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In this Letter we present an experimental analysis of the acoustic transmission of a two-dimensional
periodic array of rigid cylinders in air with two different geometrical configurations: square and
triangular. In both configurations, and above a certain filling fraction, we observe an overlap, in the
range of the audible frequencies, between the attenuation peaks measured along the two high-symmetry
directions of the Brillouin zone. This effect is considered as the fingerprint of the existence of a full
acoustic gap. Nevertheless, the comparison with our calculation of band structures shows that the
triangular lattice has band states in that frequency range. We call themdeaf bands. This contradictory
result is explained by looking at the symmetry of the deaf bands; they cannot be excited by experiments
of sound transmission. [S0031-9007(98)06295-4]

PACS numbers: 43.20.+g, 42.25.Bs, 52.35.Dm
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In the late 1980s, several authors [1,2] showed th
a transparent material can become opaque for any li
wave vector provided that a strong modulation of th
refractive index in the three dimensions of the spa
is attained. These systems were called photonic-ba
gap (PBG) materials because of the analogy to t
behavior of electrons in crystals; in the same manner
electrons are allowed in certain energy bands, photo
in PBG materials can exist only in certain frequenc
bands.

One of the advantages of PBG materials is that t
underlying theory can be applied to other types
waves like sound or elastic waves [3]. The cruci
parameter that allows the appearance of gaps in P
materials is the ratio between the dielectric constant
the scatterers and in the host. For sound and ela
waves two parameters determine the gaps: the den
and the velocity ratio. A great effort has already bee
put in the theoretical study of these kinds of wave
[4–6]. To the best of our knowledge, the experiment
studies of band-gap materials based on classical waves
mostly restricted to electromagnetic waves. Some of
showed that some minimalist sculptures have propert
of sound-band-gap materials [7]. This work has stirre
interest [8,9] about whether this sort of structure prese
full band-gap effects. Also, experiments performed
two-dimensional composite materials have been repor
that show localization of bending waves [10], and th
formation of ultrasonic full band gap [11].

The goal of this Letter is the experimental study o
the sound attenuation by two-dimensional (2D) period
distributions of sound scatters in air with square and tria
gular arrangements. We also present a theoretical ca
0031-9007y98y80(24)y5325(4)$15.00
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lation of the acoustic bands that allows the interpretat
of the experimental observations.

The experiments have been performed in an anech
chamber. The dimension of the chambers8 3 6 3 3 m3d
is not much larger than the sample size. Therefore, so
waves are not full plane waves when the wave fron
reach the samples. The samples, that we call minima
sculptures, are build up by hanging cylindrical bars
a frame with square or triangular symmetry. The fram
can rotate around the vertical axis, so one can expl
any direction of thek wave vector perpendicular to the
cylinder axis. We used hollow and full stainless ste
cylinders as well as wood cylinders, the results bei
practically independent of this factor. Cylinders wit
diameterd ­ 1, 2, 3, and 4 cm, respectively, have bee
parallelly arranged in square configurations with latti
constanta ­ 5.5 and 11 cm, respectively. For triangula
configurations the lattice constant was 6.35 and 12.7 c
The change of the parameters,a and d, allowed us to
study filling fractions of volume occupied by cylinder
ranging from 0.006 up to 0.41 for the square symmet
and 0.005 up to 0.36 for triangular symmetry. We ha
built up sculptures with a finite number,N , of elements;
from 100 to 500 elements. The results obtained sh
that the location of the Bragg peak for the diffractio
is independent ofN, while the attenuation intensity
increases withN . We use a sound source B & K 420
and two microphones, one as a reference and the sec
one to detect the sound transmitted through the sculpt
A dual channel signal analyzer type B & K 2148 has be
used through all the experiments.

To perform the theoretical calculation we have cons
ered infinite cylinders along thez axis. We have to solve
© 1998 The American Physical Society 5325
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the following eigenvalue equation for the pressure wav
psrd in the 2D spacer ­ sx, yd:

= ?

µ
=psrd
rsrd

∂
­ 2v2 psrd

c2srdrsrd
, (1)

wherev is the frequency of a harmonic eigenmode, an
csrd and rsrd are the sound velocity and the density
respectively, that are dependent on the position.

