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The inclusion-dissociation behavior in the complex formation between molecular nanotubes and linear
polymer chains in solutions is theoretically investigated by using the Flory-Huggins lattice model.
While, in a good solvent, the polymer chains are gradually dissociated from or included into the tubes
with varying temperature, the inclusion-dissociation transition occurs sharply in a poor solvent with a
hysteresis loop. [S0031-9007(98)06240-1]
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Nanotubes which are fine capillaries with an insid
diameter of nm order have attracted a great interest
many physicists because of their peculiar structures.
typical example is a carbon nanotube formed by an ar
discharge method [1]. Recently, a new series of nanotub
with diameters smaller than carbon nanotubes have be
chemically synthesized from cyclodextrin (CD) molecule
of cyclic form by Haradaet al. [2–4]. They prepared a
polyrotaxane supramolecule in which CDs were thread
on a polymer chain with bulky ends and obtained
molecular tube by cross-linking the adjacent CD units
the polyrotaxane [4]. By removing the bulky ends of th
polymer thread, the tube was unthreaded and acted as a
for reversible binding of small molecules. This molecula
nanotube, which is soluble in several kinds of solven
such as water, has a constant inside diameter (e.g., 0
0.70, and 0.85 nm fora-, b-, andg-CD, respectively) and
a longitudinal length of submicron order, controllable b
varying the length of the polymer chain as a mold, and c
form an inclusion complex with a linear polymer chain a
shown in Fig. 1(a).

Owing to the infinitesimal inside diameter of a molecula
nanotube, a polymer chain forming an inclusion comple
with the nanotube has an extended conformation, such
a planar zigzag one, with no degrees of freedom other th
a translational motion along its longitudinal axis, which i
reminiscent of a well-known “tube” model for the entan
glement effect of polymer chains [5]. Thus, the inclusio
of a polymer chain into a molecular nanotube is entrop
cally unfavorable and is promoted by an attractive intera
tion between the chain and the nanotube. In other wor
as the temperature increases, the polymer chain dissoci
from the nanotube and recovers its intrinsic entropy of
random conformation in solution. The entropy increas
linearly with increasing the contour length of the chain
the chain has a random conformation. Accordingly, a dra
tic change of entropy occurs with the inclusion or dissoci
tion of a long polymer chain and may lead to a transition
behavior in the complex formation between the nanotu
and the chain.
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FIG. 1. An inclusion complex formation of a molecula
nanotube and a linear polymer chain. (b) A lattice model f
the system consisting of molecular nanotubes, polymer chai
and solvent molecules. The dissociated chains interact w
each other.
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The purpose of this Letter is to investigate theoret
cally the inclusion-dissociation behavior of the comple
between the molecular nanotube and the linear polym
chain in solutions. In addition to the conformational en
tropy and the tube-chain interaction energy, the prope
of solvents, good or poor, is another important factor dom
inating the inclusion-dissociation behavior. This effect
incorporated into the present theory by using the Flor
Huggins lattice model [6].

To evaluate the free energy of a system consistin
of molecular nanotubes, polymer chains, and solve
molecules, we adopt a lattice model assuming that t
tube and the chain are composed of segments with
same size as the solvent molecule occupying one site
the lattice. In this system, letV be the total number
of lattice sites andz be the coordination number of the
lattice. For simplicity, we further assume that the tub
is fully rigid and has a longitudinal length equal to the
contour length of the chain; namely, both the tube an
the chain consist ofN segments occupyingN connected
lattice points. The inside of the tube is filled with chain
segments or solvent molecules, so that the tube segm
also occupies one lattice site together with the chain se
ment or the solvent molecule. While the chain dissociat
from the tube has a flexible or coiled conformation wit
many internal degrees of freedom, the inclusion into th
tube drastically changes the chain conformation to a rig
rodlike one. Then the number of ways of placing th
rodlike chain fully included into a tube is estimated to
be Vz, which is much smaller thanVzsz 2 1dN22 for a
dissociated flexible chain.

Let Nt andNc be the total numbers of tubes and polyme
chains, respectively, andi be the number of tubes forming
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inclusion complexes with polymer chains. Thenp 
iyNt and a  NcyNt denote the number ratios of the
inclusion tubes to the total ones and of the total polym
chains to the total tubes. By using the Flory-Huggin
theory, we estimate thep anda dependences of the free
energy F of the system, in which part of the polymer
chains is dissociated from the tubes and interact with ea
other as shown in Fig. 1(b). First, we calculate the energ
differenceDE of the system from the full dissociation state
that all of the chains without interaction are dissociate
from the tubes.

