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Long-Distance Contributions to theKL ! m1m2 Decay Width
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The dispersive two-photon contribution to theKL ! m1m2 decay amplitude is analyzed
using chiral perturbation theory techniques and large-NC considerations. A consistent descrip
tion of the decaysp0 ! e1e2, h ! m1m2, and KL ! m1m2 is obtained. As a by-product,
one predicts Bsh ! e1e2d  s5.8 6 0.2d 3 1029 and BsKL ! e1e2d  s9.0 6 0.4d 3 10212.
[S0031-9007(98)06126-2]
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The rare decayKL ! m1m2 has deserved a significan
theoretical interest during the last three decades. It r
resents a potentially important channel to study the we
interaction within the standard model (SM), as well as po
sible effects of new physics, mainly in connection wit
flavor-changing neutral currents andCP violation.

This decay proceeds through two distinct mechanisms
long-distance contribution from the2g intermediate state
and a short-distance part, which in the SM arises fro
one-loop diagrams (W boxes, Z penguins) involving the
weak gauge bosons. Since the short-distance amplitud
sensitive to the presence of a virtual top quark, it cou
be used to improve our present knowledge on the qua
mixing factorVtd ; moreover, it offers a window into new-
physics phenomena. This possibility has renewed
interest in the study of theKL ! m1m2 process in the
past years.

The short-distance SM amplitude is well known [1]. In
cluding QCD corrections at the next-to-leading logarith
order [2], it implies [3]

BsKL ! m1m2dSD  0.9 3 1029sr0 2 r̄d2

3

µ
mtsmtd

170 GeV

∂3.1µ jVcbj

0.040

∂4

,

(1)

where r0 ø 1.2 and r̄ ; rs1 2 l2y2d, with r and l

the usual quark-mixing parameters, in the Wolfenste
parametrization [4]. The deviation ofr0 from 1 is due
to the charm contribution. Using the presently allowe
ranges formt and the quark-mixing factors, one gets [3
BsKL ! m1m2dSD  s1.2 6 0.6d 3 1029. If this num-
ber is compared with the measured rate [5]

BsKL ! m1m2d  s7.2 6 0.5d 3 1029, (2)

it is seen that the decay process is strongly dominated
the long-distance amplitude.

Clearly, in order to extract useful information abou
the short-distance dynamics it is first necessary to ha
an accurate (and reliable) determination of theKL !
gpgp ! m1m2 contribution.
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It is convenient to consider the normalized ratios

RsP ! l1l2d ;
BsP ! l1l2d
BsP ! ggd

 2b

µ
a

p

ml

MP

∂2

jFsP ! l1l2dj2, (3)

whereb ;
p

1 2 4m2
l yM2

P. The on-shell2g intermedi-
ate state generates the absorptive contribution [6]

ImfFsP ! l1l2dg 
p

2b
ln

µ
1 2 b

1 1 b

∂
. (4)

Using the measured branching ratio [7],BsKL ! ggd 
s5.92 6 0.15d 3 1024, this implies the so-calledunitarity
bound

BsKL ! m1m2d $ BsKL ! m1m2dabs

 s7.07 6 0.18d 3 1029. (5)

Comparing this result with the experimental value
Eq. (2), we see thatBsKL ! m1m2d is almost saturated
by the absorptive contribution.

One immediate question is whether the small room l
for the dispersive contribution,BsKL ! m1m2ddis 
s0.1 6 0.5d 3 1029, can be understood dynamically
Naively, one would expect a larger value just from th
intermediate2g mechanism. This has motivated some r
cent speculations [8] about a possible cancellation betw
the long- and short-distance dispersive amplitudes, wh
could allow for additional new-physics contributions
short distances.

