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Dynamics of 3D Real Foam Coarsening
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Dynamics of a polydisperse 3D dry foam was experimentally investigated by means of a
nondestructive method, more precisely by optical tomography associated to a foam reconstr
algorithm. The foam coarsening law obeys to a 3D extension of the classical von Neumann coar
law of 2D foams. It is obtained askVfl21y3dkVf lydt ­ k0s f 2 k fld. kVf l is the mean volume of
f-faced bubbles,k0 a diffusion constant equal to the single film gas diffusion coefficient, andk fl is the
mean number of faces per bubble. [S0031-9007(98)06375-3]
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Until now, many studies have been devoted to th
morphology of two dimensional foams, which are muc
simpler and easier to visualize than the three dimensio
ones. The way the 2D foam structure evolves is now w
known [1]. The film network reorganizes during time
because of gas diffusion from a small bubble towards
bigger neighbor due to the difference of Laplace pressu
(coarsening) or because of film ruptures (coalescenc
It also evolves because of morphological rearrangeme
such as a topological changesT1d where two neighboring
bubbles generate a new face or such as a transforma
sT2d where a bubble disappears. von Neumann h
demonstrated that the law of coarsening in 2D foams fo
bubble depends only on its topology (its number of edge
n) and not on its area:

dAn

dt
­ ksn 2 6d , (1)

with An the area of then edges bubble andk a diffusion
constant. 6 is the mean value of edges per bubble in a
foam with an infinite number of bubbles. Thus, an-edges
bubble has a constant area, shrinks, or grows with tim
if n ­ 6, n , 6, or n . 6, respectively. Experimentally,
relation (1) holds on the average [2].

Now, in a dry 3D foam, the bubbles are polyhedral an
the structure is therefore much more complex and difficu
to observe. The foam structure is such that the liqu
films organize themselves to minimize their surface at
given gas volume. From the area-minimizing principle
Plateau derived the first laws of foam geometry: (i) th
edges (Plateau borders) are formed by three liquid film
with mutual angles equal to 120±; (ii) the vertices are
formed by four edges with mutual angles equal to 109.±

[the tetrahedral angle, cos21s21y3d]. Moreover, each
liquid film has a constant curvature, because the press
difference between the two sides of a film is inverse
proportional to its mean curvature (Laplace’s law).

By studying photographs, Matzke found that the avera
number of faces per bubblek fl ­ 11.00 for 400 bubbles
belonging to the first three layers andk fl ­ 13.7 for the
600 internal bubbles [3]. Foam coarsening was inves
0031-9007y98y80(23)y5228(4)$15.00
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gated by Glazieret al. by magnetic resonance imaging
[4] and by Durianet al. by multiple light scattering [5].
Glazieret al. proposed for 3D cellular structures numeri-
cally generated by a Potts model, the following normalize
law of coarsening by analogy with (1):

V
21y3
f

dVf

dt
­ ks f 2 f0d , (2)

wherek is a diffusion coefficient andf0 was not found
equal tok fl but to 15.8 [2,6]. In [7], Weaire and Glazier
deduced empirically that

f0 ­ k fl

√
1 1

m2

k fl2

!
. (3)

wherem2 ­ k f2l 2 k fl2 is the foam disorder.
As far as we know, the foam structure and its dynamic

have never been simultaneously studied independently.
is the purpose of this paper to fill this gap by numeriz
ing real foam structures and performing measurements
the elements of individual bubbles. Hence, optical tomog
raphy associated to a foam reconstruction algorithm w
developed as a nondestructive method to investigate t
morphology, topology, and dynamics of a 3D foam, i.e
the time evolution of the structure, the bubble volumes
and the area of 3D transparent dry foams [8]. The prese
paper is focused only on dynamics.

Experimental.—The foam cell consists of a cylindrical
container (5 cm diameter and 10 cm height) covered by
glass lid, whose lower part is a sintered glass plate. I
bottom is connected to a liquid reservoir by a flexible
Teflon tube in order to control the capillary pressurePg in
the foam by changing the height levelsDhd between the
container and the reservoir. Both container and reservo
are fixed to the same motorized tableszd in order to keep
Dh constant during scanning. In the whole experimen
Dh is fixed to 60 mm, i.e.,Pg ­ 595 Pa. Thus, the
Plateau border curvatures are kept nearly constant alo
the foam column and during the coarsening experiment.

In order to prevent contamination by antifoaming ma
terials, great care was taken in cleaning the cell [8]. A
polydisperse foam with a mean diameter bubble size
© 1998 The American Physical Society
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5 6 2 mm was then generated in the cylindrical con
tainer by blowing filteredU-nitrogen through a pro-Pasteur
pipette directly into an aqueous solution of SDS (0.1%
wt) and dodecanol (0.003% wt) at a flow rate aroun
55 mm3 s21. Its densityr, surface tensiong, and dy-
namic shear viscositym are 1.01 g cm23, 40.0 mN m21,
and 0.99 cP, respectively. The films of SDS and dod
canol in these proportions immediately evolve into blac
films which are rigid and extremely stable in time [9].

