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Monte Carlo Approach to Modeling of Boundary Conditions for the Diffusion Equation
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A Monte Carlo scheme is proposed to obtain boundary conditions for the photon-diffusion equation.
For a turbid medium with interfaces to nonscattering media, we introduce an interpolated boundary,
at a distance of a few transport-mean-free paths from the physical boundary, which acts as the
secondary source emitting photons in various directions. The ratio of the fluence rate to the flux is
evaluated at both the interpolated and the physical boundaries. The derived boundary conditions are
compared with other works and are supported by an independent simulation of an effective source term.
[S0031-9007(98)06369-8]

PACS numbers: 42.25.Gy, 87.59.Wc

In the last decade, much attention has been focusettie ratio of the fluence rate to the flux at the physical
on the applications of far-red and near-infrared diffusing-surface, following the partial-current treatment of Keijzer
light probes to biomedical investigations such as bloodet al.[6]. They argued that Fresnel reflection would
oximetry and direct imaging of breast tumors. Biologicalrelieve violation of the diffusion approximation thus
tissues have some interesting optical properties in thevarranting the expression of the radiance in terms of
band between about 600 and 1300 nm, which classifyhe fluence rate and the flux at the physical surface.
them as turbid media. Since their absorption coefficient§heir results rely importantly on the effective reflection
(uq) are always negligible compared with the scatteringcoefficientR.;r, which was evaluated on the assumption
coefficients(u,) [1], most propagating photons experiencethat the radiance incident on the surface satisids
a large number of scattering events before they finally arapproximation. However, this could not be the case
absorbed or emerge from tissues through interfaces. Inthia many realistic conditions. Freund [4] also included
case, one can easily conclude the diffusion approximatioan effective reflection coefficient in both the transport
in regions not very close to a light source or boundarytheory and the Milne theory, then obtained two sets of
which assumes that the radiance is primarily isotropic@approximate boundary conditions for 1D, 2D, and 3D.
except a small directional term representing the averagee took the results from Milne theory as preferable
energy flux. With this approximation, the transport theorybecause it involves the photon density directly. For 3D
can be reduced to the diffusion equation [2], which hasnodels, the extrapolation lengths provided by the Milne
a close solution form in an infinite homogeneous turbidtheory are very close to those given in the literature
medium. However, in most practical situations one hag3]. Nonetheless, Jiangt al.[7] recently claimed that
to consider the boundary effects, which introduce muchhe ratio determined experimentally is much smaller.
complexity. Unfortunately, they did not give details of how their data

Many researchers are devoted to finding an appropriateere obtained and even did not provide the value.
boundary condition using various methods [3—6]. An The Monte Carlo method stands alone when analytic
oversimplified choice is to set the fluence rafle=  approaches have difficulties in giving a satisfactory solu-
0 at the physical surface, which obviously invalidatestion of a problem. It has been frequently used to solve
the diffusion approximation and is totally unphysical. transport problems. Ordinary Monte Carlo models trace a
More sophisticated treatments include finding the ratichuge number of photon trajectories from the source to the
of fluence rate to its normal derivative at the boundarydetector. Then a variety of optical properties character-
or equivalently, a distance outside the turbid mediumzing the light-propagation process can be estimated [8].
at which the diffusion part of the fluence rate can beTo extract an appropriate boundary condition, one needs
extrapolated to zero. Inthe presence of a planar absorbirtg have a close look at the statistic behavior of photons
(refractive index matches between the inside and theear the interface. So we developed a specified simula-
outside of the turbid medium) interface, the solutiontion scheme accounting for this end.
of the Milne equation gives an extrapolation length of AsshowninFig. 1, a semi-infinite turbid medium model
about 0.71* (I* is the note of the transport-mean-freeis considered with a planar interface to a nonscatter-
path) for isotropic scatters. When the refractive indexing medium, say, the air, and with light sources located
mismatches between the turbid medium and the outedeep inside the turbid medium. To take advantage of
medium (e.g., the air), one has to consider the effectthe diffusion approximation, we introduce an interpolated
of internal reflection. That means the boundary is nowboundary, a plane a few's away from the physical
partially absorbing. Haskelet al.[3] have evaluated boundary. It is in the thin slab restricted by both the
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Interpolated boundary Physical houndary d = f ] L(s)dQ, (2a)
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Without loss of generality, our model possesses trans-
A port symmetry along any direction in the interpolated
| plane, so we can rewrite Eq. (1) as
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- Because the ratio of, to ® needs to be evaluated in
the process of simulation, we do not know the probability
% density related td.(6) in advance. The following pro-
| cedure is adopted to overcome this difficulty. At first,
) 4 a certain number of photons fly into the slab in random
; : I S directions with a probability density(#) in accord with
! v uniform radiance. The photons finally returning back con-
A y 2 tribute to L(#) with /2 < 6 < #; thus bothJ/, and ®
- obtain rough values at this time. These values, of course,
will not satisfy Eq. (3). Next, we need to launch addi-
FIG. 1. Geometry of a semi-infinite turbid medium with a tjonal photons gradually with th&(9) modified by a
planar interface to the air. Two shaded planes, the physic ultiplication factor co®, which comes from the flux