The obvious theoretical framework to perform
well-defined analysis of the long-distance part is chi
perturbation theory (ChPT). Unfortunately, the chiral sym
metry constraints are not powerful enough to make an
curate determination of the dispersive contribution [9–1
The problem can easily be understood by looking at
KL ! gg amplitude,

AsKL ! ggd  csq2
1, q2

2d´mnrse1me2nq1rq2s , (6)
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which, at lowest order in momenta, proceeds throu
the chain KL ! p0, h, h0 ! 2g. The lowest-order—
Osp4d—chiral prediction, can only generate a consta
form factorcsq2

1, q2
2d; it thus corresponds to the decay int

on-shell photonssq2
1  q2

2  0d [12],

cs0, 0d 
2G8afp

ps1 2 r2
p d

cred , (7)

cred  1 2
s1 2 r2

pd
3sr2

h 2 1d
scu 2 2

p
2 sud scu 1 2

p
2 rnsud

1
s1 2 r2

pd
3sr2

h0 2 1d
s2

p
2 cu 1 sud s2

p
2 rncu 2 sud ,

where r2
P ; M2

PyM2
KL

, cu ; cosuP, and su ; sinuP,
with uP ø 220± the h-h0 mixing angle. The global
parameterG8 ; 221y2GFVudV p

usg8 characterizes [13] the
strength of the weakDS  1 transitionKL ! p0, h, h0.

In Eq. (7) we have factored out the contribution of th
pion pole, which normalizes the dimensionless reduc
amplitudecred. The second and third terms incred corre-
spond to theh andh0 contributions, respectively. None
symmetry (which is exact in the large-NC limit) has been
assumed in the electromagnetic2g vertices; this is known
to provide a quite good description of the anomalousP !
2g decayssP  p0, h, h0d. Possible deviations of none
symmetry in the nonleptonic weak vertex are parametriz
throughrn fi 1.

In the standard SUs3dL ≠ SUs3dR ChPT, theh0 contri-
bution is absent anduP  0; therefore,cred ~ s3M2

h 1

M2
p 2 4M2

K d, which vanishes owing to the Gell-Mann–
Okubo mass relation. The physicalKL ! gg ampli-
tude is then a higher-order—Osp6d—effect in the chiral
counting, which makes it difficult to perform a reliable
calculation.

The situation is very different if one uses instead
Us3dL ≠ Us3dR effective theory [14], including the singlet
h1 field. The large mass of theh0 originates in the
Us1dA anomaly which, although formally ofOs1yNCd, is
numerically important. Thus, it makes sense to perfo
a combined chiral expansion [15] in powers of momen
and1yNC, around the nonet-symmetry limit, but keepin
the anomaly contribution (i.e., theh1 mass) together
with the lowest-order term. In fact, the usual success
description of thehyh0 ! 2g decays [16] corresponds to
the lowest-order contribution within this framework, plu
some amount of symmetry breaking throughfh fi fh0 fi

fp . The mixing between theh8 and h1 states provides
a large enhancement of theh ! 2g amplitude, which is
clearly needed to understand the data. In the stand
SUs3dL ≠ SUs3dR framework, theh0 is integrated out,
and its effects are hidden in higher-order local couplin
[17]; since theh1 and h8 fields share the same isospi
and charge, the singlet pseudoscalar does affect theh

dynamics in a significant way, which is reflected in th
presence of important higher-order corrections [18]. The
4634
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corrections are more efficiently taken into account withi
theUs3dL ≠ Us3dR framework [19].

Taking su  21y3 su ø 219.5±d, the h-pole contri-
bution in Eq. (7) is proportional tos1 2 rnd and vanishes
in the nonet-symmetry limit; the large and positiveh0

contribution results then incred  1.80 for rn  1. With
0 # rn # 1, theh andh0 contributions interfere destruc-
tively andcred is dominated by the pion pole. One would
getcred . 1 for rn . 3y4.

The measuredKL ! gg decay rate [7] corresponds to
jcs0, 0dj  s3.51 6 0.05d 3 1029 GeV21. With jG8j 
9.1 3 1026 GeV22, obtained from theOsp2d analysis of
K ! 2p [13], this impliesc

exp
red  s0.84 6 0.11d. How-

ever, the fitted value ofjG8j gets reduced by about 30%
when Osp4d corrections to theK ! 2p amplitudes are
taken into account [21]. This sizable shift results mainl
from the constructivepp rescattering contribution, which
is obviously absent inKL ! gg. Thus, we should rather
use the corrected (smaller)jG8j determination, which
leads toc

exp
red  s1.19 6 0.16d.