The cell was lit with a cold and polarized illumination
plate. Optical tomography consisted of scanning the foa
by means of a Lhesa CCD camera equipped with a ve
thin depth-of-field (1 mm thick) Micro-Nikkor 105 mm
f /2.8 objective and connected to a graphic digitizatio
card. The camera was focused on the center of t
upper surface of the foam to analyze only the centr
bubbles without any contact with the lateral walls o
the cell (Fig. 1). During scanning, the optical system
was kept fixed while the foam cell was displaced i
the focus plane, by stepsDz ­ 1 mm. Images of the
slices were digitized and stored in a microcomputer.
whole scanning took 45 sec for 28 slices. Since nitrog
has a low solubility in water, the foam coarsenin
was negligible during scanning. Foam coarsening w
followed during 9 h. Besides, in anad hoc cell, the
film thicknesshfilm and the nitrogen diffusion coefficient
Dfilm in the film formed by one attached bubble to th
free surface of the same aqueous solution were measu
by videomicrointerferometry [10]. It was found tha
hfilm ­ 35 nm andDfilm ­ 3.7 3 1025 mm2 s21 [8].

Reconstruction.—Only the central core of the foam
was processed. The liquid films are transparent (comm
black films) and only the Plateau borders network (edge
appears in the images (Fig. 1). The principle of foam
reconstruction is to determine the locations of all the foa
vertices from a series of such images of foam slices, and
numerically reconstruct the minimal surfaces connectin

FIG. 1. Image of a slice in the central parallelpipedic cor
s2.2 3 1.6 cm2d. This slice is located at the center of the
cylindrical foam column whose internal diameter isf ­ 5 cm;
vertices belonging to imagei 2 1 shd; i ssd, andi 1 1 s1d.
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the vertices in the same arrangement as the real foa
The physical assumption underlying the reconstructio
procedure is that capillarity and gravity are acting on th
foam structure. Theequilibrium structure is therefore
obtained when the total energy of the foam is minimum
Both gas and liquid are treated as incompressible.

In the individual images, there are sharp parts which b
long to the actual focus planez ­ const, and fuzzy zones
which do not belong to it. The sharp points correspon
to the bubbles vertices. Mousse software (Mousse is
foam analyzer software from Noesis Inc., Surface Evolv
compatible) analyzes by a morphological gradient metho
the whole series of images to find in which one each ve
tex has the best sharpness; this determines thez vertex
coordinate. Then, in the image to which the vertex be
longs, segments corresponding to the edges are detec
by means of a Hough transformation and their interse
tion precisely gives thex andy coordinates of the vertex.
Each vertex is numbered. The spatial resolution is 30mm
in thex andy directions, and the accuracy of the measure
ment is 0.5 mm in thez direction, which corresponds to
half the distance between two successive images.

The foam reconstruction procedure involves three ma
steps:

(i) Determination of the equivalent polyhedral struc
ture having the same number and arrangement of bubbl
faces, edges, and vertices. It consists of defining, orie
tating, and naming each edge, each face, and each bub
of the foam, knowing that the faces are oriented with the
normal going out. At this stage, the structure of the 3
foam is a set of polyhedra with straight edges which do
not satisfy the Plateau laws (Fig. 2).

(ii) Calculation of the total energyE (total surface
energy Es 1 gravitational energyEp) of the equivalent
polyhedral structure.Ep is neglected because the liquid
volume is negligible in dry foams. The foam films solely
contribute toEs; the film energy per unit area is taken a
2g. Actually, the disjoining pressure contribution to the

FIG. 2. Projection of the structure of the first bubble layer.
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film energy can be neglected since only common bla
films sø35 nmd are obtained here. Therefore, for thi
foam sample

E > Es ­ 2g 3 Afilm , (4)

whereAfilm is the total film area.
(iii) Minimization of E with Surface Evolver software

(Surface Evolver is a minimization software develope
by Brakke [11]) under the constraint that the bubb
volumes are constant and for the following bounda
conditions: (i) on boundary bubbles, the edges that app
with 2 reconstructed faces instead of 3, and the vertic
with 3 reconstructed edges instead of 4 are fixed; (ii) t
vertices, edges, and faces in contact with the porous pl
are allowed to move only in the plate plane. The 3D foa
structure is displayed by Geomview software (Geomvie
is a graphic display software [11]). The bubble faces a
triangulated [Fig. 3(a)] andAfilm is minimized by moving
the facet vertices by a gradient descent method un
convergence [11]. This makes the faces and edges m
curved and the polyhedral angles closer to the tetrahed
angle. The reconstructed foam is the one with a minim
value of Afilm [Fig. 3(b)]. On the reconstructed foam
the bubble, faces, edges, and vertices are analyzed,
the geometrical properties measured.

