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Transport Optimization and MHD Stability of a Small Aspect Ratio
Toroidal Hybrid Stellarator
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(Received 5 August 1997)

A class of small aspect ratiosAd stellarators is found that does not rely on quasisymmetrization
to achieve good confinement. These systems depart from canonical stellarators by allowing a smal
net plasma current. An optimization procedure with bounce-averaged omnigeneity and other desirable
physical properties as target criteria is described and applied to show the existence of a compact plasm
device havingA & 3, high b (ratio of thermal energy to magnetic field energy), and low plasma current.
The added design flexibility afforded by the plasma current leads to an attractive low-A hybrid device
which is stable to magnetohydrodynamic ballooning modes forkbl , 6%. [S0031-9007(97)05027-8]
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The tokamak, a toroidally symmetric plasma trap th
uses a large plasma current to produce a confining poloi
magnetic field, has been the most successful plasma c
finement device to date, simultaneously achieving hig
temperaturesTi $ 10 keVd and highb s, 10%d plasmas.
However, the difficulty and expense of driving a larg
steady-state current, along with the complexity of protec
ing against current disruptions, is a disadvantage in a
sion reactor. Low aspect ratiosA , 3d stellarators [1–4]
offer the attractive feature of a compact steady-state fus
power system with high volume utilization and reduce
current-drive requirements. Stellarators, which are no
symmetric plasma traps relying on external coils to pro
duce the internal transform needed for confinement a
stability, also have less current disruption potential com
pared with tokamaks.

Compact (low-A) stellarators have been previously con
sidered unattractive for several reasons. They suffer
from poor neoclassical (collisional) transport due to lac
of symmetry, low stabilityb limits due to localized he-
lical wells in bad curvature regions of the plasma, an
fragility of magnetic surfaces due to low order resonance
Recently, progress has been made in substantially impr
ing their collisional confinement by designing system
with “quasisymmetry.” (A quasisymmetric confinemen
system is one in which thejBj Fourier spectra, in Boozer
magnetic coordinates [5], has spatial symmetry, but
which the metric tensor is generallynot symmetric. Since
the drift equations in Boozer coordinates depend only
jBj and its derivatives, but not on any metric elements, th
resulting particle orbits behave as though in a symmet
field.) Of the two quasisymmetric approaches considere
only quasitoroidal optimizations have been successful [
at low A, but at unattractively low values [7] ofb , 2%.
The quasihelical approach [8] is expected to be applicab
only at higher aspect ratios [9].

The rather large rotational transformsid values si $

0.5d associated with quasisymmetric configurations als
make them necessarily low-shear devices, which c
0031-9007y98y80(3)y528(4)$15.00
at
dal
on-
h

e
t-

fu-

ion
d
n-
-

nd
-

-
ed
k

d
s.

ov-
s
t

in

on
e

ric
d,
6]

le

o
an

be susceptible to magnetic surface breakup. Low ed
transform valuesi ø 0.1 reduce the fragility of the
magnetic configuration. We have found that one way
maintain this low pedestal value fori as the pressure
increases is to add a small, net toroidal current. Th
current also increases the design space for optimizati
of stability and transport, as discussed below.

Quasisymmetry restricts the nonzero components of t
jBj spectra to be multiples of a fixed helicity (myn value,
where m is the poloidal, andn is the toroidal, Fourier-
mode number), since the pressure in stellarators is limit
by helically increasing the allowableb of compact stel-
larators by easing the quasisymmetry constraint. We ha
therefore considered alternative techniques for reduci
the particle orbit excursions away from magnetic flux su
faces. A general approach has been implemented wh
uses the alignment of contours of the approximate seco
adiabatic invariant [10]J ­

H
ykdl with magnetic flux

surfacesc ­ const (c denotes the enclosed toroidal flux)
Here, the integral for trapped particles is along a ma
netic field line between orbit turning points whereyk ­ 0.
The component of the bounce-averaged particle drift, no
mal to a magnetic surface, satisfieskVD ? =cl ~ ≠Jy≠q .
Here q is the poloidal angle which varies the short wa
around the flux surface. Thus, a configuration which sati
fiesJ ­ Jscd leads to confinement improvement over th
entire trapped particle population and reduces the numb
of transitional particles (particles near the separatrix b
tween trapped and circulating particles). This criterion
a generalization to arbitraryjBj spectra of the optimiza-
tion previously proposed [11] for a simple model spec
trum consisting of only three Fourier components beyon
the axisymmetric ones. This bounce-averagedomnigene-
ity has been interpreted [12–14] in terms of equal spaci
of jBj contours on a magnetic flux surface. It has als
been used to interpret the good confinement of alpha p
ticles in the largeA Wendelstein-7X device [15].

