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Mixed-State Entanglement and Distillation: Is there a “Bound” Entanglement in Nature?
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It is shown that if a mixed state can be distilled to the singlet form it must violate partial transposition
criterion [A. Peres, Phys. Rev. Left6, 1413 (1996)]. It implies that there are twgualitatively
different types of entanglement: “free” entanglement which is distillable, and “bound” entanglement
which cannot be brought to the singlet form useful for quantum communication purposes. A possible
physical meaning of the result is discussed. [S0031-9007(98)06051-7]

PACS numbers: 03.65.Bz

Since the famous Einstein, Podolsky, and Rosen [lprocessing, we must have it in pure singlet form. The
and Schrédinger [2] papers, quantum entanglement still reprocedure of converting mixed state entanglement to the
mains one of the most striking implications of quantumsinglet form is called distillation [11]. It amounts to
formalism. In recent years, great effort has been madée extraction of pairs [12] of particles in singlet state
to understand the role of entanglement in nature and furfrom an ensemble described by some mixed state by
damental applications were found in the field of quantunmeans of local quantum operations and classical commu-
information theory [3—7]. The most familiar example of nication [11].
pure entangled state is the singlet state [8] of two éain- The process can be described as follows: The two

particles, observers, Alice and Bob, each haVequantum systems
1 coming from entangled pairs prepared in a given state
Vo = 7§(|T1> — ), (1) p. Each one can perform local operations with her/his

which cannot be reduced to a direct product by anyV particles, and exchange classical information with the
transformation of the bases pertaining to each of th@ther. The question is whether they can in this way obtain
particles. a pair of entangled qubits in nearly singlet state (the rest
In practice, due to decoherence effects, we usually de&f the quantum systems being discarded). They need not
with mixed states [9]. A mixed state of a quantum systenpucceed every time, but at least they know when they have
consisting of two subsystems is supposed to represelt?l.een successful. If they managed to do this, one says that

entanglement if it is inseparable [10], i.e., cannot bethey havedistilledsome amount of pure entanglement from
written in the form the statep. Subsequently, the distilled singlet pairs can be

used, e.qg., for reliable transmission of quantum information
e = Z piolt ® oF, pi =0, Z pi =1, (2) viateleportation [5] (experimental realizations of quantum
i i teleportation have been recently reported, see Ref. [6]).
wherep;! andp/ are states for the two subsystems. How- Recently, it has been shown [13] thay inseparable
ever, to use the entanglement for quantum informationwo-qubit state [14] represents the entanglement which,
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however small, can be distilled to a singlet form. Theform [20]:

result was obtained by use of the necessary [15] and |

sufficient [16] condition of separability for two-qubit 02 = — Z A ® B,-Q@’NA;r ® B;f, 4)
states, local filtering [17,18], and Bennettal. distillation M 5

protocol [11].

In this context it seems very natural to make t
following conjecture.

Conjecture—Any inseparable state can be distilled to
the singlet form.

Surprisingly enough, this conjecture is wrong.
present Letter we will show that there are inseparabl
states thatcannot be distilled. More specifically, we
first show that any state which can be distilled mus
violate Peres separability criterion [15]. Then, the result
follows from the fact [19] that there are inseparable states
that satisfy the criterion. It shows that there are two
gualitatively different types of entanglement. The first,and
“free” entanglement, can be distilled. to the s_in.glet form. 0 =A; ® Bl-Q@NA,T ® B,T. (6)
The second type of entanglement is not distillable and o
is considered here in analogy with thermodynamics as &INce @2, is inseparable then at least for some= iy
“bound” entanglement which cannot be used to perform dhe stateg;, must be inseparable. Indeed, by summing
useful “informational work” such as reliable transmissionSeparable states we cannot get an inseparable one.
of quantum data via te|ep0rtati0n. . NOte_ that the OperatOI’SA,-O and Bio act in . tWO'.

