whenf0 . 0.58. A sharp threshold for trapping for suf
ficiently largea1 is shown in Fig. 2(b). In the 3D simu-
lations, Wmax is slightly higher than the 1D theoretica
maximum, e.g., 48 MeV forf0  0.3 as compared to
41 MeV from theory. For circular polarization, theory pre
dicts trapping when0.52 , f0 , 0.58. This behavior is
confirmed in 3D simulations which show a narrow band
trapping peaked aboutf  0.6 with ftr . 1023.

Longitudinal suz vs z  z 2 ctd and transverse
sbx vs z d electron phase spaces are shown in Figs. 3
and 3(b), respectively, for a 3D linearly polarized ru
with f0  0.3 after 0.5 mm of propagation. The hig
energy electrons are confined tor # 1 mm with a 100%
energy spread,Wmax . 47 MeV, ftr . 0.6%, and rms
normalized emittanceen . s0.5dp mm mrad.

The test particle simulations neglect several effects s
as the self-consistent evolution of the fields, space-cha
effects of the accelerated electrons, and beam load
effects. For example, Raman sidescatter will intr
duce additional waves withyp , c which will further
enhance trapping. Beam loading degrades the wakefi
when the total number of trapped electronsNT approaches
the beam loading limit [21]Nmax . n0slpr2

0 y2dEzyE0.
In the simulations,NT  ftrn0pr2

bLp, where Lp is the
propagation length andrb  2 mm. For the parameters
n0  1.5 3 1019 cm23, lp  8.5 mm, r0  4 mm,
ftr  0.5%, and EzyE0  0.5, the beam loading limit
NT . Nmax . 5 3 108 is reached afterLp . 0.5 mm.
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FIG. 2. Maximum energy (solid curve) and trapping fractio
(dashed curve) from 3D simulations with linear polarization
a0  2, v0yvp  8.5, r0  4 mm, after 1 mm (a) versusf0
with a1  0.046 and (b) versusa1 with f0  0.4.

In summary, trapping and acceleration of plasma ele
trons in the SMLWFA via the coupling of RBS to the wak
has been examined analytically and with 3D test partic
simulations. A sudden onset in trapping is observed wh
eithera1 or f0 exceeds a threshold. The trapping thresho
for linear polarization is much less than that for circular po
larization. This threshold occurs well below wave brea
ing, e.g., EzyE0 , 25%, consistent with experimental
observations. Self-channeling provides continuous focu
ing of the accelerated electrons which, along with relativi
tic pump laser effects, can enhance the energy gain b
factor of 2–7. This results in a large numbers109d of short
pulses,1 psd, relativistic (50 MeV) electrons with 100%
energy spread and low emittancesen , 1 mm mradd
generated over a short distances,1 mmd.

This work was supported by the Department of Energ
and the Office of Naval Research.
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