We use theVMEC code, a three-dimensional magneto
hydrodynamic (MHD) equilibrium solver [16] which is
© 1998 The American Physical Society
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based on nested magnetic surfaces, as the inner phy
evaluation loop of a Levenberg-Marquardt optimize
A sum of squares (x2) is minimized, consisting of
s-weighted differences between physics-basedtarget
values and instantaneousconfigurationvalues (as com-
puted numerically). The configuration space is define
by the control variables, which are the Fourier harmoni
of the cylindrical coordinatesR and Z describing the
shape of the outermost magnetic flux surface. In th
case of stellarator-tokamak hybrids, the control variabl
also include the radial polynomial expansion coefficien
of the plasma current profile. This method is simila
to that originally used to design a large-A quasihelical
configuration [8]. It differs primarily in the physics opti-
mization targets comprisingx2, which here consist of the
following: (a) alignment ofJ (and specifically,Bmin for
deeply trapped particles andBmax to reduce transitional
orbit losses) with magnetic flux surfaces, leading to term
of the form x2 ­ kf≠Jsc , u, ldy≠ug2lyskJ2l 1 . . .
(angle brackets denote a flux surface average, the ellip
arising fromBmin andBmax, s is the standard derivation,
and l ­ eym is the pitch, with e the particle energy
and m ­ my

2
'y2B the magnetic moment); (b) matching

the rotational transformiscd to a specific radial profile
(described below); (c) maintenance of a magnetic we
V 00 , 0, needed for interchange stability, over most of th
plasma cross section; and (d)A ; R0ya ø 3. To reduce
the twists and bends of the coils eventually require
to produce the optimal surface, the local flux surfac
curvature is bounded. The alignment of theBmin, Bmax,
and trappedJ contours withc is performed at three or
more radial flux surfaces and, forJ, at four values ofl.
The initial shape of the outer flux surface and the targ
values for thei andV 00 profiles are obtained from vacuum
equilibria based on a known set of modular (externa
coils. In contrast to quasisymmetric optimizations, th
present method doesnot directly target the magnetic
spectrumhBmnj. Rather, minimization of theJ variation
leads to a magnetic spectrum with properties similar
those described in Refs. [12–14].

The optimization technique has been applied to a hybr
stellarator device (with current) withN ­ 8 field periods
(number of identical toroidal sections),A ø 3, mean
major radiusR ­ 1.3 m, kbl ­ 2%, and a net toroidal
plasma current of60 kA and a mean on-axis magnetic
field of 1 T. The current is small compared withø1 MA
in a tokamak of similar size and magnetic field. W
will compare the initial unoptimized device (withx2 ­
100), whose outer flux surface was determined by
set of N s­ 8d identical modular, tilted coils, with an
optimized configuration based on the alignment ofJ with
c (with x2 ­ 10). Figure 1 shows the outer flux surface
for the two configurations with shading to indicate th
constantjBj contours. The unoptimized configuration ha
isc ­ 0d ­ 0.25, isc ­ cedged ­ 0.15, and a central
region of reversed shear, while the optimized case h
sics
r.
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FIG. 1. (a) Outer magnetic flux surface of the unoptimize
configuration. (b) Outer magnetic flux surface of optimize
configuration.

a monotonically decreasing rotational transform profil
which is tokamaklike (i.e., decreasing toward the plasm
edge):i ­ 0.3 2 0.2scycedged. The optimized case also
has a lower magnetic ripple, by a factor of 2, over most
the plasma cross section. TheBmin contours, depicting the
orbits of deeply trapped particles, are shown in Figs. 2
and 2(b) for these two cases. They are presented
Boozer coordinate space in which the magnetic surfa
are concentric circles. The unoptimized configuration (
has completely openBmin contours (i.e., all deeply trapped
particles are lost), while the optimized configuration (b
has a large area of closedBmin contours.