boundary (right) and the interpolated boundary (left), restnctterm, until Eq. (3) achieves self-consistency. Then the

a thin slab in which photon trajectories are traced. In our™'’ ]
simulation, all photons entering the slab are emitted by datio of the fluence rate to the flux at the interpolated
secondary point source located at the origin, as illustrated bypoundaryR;, is eventually obtained together wit,,
the three sample trajectories labeled 1, 2, and 3. the corresponding value at the physical boundary.
Modeling of the scattering process has been discussed
interpolated and the physical surfaces that photon trajedn the literature [9]. The path length between two
tories are traced. Each area element on the interpolateslibsequent scattering events is sampled according to
surface acts as a secondary source that emits photons irfBeer’s law, in terms of the scattering mean-free path
the slab. Then these photons are traced until they evetength ;. It is well accepted that a single scattering
tually leave the slab through either the interpolated or thevent possesses cylindrical symmetry with respect to the
physical boundary. Since the thickness of the slab is ratheéncident direction, while the polar angle of scattering
small, there are generally limited scattering events occurd, is determined by the light-scattering phase function
ring for a single trajectory. So we can implement our simu-f(6;). For biological tissues, the Henyey-Greenstein
lation totally according to the physical picture without (H-G) phase function is regarded as a good approximation
much simplification while keeping the computation time of an actual phase function measured experimentally, so it
acceptable. is adopted in our simulations. The only parameter for this
The origin of the coordinate system is located at the inkind of phase function is an asymmetry factorwhich is
terpolated surface while the normal pointing outward co-a characteristic anisotropy of scatteringdin In the case
incides with the polar axis. We use the polar angjlend  of nonabsorbing media, the transport-mean-free path can
azimuthal anglep characterizing the flight direction of a be defined as
photon. For simplicity, the secondary source of an area y I
element around the origin can be replaced by a point source I = 1—g)° (4)

at, say, the origin without any disadvantage. When a IOh0\7\/e have made simulations for models with scattering pa-

;[joonmlls Iagr?ecrg?g dl?/\ti('zhtge f(l)?)gb:lti Iglgr?lsi?wgg{g)r?n:ierg% rameters in the range typically found in biological tissues.
Y9 P y y able | provides results for media with no absorption

the angular distribution of the radlan'ce, WhICh is un'knoyvn(,ua — 0) and with the refractive index = 1.33. Vari-
at this moment. Nevertheless, the diffusion approxmatlorbus anisotropy factog and thickness of the slaf in

makes the situation better by writing down the Eadianceihe scale of* have been used to yield the ratID/3|}| "
L(s) in terms of only the fluence rate and the flux/, both the interpolated and the physical surfaces. Bearing in

LG) = @+ -3, (1)  mind that the flux is given by Fick's lad = —/*Vd /3
4w am and remains unchanged along thexis, one can easily
wheres is a unit vector, andb andJ are defined as the figure out that the ratiab /3|J| will decrease by 1 with
following: d/I" increasing by a unit in the area where the diffusion
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TABLE I. The ratio of the fluence rate to the flux and one can expect intuitively. In the presence of a totally ab-
corresponding extrapolation length for media with= 1.33,  sorbing interface, our model gives an extrapolation length

Pa = 0. 0.71*, almost independent gf.
/317 Next, we provide an example to show the importance
Interpolated Physical of our findings. Let us still consider a semi-infinite
d/Ir g boundary boundary A/l turbid medium. Now a light source is placed outside