Let us consider thati chains are fully included into
i tubes and the other chains remain dissociated. T
inclusion of a chain segment into a tube means thatz 2 2
chain segment–solvent molecule pairs andz 2 2 tube
segment–solvent molecule pairs are replaced byz 2 2
connections between the chain segment and the inside
the tube. Consequently, the inclusion energyDEin of a
chain into a tube is given by

DEin  2 sz 2 2d seci 2 esi 1 ess 2 ecsdNi

; 2DeinNi , (1)

whereeci, esi, ess, and ecs are, respectively, the interac-
tion energies of chain segment–tube inside; solvent mo
ecule–tube inside; solvent molecule–solvent molecul
and chain segment–solvent molecule.DEin represents
the inclusion-dissociation energy per chain segment. O
the other hand, the dissociated chains interact with ea
other and with the outside of the tubes as shown
Fig. 1(b). According to the Flory-Huggins theory [4], the
interaction energyDEint of the chains is evaluated to be
DEint  2 secc 1 ess 2 2ecsd
zN2sNc 2 id2

2V
2 seoo 1 ess 2 2esod

zN2N2
t

2V

2 seco 1 ess 2 ecs 2 esod
zN2NtsNc 2 id

V

; 2 Decc
N2sNc 2 id2

V
2 Deoo

N2N2
t

V
2 Deco

N2NtsNc 2 id
V

, (2)
where ecc, eoo, eso, and eco are, respectively, the inter-
action energies of chain segment–chain segment; tu
outside–tube outside; solvent molecule–tube outside; a
chain segment–tube outside. HereDecc, Deoo, andDeco

are defined as follows:

Decc 
z
2

secc 1 ess 2 2ecsd ,

Deoo 
z
2

seoo 1 ess 2 2esod ,

Deco  z seco 1 ess 2 ecs 2 esod .

(3)

Therefore, the total energy differenceDE due to the
inclusion of chains and the interactions among chains a
be
nd

nd

tube outsides is given by

DEsid  DEin 1 DEint  2DeinNi 2 Decc
N2sNc 2 id2

V

2 Deoo
N2N2

t

V
2 Deco

N2NtsNc 2 id
V

, (4)

By omitting the third term independent ofi, Eq. (4) is
rewritten with the volume fractionFt  NNtyV of tubes,
the inclusion fractionp  iyNt of tubes, and the ratio
a  NcyNt of the total chains to the total tubes in the
solution as

Espd  NNtf2Deinp 2 FtDecosa 2 pd

2 FtDeccsa 2 pd2g . (5)
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Next we focus oni chains forming the inclusion com-
plexes with tubes. These chains are not necessarily
cluded fully into the tubes, i.e., they can partially dissocia
from the tubes as shown in Fig. 1(b). For simplicity, w
assume that the chain segments extruding from the tu
have no interactions with each other but interact with th
fully dissociated other chains. Then, the partition functio
B of a fully or partially included chain is given by

Bs pd 
N21X
n0

sz 2 1dn f1 2 Ftsa 2 pdgn

3 exp

∑
2nfDein 2 2FtDeccsa 2 pdg

kBT

#
, (6)

wheren is the number of segments extruding from the tub
and kBT is the thermal energy. Here we introduce th
temperatureTc defined by

Tc  DeinyfkB lnsz 2 1dg ; DeinyDS , (7)

where DS represents the inclusion-dissociation entrop
per chain segment based on the free rotation arou
covalent bonds. It is to be noted that, whenT  Tc, the
inclusion energy and the polymer entropy are balancin
Equation (6) is rewritten to a simpler form,

Bs pd 
1 2 expfNCs pdg
1 2 expfCs pdg

, (8)

where
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Cs pd  s1 2 1yT dDSykB 2 Ftsa 2 pd s1 2 QccyT d .

(9)

Here we introduced the reduced temperatureT  TyTc

and the reducedQ temperatureQcc  2DeccykBTc.
Since the chains in the inclusion state are independen
each other, the partition function of the included chai
as a whole is given asBi .