Since the systems are periodic, the Bloch’s the
rem asserts thatpsrd is of the form psrd ­ pn,ksrd ­
un,ksrdeik?r , whereun,ksrd is a function with the same pe-
riodicity as the underlying lattice. The usual approach
solve this equation is the plane-wave (PW) method [8,9
Here, we employ a novel variational method developed
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us. In this method the pressure is expanded as a supe
sition of a finite numberM of localized functionsfisrd:

pn,ksx, yd ­
MX

i­1

bi

X
R

eik?Rfisr 2 Rd . (2)

R defines the Bravais lattice of the system. Each localiz
function fisrd is a product of one-dimensional cubicB
splines, i.e., piecewiseC2-smooth cubic polynomials [12].
Plugging expansion (2) in the wave equation (1) produc
the following matrix equation:

fAskd 1 v2
nskdE skdgb ­ 0 , (3)

where the matrix elements are
Aijskd ­
Z

fisrdAfjsrd dr 1
X
R

eik?R
Z

fisrdAfjsr 2 Rd dr 1
X
R

e2ik?R
Z

fisr 2 RdAfjsrd dr , (4)

Eijskd ­
Z

fisrdE fjsrd dr 1
X
R

eik?R
Z

fisrdE fjsr 2 Rd dr

1
X
R

e2ik?R
Z

fisr 2 RdE fjsrd dr (5)
d

d
ce
andb is a matrix column with the coefficientsbi.
It can be demonstrated that operatorsA ­ = ? s =

r d,
and E ­

1
c2r are self-adjoints. The resulting matrice

are Hermitian and sparse, and specially designed routi
s

and gap
FIG. 1. Attenuation spectra for acoustic waves incident along theGX direction (i.e., alongf100g) in different square arrangement
of rigid cylinders in air. The lattice constant is 11 cm. Each sculpture sample differs in the diameterd of the cylinders. n is
the filling fraction. The inset shows the comparison between the limits of the attenuation peak observed (full dots) and b
calculated (continuous lines).
s
nes

[13] are used to solve Eq. (3). Notice that the metho
is variational, the coefficientsbi being the variational
parameters. Therefore a sufficient number of localize
functions must be employed to guarantee the convergen
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FIG. 2. Sound attenuation vs frequency for an arrangem
of rigid cylinders of diameter 3 cm in a square lattice wit
periodicity 11 cm. The arrows indicate the limits of the gap
calculated (right panel). Acoustic bands calculated by o
variational method for the sculpture sample described abo
(left panel).

of the numerical results. 100 functions are enough to g
results comparable to those obtained by the PW meth
In what follows we will describe the results obtained usin
a velocity and density ratio of 17.2 and 2069, respective
corresponding to stainless steel rigid cylinders in air.

In Fig. 1 we show the attenuation spectra of differe
square lattice samples taken for acoustic waves withk
vectors along theGX direction. The inset shows the
comparison between theoretical and experimental ba
gap edges of the first acoustic gap at theX point of
the Brillouin zone (BZ). The agreement between theo
and measurements is fairly good in view of the finit
dimension of the sculpture samples.

In Fig. 2 we plot the spectra for the case of cylinde
of diameter 3 cm in a square lattice with periodicity o
11 cm and the corresponding band structure. At theX
point the first calculated gap appears in a frequency
gion (1.37–1.64 kHz) in close agreement with the expe
mental attenuation peak (1.38–1.70 kHz). Regarding t
attenuation peak observed along theGM direction (1.97–
2.56 kHz), the theory predicts the existence of two ban
in this range of frequencies (the second and third ban
in Fig. 2) that would produce the transmission of soun
TABLE I. Summary of results for the first attenuation gap along theGX direction for an array of rigid cylinders in air with
triangular symmetry.