Leaving aside numerical details, we can safely conclud
that the physicalKL ! gg amplitude, with on-shell
photons, is indeed dominated by the pion polescred , 1d.
Although the exact numerical prediction is sensitive t
several small corrections [22] (rn fi 1, fp fi fh fi fh0 ,
su fi 21y3) and therefore is quite uncertain, the neede
cancellation between theh andh0 contributions arises in
a natural way and can be fitted easily with a reasonab
choice of symmetry-breaking parameters.

The description of theKL ! gg transition with off-
shell photons isa priori more complicated because the
q2

1,2 dependence of the form factor originates from highe
order terms in the chiral Lagrangian. This is the reaso
why only model-dependent estimates of the dispersiv
KL ! l1l2 transition amplitude have been obtained s
far. At lowest order in momenta,csq2

1, q2
2d  cs0, 0d; thus,

the (divergent) photon loop can be explicitly calculate
up to a global normalization, which is determined by th
known absorptive contribution [i.e., by the experimenta
value of cs0, 0d]. The model dependence appears in th
local contributions from directKLl1l2 terms in the chiral
Lagrangian [9,11] (allowed by symmetry considerations
which reabsorb the loop divergence.

It would be useful to have a reliable determination in
some symmetry limit. The large-NC description ofKL !
gpgp provides such a possibility. At leading order, this
process occurs through thep0, h, h0 poles, as represented
in Fig. 1. Therefore, the problematic electromagnetic loo
in Fig. 1(a) is actually the same governing the decay
p0 ! e1e2 and h ! m1m2, and the unknown local
contribution [Fig. 1(b)] can be fixed from the measured
rates for these transitions [23,24]. In fact, the sam
combination of local chiral couplings shows up in both
decays [23], leading to a relation that is well satisfied b
the data.

Although the h0 ! l1l2 transition introduces addi-
tional chiral couplings, they are suppressed by at lea
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FIG. 1. (a) Photon loop and (b) associated counterte
contributions to theKL ! m1m2 process.

one more power of1yNC. Thus, in the large-NC limit
the different electromagneticP ! l1l2 decays get re-
lated through the same counterterms [23],

Lc.t. 
3ia2

32p2 sl̄gmg5ld

3 hx1 TrsQ2hUy, ≠mUjd
1 x2 TrsQUyQ≠mU 2 Q≠mUyQUdj , (8)

where Q ; diags2y3, 21y3, 21y3d is the quark electro-
magnetic charge matrix andU ; expsi

p
2 Fyfd the usual

Us3dL ≠ Us3dR matrix describing the pseudoscalar non
Nonet symmetry should provide a good estimate of

ratio RsKL ! l1l2d. SinceKL ! gg is dominated by
the pion pole, we can reasonably expect that symme
breaking corrections would play a rather small role.
any case, this symmetry limit allows us to investiga
whether the tiny dispersive contribution allowed by th
data is what should be expected from the2g intermediate
state.

In this limit, all RsP ! l1l2d ratios are governed by
the same dispersive amplitude [25],

RefFsP ! l1l2dg 
1

4b
ln2

µ
1 2 b

1 1 b

∂
1

1
b

Li 2

µ
b 2 1
b 1 1

∂
1

p2

12b
1 3 ln

µ
ml

m

∂
1 xsmd , (9)