By calculating the total number of ways for arrangin
dissociatedNc 2 i chains,Nt 2 i tubes, andi inclusion
complexes, we have the partition functionZsid of the total
system as

Zsid 
sVzdNc2i

sNc 2 id!
sVzdNt 2i

sNt 2 id!
sVzdi

i!

Nt 1Nc2i21Y
j0

µ
1 2

Nj
V

∂N

3 Bisz 2 1dNsNc2id exp

µ
2

DEsid
kBT

∂
. (10)

Here the first two factors on the right-hand side repres
the number of ways for placing the fully dissociate
polymer chains and tubes on the lattice. The third fac
comes from the arrangement of the inclusion complex
on the lattice, and the fourth indicates the excluded volum
effect.

By using a proper approximation and taking the log
rithm of Eq. (10), we have the reduced (i.e., dimensionle
free energyFs pd per tube as a function of the inclusion
fractionp  iyNt :
Fs pd ;
Fs pd

NtkBT


∑
NDS

kB

µ
1 2

1
T

∂
2 NFt

µ
1 2

Qco

T

∂
1 ln

Nze
Ft

∏
p 1

NFtsa 2 pd2

2

µ
1 2

Qcc

T

∂

2 p ln Bs pd 1 sa 2 pd lnsa 2 pd 1 s1 2 pd lns1 2 pd 1 p ln p , (11)
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where the terms independent ofp have been omitted
and Qco is the reduced temperature defined byQco 
DecoykBTc.

Figures 2(a) and 2(b) show thep dependence ofFs pd
for different values of the reduced temperatureT in a
good solvent regionsT . Qccd and in a poor solvent
regionsT , Qccd, respectively. Figure 2(a) indicates tha
the free energy curve is always concave upwards
0 # p # 1, so that, asT changes, the polymer chains
are gradually dissociated from or included into the tub
in a good solvent. On the other hand, a poor solve
produces two local minima of the free energy as shown
Fig. 2(b) owing to the second term on the right-hand si
of Eq. (11). Then, there are two stable inclusion fraction
and an inclusion-dissociation transition is expected
occur between them with varyingT .

Figure 3 shows theT dependence of equilibrium
value of p, which has been obtained from the conditio
≠Fs pdy≠p  0 for different values ofN in the good sol-
vent. AsN increases, the inclusion-dissociation behavi
becomes sharp and approaches a transitional one with
t
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hysteresis at the transition temperatureT  1 in the limit
of N ! `. On the other hand, thep-T curve shown in
Fig. 4 indicates that the inclusion-dissociation transitio
occurs with a hysteresis loop atT ø Qcc, i.e., in the poor
solvent region.

Figure 5 shows thep-a curves for different values of
Qcc. The inclusion fractionp increases linearly and
saturates with increasinga in the good solvent region.
On the other hand, the dissociation transition can occ
after the continuous inclusion in the poor solvent.

In summary, the inclusion-dissociation behavior in th
complex formation between the molecular nanotubes a
the linear polymer chains in solutions was investigate
theoretically by using the Flory-Huggins lattice mode
In a good solvent, the polymer chains are continuous
dissociated from or included into the tubes asT or
a varies. On the other hand, the inclusion-dissociatio
transition occurs in a poor solvent with a hysteres
loop. These theoretical results are useful for the cont
of supramolecular structures formed by nanotubes a
polymer chains.
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FIG. 2. The reduced free energyFs pd of the total system per
tube as a function of the inclusion fractionp of the tubes for
different values ofT in (a) good and (b) poor solvent regions.
The solid curves are calculated from Eq. (11) forN  500 and
z  6; Ft  0.01 and Qcc  0.66 in case (a),Ft  0.1 and
Qcc  1.33 in case (b).

FIG. 3. The T dependence of the inclusion fractionp for
different values ofN in the good solvent. The solid curves
are obtained from the condition≠Fs pdy≠p  0 for z  6,
Ft  0.01, andQcc  1.00.
5006
FIG. 4. The T dependence of the inclusion fractionp for
different values of the reduced theta temperatureQcc. The
solid curves are obtained from the condition≠Fs pdy≠p  0
for N  500, z  6, andFt  0.1.

FIG. 5. The dependence of the inclusion fractionp
on the ratioa  NcyNt for different values of the reduced
theta temperatureQcc. The solid curves are obtained from the
condition ≠Fs pdy≠p  0 for N  500, z  6, T  0.985,
andFt  0.05.
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