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Energetics of a Forced Thermal Ratchet
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We formulate energetics of the forced thermal ratchet [M. O. Magnasco, Phys. Rev/1,etd77
(1993)] and evaluate its efficiency of energy transformation. We show that the presence of thermal
fluctuation cannot increase the efficiency of the energy transformation in the original system of
Magnasco, which is contrary to his claim that “There is a region of the operating regime where the
efficiency is optimized at finite temperatures.” We also discuss the maximum efficiency of the forced
thermal ratchet. [S0031-9007(98)06408-4]

PACS numbers: 05.40.+j, 87.10.+e

Molecular motors are known to have the high efficiencyMagnasco’s original system [7]. The efficiency of energy
of energy transformation even in the presence of thermatansformation is not maximized at finite temperature:
fluctuation [1]. Motivated by the interesting fact, recentThe maximum efficiency is realized in the absence
studies of thermal ratchet models [2] are showing howof thermal fluctuation. It turns out that the following
work should be extracted from nonequilibrium fluctuationsproblem has not yet been solved: Can thermal fluctuation
[3—11]. Fluctuation-induced work has been a subject nofacilitate the efficiency of energetic transformation from
only for biological interest but also for the foundation of force fluctuation into work in general ratchet systems?
statistical physics: Thermal fluctuation-induced motion in Let us consider a forced ratchet system subject to an

ratchet systems were also investigated earlier [2—4]. external load against global motion:
One of the important findings among ratchet models dx aVo(x) AV (x)
was by Magnasco [7] where he showed that the Brown- - e T @) + F(r) — P 1)

ian particle in periodic potential with broken symmetry, )
the so-calledatchet,can exhibit a nonzero net drift if the Wherex represents the state of the ratch#l,) is a ther-
particle is subject to an external fluctuation having suf-Mal noise satisfying£(1)¢(t')) = 2kT6(t — 1), *(--+)"
ficient time correlation. He also studied the temperaturdS an operator of ensemble averagdls) is an exter-
dependence on the fluctuation-induced current in the syd1a! fluctuation with temporal period, F(1 + 7) = F(1),
tem and showed that the current can be maximized at 4o 97 F(t) = 0, and V; is a potential due to the load,
finite temperature. This interesting finding has been in aa‘;L = [>0. The geometry of the potential/(x) =
terpreted that the existence of thermal fluctuation deds Vy(x) + V. (x), is displayed in Fig. 1.Vy(x) is a piecewise
disturb the fluctuation-induced motion and even facilitatedinear and periodic potential with periodl. The spatial
the efficiency of energy transformation. period of the potential is\ = A; + Ay, andA = A —

The latter claim is quite surprising, because thermal\,(>0) is a symmetry breaking amplitude. For a fi-
fluctuation is naively considered to disturb effective nite work against load, we assume the conditiog A
operation of amachine. In mesoscopic systems as in throughout this paper. The ratchet system can trans-
molecular motors, one cannot escape from the effect diorm the external fluctuation into work (see, for review,
thermal fluctuation. Therefore, Magnasco’s finding hasRef. [11]). The model that Magnasco discussed [7] is a
been followed and analyzed further by much literaturesystem where the external load is omitted.

(see references in Ref. [11]). We show, however, this The Fokker-Planck equation [14] of the system is
interpretation is incorrect, by energetic analysis [12,13]|ofwritten

aP(x,1) N aJ(x, 1)
Jat Jx

J(x,t) = —kT

0 ]

9P (_M + F(t) — l)P(x,t), (2)
Ix ox

where P(x, ) is a probability density and/(x,?) is a | an average current over the period of the fluctuation is
probability current. We apply the periodic boundary con-obtained,
dition on the probability densityP(x,t) = P(x + A, 1), _1 B
and normalize it in the spatial period If F(r) changes Jsqr = 3lJA4) + J(=A)], (3)
slowly enough,P(x, ) can be treated as quasistatic. Forwhere J(A) is a current induced by a constant force
such fluctuationF(z) of square wave of amplitudé [7], F(r) = A in Eq. (2) [15].
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FIG. 1. Schematic illustration of the potentialy(x) =
Vo(x) + Vi(x). 0.10
005
It is reported as to this system by Magnasco [7] that 00
“There is a region of the operating regime where the effi- 005
ciency is optimized at finite temperatures.” The result has ' 02 kT 06 08 10
been interpreted that the operation of the forced thermal J /Q
ratchet is helped by thermal fluctuation. This discovery sqr
has been followed and confirmed by many literatures (see 10 (©)
the references in Ref. [11]) with various situations. We '
first confirm the previous report and then analyze it ener- 08
getically. We can distinguish the behavior of the current 06
Jsgr ON the temperature into three regimes, (a) low am- 04
plitude regimeA < 2 + 1< 2 — [; (b) moderate am- 02
plitude regime, Q + <A < Q — [; and (c) high 00 53 s o5 10
amplitude reg|me,§\2 +1<2 -] <A (the distinc- kT/Q S

tion is not epr|C|tIy descrlbed in the paper [7]). We
confirmed that]sqr is certainly maximized at finite tem-