where xsmd ; 2fxr
1 smd 1 x

r
2 smd 1 14gy4 is the rele-

vant local contribution, withx
r
i smd si  1, 2d the cor-

responding chiral couplings renormalized in theMS
scheme. Them dependence of thexsmd and lnsmlymd
terms compensate each other, so that the total ampli
is m independent.
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Table I shows the fitted values ofxsMrd from the
three measured ratiosRsp0 ! e1e2d, Rsh ! m1m2d,
andRsKL ! m1m2d. Subtracting the known absorptive
contribution, the experimental data provide two possibl
solutions for each ratio; they correspond to a total pos
tive (solution 1) or negative (solution 2) dispersive ampli-
tude. We see from the table that the second solution fro
the decayp0 ! e1e2 is clearly ruled out; owing to the
smallness of the electron mass, the logarithmic loop con
tribution dominates the dispersive amplitude, which ha
then a definite positive sign [an unnaturally large and nega
tive value ofxsMrd is needed to make it negative]. The
large experimental errors do not allow one to discard a
this point any of the other solutions: the remaining value
from p0 ! e1e2 is consistent with the results from the
h ! m1m2 andKL ! m1m2 decays, and these are also
in agreement with each other if the same solution (eithe
the first or the second) is taken for both. We see tha
in any case, the three experimental ratios are well de
scribed by a common value ofxsMrd. In this way, the
experimentally observed small dispersive contribution t
the KL ! m1m2 decay rate fits perfectly well within the
large-NC description of this process.

We have not considered up to now the short-distanc
contribution to theKL ! m1m2 decay amplitude [3].
This can be done through a shift of the effectivexsMrd
value [27],

xsMrdeff  xsMrd 2 dxSD (10)

dxSD ø 1.7sr0 2 r̄d
µ

mtsmtd
170 GeV

∂1.56µ jVcbj

0.040

∂2

.

For the allowed rangejr̄j # 0.3, one hasdxSD ø 1.8 6

0.6, which allows one to exclude solution 2 forxsMrd
obtained fromh ! m1m2. Solution 1, on the contrary,
is found to be compatible with the results fromKL !
m1m2, and can be used to get a constraint fordxSD.
Indeed, taking as the best determination

xsMrd  5.510.8
21.0 , (11)

the first solution forKL ! m1m2 leads to

dxSD  2.211.1
21.3 , (12)

in agreement with thedxSD value quoted above. The sec-
ond solution forKL ! m1m2 appears to be less favored,
yielding dxSD  3.6 6 1.2; this shows a discrepancy
of about 1.4s with the short-distance estimate. Notice

TABLE I. Fitted values of xsMrd from different RsP !
l1l2d ratios. The numbers quoted forKL ! m1m2 refer to
the differencexsMrd 2 dxSD .

xsMrd [Solution 1] xsMrd [Solution 2]

p0 ! e1e2 414
26 224 6 5

h ! m1m2 5.510.8
21.0 20.811.0

20.8

KL ! m1m2 3.310.9
20.7 1.910.7

20.9
4635
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that the precision of the result in (12) is still relativel
low. However, the errors could be reduced by improvin
the measurements of theh ! m1m2 and KL ! m1m2

branching ratios.
Finally, once the local contribution to theP ! l1l2

decay amplitude has been fixed, it is possible to obta
definite predictions for the decays intoe1e2 pairs,

Bsp0 ! e1e2d  s8.3 6 0.4d 3 1028,

Bsh ! e1e2d  s5.8 6 0.2d 3 1029, (13)

BsKL ! e1e2d  s9.0 6 0.4d 3 10212.

In the same way, the amplitudes corresponding to theh0

decays are found to beBsh0 ! e1e2d  s1.5 6 0.1d 3

10210 and Bsh0 ! m1m2d  s2.1 6 0.3d 3 1027.
However, in view of the large mass of theh0, these
predictions could receive important corrections fro
higher-order terms in the chiral Lagrangian.

To summarize, in the nonet-symmetry limit it is pos
sible to make a reliable determination of the ratiosRsP !
l1l2d, at lowest nontrivial order in the chiral expansion.
consistent picture of all measuredP ! l1l2 decay modes
is obtained, within the SM. The present data allow o
to pin down the size of the relevant chiral counterter
and to get a constraint on the short-distance contribut
to theKL ! m1m2 amplitude. However, this constrain
is found to be rather weak; more precise measurement
theh ! m1m2 andKL ! m1m2 branching ratios would
be necessary in order to improve the bounds fordxSD
obtained through the SM box and penguin computatio
In addition, a more detailed investigation of the theoretic
uncertainties is needed to quantify how precisely the sho
distanceKL ! m1m2 amplitude can be inferred from the
data. Although it seems difficult to achieve a theoretic
precision good enough for making useful tests of the S
flavor-mixing structure, it is worth a try.
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