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Nonlinear Landau Damping in a Collisionless
Plasma

In his recent Letter [1], Isichenko argues that Landa
damping in a collisionless plasma will not be arrested b
the nonlinear effects of particle trapping. This contradict
analytical [2,3] and numerical [4–6] results which indi-
cate that in many cases plasma waves damp to nonline
superpositions of traveling waves [7] ast ! `. In fact,
the contradiction with numerical results already has bee
discussed in a recent Letter [6]. Hence, we limit our Com
ment here to an error in Isichenko’s analysis. Unfortu
nately, the error is serious in that it occurs early in th
development on which his argument is based.

Isichenko begins his analysis by assuming that th
electric field Esx, td goes to zero ast ! `, and then
proceeds to show that this assumption is self-consiste
by deducing a damping rateE , t21. Crucial to his
analysis is his hypothesis that, asE ! 0, each single
particle trajectory, which satisfies Newton’s equation

ẍ ­ Esx, td , (1)

tends to a motion with constant velocity

xsa, b, td ­ Usa, bdt , (2)

wheresa, bd is the initial phase-space point for the orbit
and Usa, bd is a constantvelocity. Unfortunately, the
damping rate resulting from Isichenko’s analysis, namel
E , t21 as t ! `, does not justify Eq. (2). In fact,
integrating Eq. (1) once gives the velocity

ysa, b, td ­ b 1
Z t

0
dt Esssxsa, b, td, tddd , (3)

which tends to a constant valueUsa, bd as t ! ` only if
Esssxsa, b, td, tddd is an integrable function of t. However,
if E , t21 as t ! `, the functionEsssxsa, b, td, tddd is, in
general,not integrable, so thatysa, b, td does not tend to
a constant valueUsa, bd as t ! `, and Eq. (2) does not
hold. Hence, the transition in Ref. [1] from Eq. (2) there
to Eq. (3) there is unjustified, and the analysis that follow
there, based on the expansionxsa, b, td ­ Ut 1 . . . and
the study of the properties ofUsa, bd, is inconsistent.

Later in his Letter, Isichenko argues that the integra
in Eq. (3) here is bounded ast ! ` because the decay
rate E , t21 is supplemented by “another power oft
coming from the nearly uniform motion in the coordinate
x . Ut, over whichE is zero average.” Unfortunately,
this reasoning is circular: The hypothesis thatx has nearly
uniform time-asymptotic motion is valid only ifysa, b, td
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tends to a constant value ast ! `, which is precisely
what Isichenko needs to prove.

Since Isichenko’s analysis is not self-consistent, the b
sis for his general conclusion is incorrect. In fact, if car
ried to its logical end, Isichenko’s conclusion implies tha
electric fields damp to zero followingany initial pertur-
bation of a stable Vlasov equilibrium. However, this is
directly contradicted by the existence of Bernstein-Green
Kruskal (BGK) solutions to the nonlinear Vlasov-Poisson
(VP) equations [8], which in fact are undamped. Inde
pendently of the open questions concerning the stabili
of these BGK modes, if one of them were given as a
initial condition it would provide an exact undamped so
lution to the VP equations. Other, possibly more impor
tant, counterexamples to the general conclusion in Ref. [
are provided by BGK waves of arbitrarily small ampli-
tude [9] and their nonlinear superpositions [7] which re
cently have been established as undamped solutions
the nonlinear VP equations. Thus, there clearly are man
perturbations—even of arbitrarily small amplitude—of
stable Vlasov equilibria for which the electric field does
not damp.

In his Letter, Isichenko also reports an analysis tha
indicates inviscid fluids damp algebraically in time. Tha
analysis does not appear to be affected by the abov
mentioned hypothesis, Eq. (2), since he applies it only i
the part of his study devoted to collisionless plasmas.
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