0.7 212 +001 212 + 001 1.12 + 0.01 and is collimated to irradiate the surface perpendicularly.
1 0.8 206 =001 254 *0.01 1.06 = 0.01 Evaluation of the signals collected by a detector depends a

0.9 200 %001 3.60*0.01 1.00 = 0.01 lot on the modeling of the light source. It is well accepted

0.7 312+ 002 212=+004 1.12+ 002 that any detector at a large separation from the source
2 0.8 3.06*0.02 249 =005 1.06 = 0.02 would see an isotropic point source located éhimto the

0.9 3.00 £0.02 3.62 = 0.07 1.00 = 0.02 medium. To include the boundary effect, one can resort to

0.7 413+ 002 219+ 004 1.13 + 0.02 the method of image. The original source can be replaced
3 0.8 4.07 £002 251 £0.05 1.07 = 0.02 by an effective one with the dipole moment determined

0.9 4.03+002 367 *0.07 103 % 0.02 by the boundary condition as in the following:

0.7 516 *+0.03 215*0.04 1.16 = 0.03
4 0.8 5.13 £ 0.03 2.51 £ 0.05 1.13 = 0.03

09 503=003 361007 103+ 003 (5)

where A is the extrapolation length. Since our model

gives a much smallek, the predicted dipole moments get
theory is valid. The values for ratios at various inter-smaller correspondingly. To validate our data, another
polated boundaries demonstrate that the diffusion theorgimulation has been conducted to estimate the effective
keeps valid up to oné” inside the physical surface, as source term. We traced photons from the entrance point
shown in the third column of Table I. These values leado reach a given transport path length and obtained
to an extrapolation length which can act as an approprieorresponding spatial distribution. Then the center of
ate boundary condition for solving the diffusion equa-mass (average penetration depth of photon) was evaluated.
tion inside the turbid medium correctly. For example, aSince a portion of photons would have escaped through
medium withg = 0.9 and refractive indexx. = 1.33 has the boundary, the longer the path we allow photons to
an extrapolation length.0/*, obviously smaller than.7/*  transport, the fewer photons remained, and the deeper
given in the literature [3]. In fact, the extrapolated lengththe center of mass located into the turbid medium.
will increase gradually when the anisotropy factor getsHowever, a consistent dipole moment should be achieved,
smaller and will be rather close th5/* with isotropic  independent of the transport path length provided that
scatters. This has never been indicated in former workghey are sufficiently large. This can be done only
For biomedical tissues, the typical valuegfs found be-  with appropriate boundary conditions. Table Il shows
tween 0.7 and 0.95. So the correction we give is remarkthe results for a model medium with refractive index
able. The values for ratios listed in the fourth column1.33 andg = 0.8. The dipole moments related to our
show strong violation of the diffusion approximation. If extrapolation lengtliA/I* = 1.06) are almost identical in
we extrapolate these values to zero, we will obtain mucltontrast to the constantly decreasing values derived with
larger extrapolation lengths, as predicted by Freund [3]the boundary conditiofA/I* = 1.7). Furthermore, they
Therefore, they are useless in this case. We also testedle rather close to that predicted by Eq. (5).
many kinds of phase functions other than #ieG phase In conclusion, our model provides a numerical method
function, but found trivial differences. Simulations for to find boundary conditions for the diffusion equation.
various refractive indexes indicate that the increasing surAt the physical boundary, the fluence rate always domi-
face reflection will yield a larger extrapolation length, asnates the flux when internal reflection exists. This fact,

dipole moment= (light source strengbhx (2/* + 2A),

TABLE Il. Values of the dipole moments (DM) for various transport lengths (TL) in a model
medium withg = 0.8, n = 1.33. The strength of incident light is set to unit. RS is the rel-
ative strength which represents the portion of photons remaining in the turbid medium, while
APD stands for the average penetration depth.

TL/I* 50 75 100 125
RS 0.523 = 0.001 0.477 = 0.001 0.421 = 0.001 0.381 = 0.001
APD/I* 2.540 £ 0.004  3.206 = 0.004  3.768 = 0.004  4.288 = 0.004
DM: A/I* = 1.06 4.05 = 0.01 4.07 = 0.01 4.07 = 0.01 4.08 = 0.01

A/l* =17 4.77 = 0.01 4.68 = 0.01 4.61 = 0.01 4.56 = 0.01
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the physical surface and the related extrapolation length id3] R.C. Haskell, L.O. Svaasand, T. Tsay, T.C. Feng, M. S.
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