Now, let us first briefly describe the Peres criterion.dimensional spaceC?, hence they can be written in
A stateo satisfies the criterion, if all eigenvalues of its the form

hewhere M = Tr DA ® B,-QWVA,-Jr ® B;r is the normal-
ization factor, andi; and B; map the large Hilbert spaces
H2Y into C2. For convenience, we will use unnormal-
ized states, as the property of separability as well as sat-
In thelSfying the Peres criterion do not depend on the positive
dactor. Then, for unnormalized states, we omit the condi-
tion Y, p; = 1 in the definition of separability (2). Con-

sequently, let
02 = Z A; ® BiQ®NA;r ® B )

partial transpositiorp’# are non-negative (i.e., i’# is A =10 i
a positive operator). Here, the partial transpositiph o = 10 Wal + 1Dl (7)
associated with an arbitrary product orthonormab f; Bi, = |0)<pl + [1){esl,

basis is defined by the matrix elements in this basis: where |1) and [0) constitute the orthonormal basis in

C? and s, ps € HEY, i, g € HF" are arbitrary
(possibly unnormalized) vectors. Let us now consider two-
dimensional projector®, and Pz which project onto the
aces spanned Iy, ¢4 andisg, ¢, respectively. Then,
e have

ore vy =(em ® fuleles ® £1) = Quvnp-  (3)

Clearly, the matrixo”s depends on the basis, but its
eigenvalues do not. Thus, given a state, one can che
whether it violates the criterion performing the partial

transposition in an arbitrary product basis. In particular, g; = A;, ® B; (P4 ® Pgo®"P, ® PB)AZ, ® B;[,. (8)
it implies thatp violates the criterion if and only if any

N-fold tensor producp® = o ® ... ® o does [15]. Now, since a product action cannot convert a separable
%{_/

state into an inseparable one, we obtain that also the state

Peres showed that the criterionNmust be satisfied by any o' =P, ® Pyo® P, ® Py 9)
separable state [15]. It has also been shown [16] that
for two-qubit (and qubit-trit) states the criterion is also iS inseparable. Let us write this state in badsiy ® | gx),
sufficientcondition for separability. This doemthold for i = 1,2,...,dim5—[A®N, k= 1,2,...,dim5—[B®N with
higher dimensions. The explicit examples of inseparabléour vectors| f1), | f2) (I g1), | g2)) spanning the subspaces
mixtures satisfying criterion were constructed [19]. defined by projector®4, Pg. The only nonzero matrix

Now, we are in a position to present the main result ofelements are due to products of those vectors and they
this Letter. Suppose Alice and Bob have a large numbedefine a4 X 4 matrix M,, which can be thought of as
N of pairs each in a state acting on the Hilbert space a two-qubit state. The operation of partial transposition
H = H, ® Hp. Then, the joint state a¥ pairsis given on o’ affects only those elements (as the remaining ones
by 0®". Suppose now that the stageis distillable. This are equal to zero). If¥,, were positive after partial
means that Alice and Bob are able to obtain pure singleransposition, then, due to the sufficiency of the partial
two-qubit pairs forN tending to infinity. This, however, transposition test for the two-qubit case [16],, would
implies that, for some finiteV, they are able to obtain represent a separable two-qubit state. Hence, if embedded
an inseparable two-qubit sta@,. The most general intothe whole spacé{ ®", it would still remain separable.
operation producing a two-qubit pair that can perform oveiConsequently, the staige’ would be separable, which is
the initial amount ofV pairs can be written in the following the contradiction. Thus, partial transpositionidf, must
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be negative. Now, sincéf,, is formed by all nonzero be distilled to the singlet form. Consequently, any state
elements ofg’, we maintain that also the stagg must of the form (11) cannot be distilled.

violate the Peres criterion, i.e2/”* must have a negative It is remarkable that the question whether a state is
eigenvalue. Now, lefy be the eigenvector corresponding distillable or not has been reduced to the question of
to the eigenvalue. As the vector belongs to the subspaaghether there is a two-qubit entanglement in a collection
H,, it follows that the matrix element&y|e/7#|) and  of N pairs for someV. Thus, the latter condition ithe