To assess the effect of optimization on the thermal co
finement properties, we have followed the Monte Car
evolution [17] of 256 particles started at a single int
rior radial location with a random distribution in pitch
poloidal, and toroidal angles, and a Maxwellian distrib
tion in energy. The background plasma has a density
5 3 1013 cm23, and all particles have a temperature o
1 keV, putting the plasma in a low collisionality regime
529



VOLUME 80, NUMBER 3 P H Y S I C A L R E V I E W L E T T E R S 19 JANUARY 1998

d

-

of
s

is
.

the
a
-
In
-
is

t
-

ss
r-
ing
.
e-

-

ly

a

FIG. 2. (a) Bmin contours for unoptimized case. (b)Bmin
contours for optimized case.

where large1yn helical ripple losses would occur without
optimization. The escape of particles and energy throu
the outer flux is monitored as a function of time, yield
ing a loss rate which includes both direct orbit losse
and diffusive losses and involves no assumptions rega
ing localized (small step size) transport. In Figure 3 w
show the particle loss rates versus time for the origin
configuration (kbl ­ 2%) and severalJ-optimized cases
skbl ­ 2, 4, and 6%d along with an equivalent tokamak
case (obtained by retaining only the axisymmetricn ­ 0
harmonics in thejBj spectrum of theJ-optimized cases).
These simulations clearly demonstrate that the optimiz
tion procedure can substantially reduce loss rates, lead
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FIG. 3. Comparison of Monte Carlo loss rates of unoptimize
andJ-optimized configurations for various values ofkbl.

to roughly a factor of 10 confinement improvement com
pared with the initial configuration. The bestJ-optimized
case shown here has a loss rate within a factor of 8
the equivalent tokamak when no radial electric field i
present, and foreFykTi , 1, the loss rate is reduced to a
factor of 2 (of the tokamak).

The confinement of collisionless energetic particles
one of the primary motivations for these optimizations
Plasma heating efficiencies can depend sensitively on
confinement of energetic particle tail populations. As
result of the high level of magnetic ripple in these configu
rations, a significant loss channel might be expected.
order to quantify this, we followed a small ensemble of or
bits at 40 keV that initially pass through the magnetic ax
and have a range of pitch angles: initial values ofsykyyd
running from 20.6 to 11 [orbits with 21 , ykyyd ,

20.6 are confined in both configurations]. We find tha
although the unoptimized configuration has a signifi
cant loss cone over the range20.2 , sykyyd , 0.4, the
J-optimized configuration has completely healed the lo
cone and confines all of the orbits considered. Furthe
more, calculations show that even at energies approach
400 keV, the optimized configuration confines all orbits
Above 400 keV, the deeply trapped orbits become lost b
cause of the breakdown ofJ conservation. The passing
orbits are still confined, but with significant orbit displace
mentsDa ø 0.5.

The present configuration was optimized at a relative
low value of kbl ­ 2%. To test its high-pressure bal-
looning stability properties, we have raised the plasm
pressure to kbl ­ 6%, keeping the i profile fixed
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(flux-conserving), and therefore increasing the net plasm
current. It is found that the plasma is stable to balloonin
modes over the inner 80% of its cross section. Flatteni
the pressure near the edge completely stabilizes this c
figuration. This shows improved stability compared wit
the unoptimized one, which was unstable to balloonin
modes forkbl $ 2.5%. The plasma current required to
maintain thei profile (while keeping the plasma-bounding
surface fixed) increased modestly, by less than a factor
2, over this range of pressure, and peaked toward the e
of the plasma as the pressure was raised. Although
current density profile obtained by this flux-conservin
optimization had a narrow reversal region at the plasm
edge, further optimization seems possible with respect
the current by relaxing the constraint on the iota profil
The reason for the improved stability of the optimize
configuration is presently unknown but may be related
its tokamaklikei profile and the edge-localized curren
[18]. Further study to analyze current-driven modes
required.

Low aspect ratio stellarator configurations, whic
are neither quasitoroidal nor quasihelical, have be
found that possess improved thermal and energe
particle confinement without sacrificing MHD stability.
An optimization procedure has been developed that t
gets bounce-averaged omnigeneity (i.e., minimization
drift away from the flux surface). This technique uses th
shape of the outermost flux surface and the plasma curr
profile as control parameters. The resulting flexibility i
the jBj spectrum, together with the addition of net toroida
plasma current (which seems to be necessary at hig
b values to assure sufficient edge rotational transform
have increased the available parameter space at l
aspect ratio and resulted in significant improvements (
factors exceeding 10) in confinement of both therm
and energetic particle components. This confineme
improvement occurs simultaneously with significan
stablekbl , 6% over most of the plasma cross section
We anticipate that this optimization technique can b
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used to improve the performance of other nonsymmetri
confinement systems.
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