FIG. 2. Plot of the currenﬁsqr as a function ofkT/Q. The

flrstreglme(a)A< +l< = = l(/\— 1.0,A=10,1=
erature in regimes (a) and (b) [Figs. 2(a) and 2(b
P g (@) (5 [Fig (@) (D)) 001A—10) thesecondreglme(b)—+l<A<——l
regime (c),/sqr is @ monotonically decreasing function of (A= 10, A= 10 I = 001, A= 1.2):and the third tegime
the temperature [Fig. 2(c)]. One finds th&§, becomes 12 <2 A= 10,8 =06 1 =001, Ag_

negative in the extremely high temperature regionsg o) A
This is understandable because the effect of the ratchet
(sawtooth potential) disappears in the high temperature
limit and therefore the system suffers only the effect of
the load,—oV;/ox = —I.

We have to notice at this stage that the fluctuation-
induced current/ is not an energetic quantity, and
therefore/ is only the mimic of theenergeticefficiency.

R[F(1)] =

w

x=x(ty)
! f F(1) dx(r),

If = ti Ja=x(n)

x=x(ty)
! f AvIx(0)]. 5)

Iy = ti Ja=x(n)

(4)

The lack of discussion of the forced ratchet system byFor the square wave with amplitude they yield

thereal efficiency is attributed to the lack of construction

of energetics of the systems described by Langevin or
equivalently by Fokker-Planck equations. Recently, an
energetics of these systems was systematically constructed
by Sekimoto [12]. Therefore, we will go into the realm

of the energetics of the forced thermal ratchet and analyze
thereal efficiency.

According to the energetics [12], the input energy
(per unit time) from external fluctuation to the ratchet and
the workW (per unit time) that the ratchet system extracts
from the fluctuation are written, respectively,
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<qur>

= 5LR(A)) + (R(—A))]
= JALI(A) — J(=A)], 6)
<qur> =

Therefore, we obtain the efficiency of the energy
transformationn [16],

. <qur> .

SUJA) + J(—A)]. (7)

1[J(A) + J(=A)]

 (Ryqr)

Saua —ica; ®
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FIG. 3. Plot of the efficiencyp as a function ofkT/Q.

08 10

In

each reglme (a), (b), and (c), the condition is the same as in

Fig. 2

In EqQ. (8), we can discuss the effect of thermal fluctuation
on theenergeticefficiency of the forced thermal ratchet.

As demonstrated in Fig. 3, it is proved that the efficiency
is a monotonically decreasing function of temperature in
all three regimes. Let us remember the behavior of the

probability current/y,, that can be maximized at finite
temperature (Fig. 2).

Why does the efficiency; show different behavior in
contrast to the currenfy,? Because% <0 [17],
Eq. (8) is rewritten

J=A)
[ 215a@ TA) |
n= X(l PR ©)
1+ 5@ |

Equation (9) shows that the efficiencyy depends
on IJ( 4| On the other hand, the curreiy, depends
on the sum of/(A) andJ(—A) [EqQ. (3)]. In regimes (a)
and (b),|J(—A)| increases slower thajy(4)| when the
temperature increases. Therefore the curdgptcan be

J(A) and J(—A) is atftributed to the symmetry breaking
of the potential as illustrated in Fig. 1. However, as
found in Fig. 4, IJﬁ;A’?)I is a monotonically increasing
function of the temperature. Therefore the efficiengy

is a decreasing function of the temperature. This result
certainly shows that the presence of thermal fluctuation
does nothelp efficient energy transformation by the
ratchet, which is in contrast to the previous interpretation
that thermal fluctuation could increase the efficiency.

In the limit | ]A))I — 0 in regimes (a) and (b), the
maximum eff|C|ency of the energy transformation for
given load! and force amplitudd is realized:n.x = %.

We note that the energy transformation from fluctuation
to coherent work is impossible in the region wheg is
negative. Therefore, we have neglected the regime where
[ > A, becausd, is always negative.

We can learn here that the efficiency should be discussed
energetically: The condition of maximum current does
not correspond to that of the maximum efficiency. The
difference is attributed to the observation that the efficiency
is a ratio of the extracted woW to the consumed energy
R. The extracted work¥V is surely proportional to the
current/g, = %[J(A) + J(—A)] [Eqg. (3)]. However, the
consumed energy is not a constant but varies sensitively
according to the temperature. Therefore the efficiency
not simply proportional to the induced curreht It turned
out that the important problem is left for future studies
whether the existence of thermal fluctuation can facilitate
the efficiency of energy transformation in the general frame
of forced ratchets. An experiment is also expected toward
this interesting problem whether the molecular machine
can use ambient thermal fluctuation energetically.

Finally, we mention the complementarity relation [18]
of the forced ratchet system. We found that the maxi-
mum efficiency,nm.x = 1, can be realized if all of the
following conditions are satisfiedd — Q/A; + [ + 0,
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FIG. 4. Plot of currentsJ(A), J(—A), and |
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maximized at finite temperature. This difference betweertondition is the same as in the second regime (b) in Fig. 2.
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