(|(e®V)T#|ys) are equal. Hence we obtain necessary and sufficient conditidor any given state to
BN\ T, be distilled. Indeed, as shown above, if a stateis
(Wl(e®M)'*|lg) < 0. (10) distillable then there exist two-dimensional projectidhs

Thus, the stateo® violates the partial transposition @NdPs so that the state’ given by Eq. (9) is inseparable.
criterion. However, as was mentioned, this implies thaconversely, if the latter COQS'UO” is satisfied thercan

o also does. The above consideration can be formallp€ distilled by projectinge®" locally by means ofP,
summarized as follows. If the output state of Alice-Bob@nd Pz and then applying the protocol proposed in [13]
action appears to have negative partial transposition, theffhich is able to distill any two-qubit inseparable state.
the basic component of input stateo® must have also There is an open question as to whether the condition
had negative partial transposition. This means nothing‘gS equivalent to violation of the Peres criterion. Then,
but that any action of type (4) o@ (including collecting he latter quld acquire _th(.e ph_ysmal sense: Its violation
N pairs) preserves positivity of partial transposition. InWould be equivalent to distillability. , ,
fact, it can be proved in a simpler way [21] by using the Let us now discuss briefly the possible physical meaning
observation that(A ® BoC ® D)'» = A ® DTo™sC ® of our result. As a matter of fact, we have revealed a
BT for any operatorst, B, C, D (hereT stands for usual kind of entanglement which cannot be used for sending

transposition). Then it immediately follows that action réliably quantum information via teleportation. Using
of any superoperator of typellq S A ® BiQ®NA,T e an analogy with thermodynamics [22], we can consider

t . . entanglement as a counterpart of energy, and sending of
B; producing an arbitrary two-component system (N0l ;antum information as a kind dhformational work.

necessarjl_y & X 2 one) preserves positivity of partial Consequently, we can considieee entanglementEs,e.)
transposition. , o _ which can be distilled, andound entanglemenEyounq)-

_Thus, we showed that, if a stageis distillable, it must | nanicular, the free entanglement is naturally identified
violate the Peres separability criterion. It is an importantiw, gistillable entanglemenb as the latter asks us how
result as it |mp_lles that there are'lnseparable states whi any qubits can we reliably teleport via the mixed state.
cannot be distilled.  Indeed, quite recently one of US ;s kind of entanglement can always be converted via
[19] constructed inseparable states which do not violatgjiiijiation protocol to the “active” singlet form.

the criterion. Some of those peculiar states are density complete the analogy, one could consider the asymp-

matrices for two spin-1 particles (the two-trit case). Using;qtic number of singlets which are needed to produce a

the standard basis for this casd)(1), |1)12), [1)13), given mixed state aisternal entanglement;,, (the coun-

[2)11), 12)12), and so on), those matrices can be writteNyerpart of internal energy) [23]. Then, the bound entan-

in the following form: glement can be quantitatively defined by the following
1 equation:

8a + 1

Qa =
Eint = Efree + Ebound - (12)

In particular, for pure states we havg, = Ef.. and
Evouna = 0. Indeed, pure states can be converted in a
“lossless” way into active singlet form [18]. In the present
Letter we show that there exisiseparablestates having
, reciprocal properties. Namely, for the states of type (11),
we haveE;,; = Epound @aNdEse. = 0. Now, there are two
possibilities:E;,, = 0or E;,, # 0. Both cases are curious.
In the first case, we would haveseparablestates which
can be produced from an asymptoticallgro number of
(_11) singlet pairs. This would imply, in turn, that entanglement
of formation isnot an additive state function [24], as by
with 0 < a < 1. It has been shown [19] by means of definition it does not vanish for any inseparable states.
independent separability criterion that those states arkm the second case, we would have curious states which
inseparabledespite the fact that they hapesitivepartial  absorb entanglement in an irreversible way. To produce
transposition. However, as we have shown above, thsuch states, one needs some amount of entanglement. But
density matrices with positive partial transpositicannot  once the states were produced, there is no way to recover
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