Lattice constant (cm) Cylinder diameter (cm)Filling fraction snd X1 ! X2 measured (kHz) X1 ! X2 calculated (kHz)

6.35 1 0.022 Not observed 2.94 ! 3.18
6.35 2 0.089 2.84 ! 3.30 2.66 ! 3.33
6.35 3 0.202 2.39 ! 3.33 2.40 ! 3.44
6.35 4 0.360 2.16 ! 3.30 2.22 ! 3.37

12.7 1 0.006 Not observed 1.52 ! 1.56
12.7 2 0.022 Not observed 1.47 ! 1.59
12.7 3 0.051 1.35 ! 1.64 1.40 ! 1.63
12.7 4 0.089 1.30 ! 1.67 1.32 ! 1.67
ent
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FIG. 3. Pressure field of band-edge states inside a squa
array of rigid cylinders in air. The grey scale indicates the
amplitude of the pressure field. Modes are shown near theM
point belonging to bands 1 and 2 of Fig. 2. Mode 1 has th
appropriate symmetry to be excited by a plane-wave inciden
along theGM direction (i.e., along thef110g direction). On the
contrary, mode 2 cannot be excited by such a wave and it
deaf to the incident sound.

This apparently strange behavior can be explained by th
particular symmetry of the states. Physically, we can fig
ure out this effect by looking at the pressure field patter
of the eigenmodes plotted in Fig. 3. This figure show
the two modes with lowest frequencies near theM point
of the first BZ. While mode 1 has the proper symmetry
to be excited by an incident plane wave traveling alon
the f110g direction, mode 2 has the planes of equal phas
along the perpendicular direction and consequently ca
not be excited by such a wave. We call the latter mod
deaf,in a manner similar to that reported by other author
for the case of two-dimensional PBG materials [14,15]
In effect, when we discard thedeaf bandsthe resulting
effective gap (1.98–2.58 kHz) practically coincides with
the attenuation peak measured.

Notice that spectra of Fig. 2 do not coincide with
previous measurements reported by some of us in op
air [7]. The sound could be reflected in the surrounding
buildings. The resulting wave vector mixing produces a
sound attenuation spectrumk-vector independent.

For triangular arrangements, Table I shows the rang
of frequencies at which the attenuation band appea
along the GX direction for all the systems analyzed.
Attenuation peaks with bandwidths below 0.24 kHz are
not detected due to experimental accuracy. Along th
GM direction an effect, induced by the existence of dea
5327
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FIG. 4. The full lines represent the calculated gap width
of the lowest stop-band for the two configurations of rigi
cylinders in air analyzed. The symbols define the acous
gap obtained from transmission experiments. For the triangu
case, the dotted line gives the effective acoustic gap calcula
with the exclusion of thedeaf bands(the ones not accessible
by symmetry for the incident sound).

bands, appears, as described before. Now, there is
overlap between the attenuation peaks measured alo
GX and GM directions, respectively, although state
(the deaf bands) are present. Therefore, an effect
acoustic gap can be defined that is different from th
full band gap theoretically calculated. This experiment
fact has important consequences since the full band g
defined by the absence of states in the frequency regi
theoretically appears for filling fractions much larger tha
experimentally found.

To conclude, in Fig. 4 we show the summary of the re
sults regarding the lowest gap of the sound attenuatio
The continuous lines represent the calculated width of t
full band gap. The width of the acoustic gap experime
tally observed is described by full squares (full triangles
for the square symmetry (triangular symmetry). It can b
observed that for the sculptures with square symmetry t
agreement between theory and experiment is fairly goo
Nevertheless, for the samples with triangular symmet
such agreement exists only if the comparison is done w
an effective acoustic gap (dashed line), rather than w
the absolute band gap. The former is calculated so that
deaf bands are not taken into account for the sound pro
agation. At this point, let us stress that the existence
deaf bands in the dispersion relation is beyond doubt, b
we found that experiments like the ones described here
not capable to detect them. Moreover, notice that this p
culiar property has important implications since the nois
of certain frequencies could be stopped by a specially d
signed finite array of cylinders although a full band ga
does not exist in the same range of frequencies.
5328
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In summary, we have experimentally studied the atte
uation of sound by square and triangular arrays of rig
cylinders in air. We have been able to get a full acous
band gap in the range of audible frequencies for the s
tems of square symmetry with a filling fraction of 0.41
The comparison with our calculation of the band structu
is very good and has allowed us to identify deaf ban
for the sound transmission in the dispersion relation. A
a consequence, we have shown that, for the case of
angular symmetry, an effective acoustic gap is observ
in a range of frequencies where theory does not pred
full band gap. These findings can be exploited to desi
acoustic screens or filters, based on the existence of d
bands.
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