Foam dynamics.—The foam has been reconstructed
t ­ 0, 1, 3, 6, and 9 h after its creation. It consists o
5 layers of bubbles among which 48 entire bubbles a
reconstructed, which corresponds to 412 faces, 800 edg
and 437 vertices.

Two types of bubbles should be distinguished: the e
ternal bubbles that belong to the top layer or to the bo
tom layer in contact with the porous plate (20 bubbles
and the internal bubbles that belong to the others lay
(layers 2, 3, and 4: 28 bubbles).

It is crucial to notice that the present discussion is f
cused only on internal bubbles belonging to the central co
which are at least 3 bubbles far from the lateral walls
the cell (Fig. 1). Most of the faces are pentagonal wi
the mean number of edges per faceknlint ­ 5.11 and it
was found thatk flint ­ 13.39 6 0.05 which is in good
agreement with the literature values [3,12,13]. We ha
checked that the fluctuations aroundk fl became lower
than60.05 as soon as more than 20 bubbles taken at ra
dom are considered to calculatek fl. Neither Kelvin nor
Weaire-Phelan structures were found in this foam althou
they are theoretically the most stable structures in monod
perse foams [12]. The foam disorderm2 was found
equal to 1.8. Another independent experiment gavek fl ­
13.75 6 0.05 for 57 internal bubbles withm2 ­ 0.85.

Each bubble was followed individually. The mean vo
ume kV stdlint was constant during timekV stdlint ­ 58 6

1 mm3. The foam was not in a scaling state, wher
kV stdl ~ ta , with a ­ 1.5 measured by Durian [5]. Poly-
dispersity was lower at the beginning (smaller standa
deviation, STD­ 14 mm3), and it increased with time
5230
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FIG. 3. Foam reconstruction at 9 h: (a) with triangulation
(b) without triangulation.

sSTD ­ 17 mm3d. No topological transformation was ob-
served, i.e., af-faced bubble keepsf faces during the
whole experiment. Hence, the observed volume vari
tions are not due to topological transformation, but t
coarsening.

Equation (2) holds on average [7]. In a polydispers
foam generated at random as the present one, a bub
has on the average 13 larger or smaller neighbor bubb
which also evolve because of their own 13 larger o
smaller neighbors either by shrinking or by expanding
This confers collective properties to the foam. Hence,
is not possible here to calculate a slope with an acceptab
regression coefficient for each internal bubble assumin
that Eq. (2) is verified. Introduction of the mean volume
of the f-faces internal bubbleskVfstdl instead ofVfstd
into Eq. (2) yields

kVfstdl21y3 dkVfstdl
dt

­ k0s f 2 f0d , (5)

wherek0 is a diffusion coefficient.
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FIG. 4. kVtstdl for internal bubbles. The regression coeffi
cients are reported in physical units. The lines are the fits.

Integration of (5)at constant topologybetweent0 andt
yields

kVfstdl2y3 ­
2
3

k0s f 2 f0d st 2 t0d 1 kVfst0dl2y3. (6)

kVfstdl are plotted versus time forf ­ 9 16 in Figs. 4.
In the average, bubbles with a larger number of faces ha
larger volumes. Some tendency tokVfstdl equalization
occurred at the beginning as in 2D foams [1]. The
coarsening became much more regular. The time orig
has therefore been shifted tot0 ­ 1 h.

The sign of the slope changes betweenf ­ 13 and
f ­ 14. k0 was calculated for eachf by a mean square
method. It is anf-independent constant, sincek0 ­ 2.8 3

1025 mm2 s21 except forf ­ 9 and f ­ 16 for which
k0 ­ 3.3 3 1025 mm2 s21 (Figs. 4). It is almost equal
to the diffusion coefficientDfilm ­ 3.7 3 1025 mm2 s21

that was measured independently on a single film.
The best fit of Eq. (6) was found forf0 ­ 13.4; it

should be emphasized that this value is exactly the me
number of faces per bubblek fl which was measured
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on the present foam, as in von Neumann’s law (1
f0 calculated using Eq. (3) equals 13.5. Hence, th
experimental result compares well with the numerical o
of [6]. The foam disorder is here low and the abov
correction is negligible.

In conclusion, the dynamics of coarsening of a slight
disordered foam with rigid films is likely given by Eq. (5)
where f0 ­ k fl. A bubble with less thank fl faces
should shrink and a bubble with more thank fl faces
should expand. As far as we know, this work is th
first experimental investigation of a 3D analog of vo
Neumann’s law.
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