
VOLUME 80, NUMBER 20 P H Y S I C A L R E V I E W L E T T E R S 18 MAY 1998

ken

nd,
ng and

4522
Statistics of Coulomb Blockade Peak Spacings

S. R. Patel, S. M. Cronenwett, D. R. Stewart, A. G. Huibers, and C. M. Marcus
Department of Physics, Stanford University, Stanford, California 94305

C. I. Duruöz and J. S. Harris, Jr.
Electrical Engineering Department, Stanford University, Stanford, California 94305

K. Campman and A. C. Gossard
Materials Department, University of California at Santa Barbara, Santa Barbara, California 93106

(Received 5 August 1997)

Distributions of Coulomb blockade peak spacings are reported for large ensembles of both unbro
(magnetic fieldB  0) and broken (B fi 0) time-reversal symmetry in GaAs quantum dots. Both
distributions are symmetric and roughly Gaussian with a width of,2% 6% of the average spacing,
with broad, non-Gaussian tails. The distribution is systematically wider atB  0 by a factor of
,1.2 6 0.1. No even-odd spacing correlations or bimodal structure in the spacing distribution is fou
suggesting an absence of spin degeneracy. There is no observed correlation between peak spaci
peak height. [S0031-9007(98)06083-9]

PACS numbers: 73.23.Hk, 05.45.+b, 73.20.Dx
n-
c-

nd

tal
ts,
er
hat
ot

bi-

s-
th
e

r-
ng,
ng
m
e
ct-
ing

ing
ts

o-
ed
-

For some time it has been appreciated that electr
transport in mesoscopic systems exhibits quantum int
ference effects with universal statistical features, and th
this universality can be associated with the underlyin
universality of quantum chaos [1] and its mathematic
description in terms of random matrix theory (RMT) [2]
This approach has been successful in describing transp
in open quantum systems (i.e., systems with large co
ductance,g . e2yh, to reservoirs) where a single-particle
picture apparently provides an adequate description
the physics. Recent application of RMT to ground sta
properties of nearly isolated quantum dots—in particula
in characterizing the distributions of Coulomb blockad
(CB) conductance peak heights [3] has also been rema
ably successful [4].

On the other hand, experiments by Sivanet al. [5] and
Simmelet al. [6] suggest that the most basic prediction o
RMT, namely, the famous Wigner surmise for the distr
bution of level spacings, fails to describe the fluctuation
of Coulomb blockade peak spacing, implying that fluctua
tions in the energy separation between adjacent grou
states of a quantum dot—the so-called addition spe
trum—appear not to be distributed according to RMT. I
particular, these experiments [5,6] found CB peak spa
ing fluctuations of order 0.1–0.15 of the average spacin
larger than predicted by RMT assuming constant chargi
energyEC  e2yCdot with the total capacitance of the dot
given byCdot. The large fluctuations observed in the ex
periment and supporting numerics led Sivanet al. [5] to
suggest thatclassicalcharging energy fluctuations propor-
tional to EC not included in RMT dominate peak spacing
fluctuations. On the other hand, recent random phase
proximation (RPA) calculations led to the opposite conclu
sion, that fluctuations due to charge rearrangement sho
be smaller than [7] or of order [8] the mean single-partic
0031-9007y98y80(20)y4522(4)$15.00
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level spacingD, much smaller thanEC . However, one
should use caution in applying these theories to semico
ductor quantum dots, since RPA breaks down at low ele
tron densities where single-particle kinetic energies a
interparticle potential energies are comparable.

In this Letter, we present an extensive experimen
study of the spacings of CB peaks in GaAs quantum do
for both zero and nonzero magnetic field, including ov
20 000 CB peaks measured in seven devices. We find t
the distributions of CB peak spacing fluctuations are n
well described by single-particle,spin-degenerateRMT
(SDRMT); the main discrepancy being the absence of
modal structure in the measured distributions. BothB  0
andB fi 0 peak spacing distributions are roughly Gaus
ian with non-Gaussian tails, in qualitative agreement wi
[5,6]. In contrast to previous experiments, however, w
find that the width of the peak spacing distribution is na
row, comparable (once scaled) to the mean level spaci
and shows the effects of time-reversal symmetry breaki
comparable to RMT predictions, suggesting that quantu
effects play a role in determining the distributions. W
also find no correlation between CB peak heights (refle
ing eigenfunction properties) and peak spacings (reflect
eigenvalue properties).

Ground state energy fluctuations are measured us
the Coulomb blockade, which appears in quantum do
with tunneling leads (left, right lead conductancegl , gr ,

2e2yh), when temperatureT and source-drain voltageVsd

are less thanEC [9,10]. In this regime, dot conductance
is suppressed except when thesN 1 1d and N electron
ground state energies of the dot differ by the chemical p
tential of the leads; this degeneracy condition, when tun
by a gate voltageVg, produces a series of narrow conduc
tance peaks nearly periodic inVg. At very low temperature
and bias,skBT , eVsdd & D (we defineD  2p h̄2ympA
© 1998 The American Physical Society
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as the average single particle level spacing for spi
degenerate levels;mp is the electron effective mass, and
A is the area occupied by the electrons), transport on a C
peak is a resonant process, making the peak position s
sitive to the discrete spectrum of the dot. A simple mod
connecting level spacing statistics and CB peak spacing
the so-called “constant interaction” (CI) model, in which
the separation between ground state energies of the
probed by CB is separated into two parts, a charging ene
EC that is independent of (or at most slowly varying with
the number of electrons on the dot,N, and a fluctuating
part associated with a discrete quantum level spacing. T
separation assumes that fluctuations inEC due to charge
rearrangement in the ground state upon adding an elect
are small compared toD. Within the CI model, the spacing
(in gate voltage) between CB peaks,DV i

g  V i11
g 2 V i

g,
whereV i

g is the center position of theith peak, is given by

ehDV i
g 

Ω
s´i11 2 ´id 1 EC si evend ,
EC si oddd ,

(1)

where´i is the ith single-particle energy level andh 
CgyCdot is the ratio of gate capacitance to total do
capacitance, also assumed to vary slowly withi. The
dependence of Eq. (1) on whetheri is even or odd reflects
the spin degeneracy of levels.

If one further assumes that spacingss´i11 2 ´id obey
spin-degenerate RMT statistics, the resulting distributio
Psnd of normalized fluctuations in peak spacingn 
sDV i

g 2 kDV i
gldykDV i

gl will consist of ad function for the
case ofi odd plus a Wigner-Dyson distribution (PWDssd ~

se2ps2y4 for B  0 and ~ s2e24s2yp for B fi 0, with s
ity
TABLE I. Device parameters and measured spacing statistics atT , 100 mK: area occupied by electronssAd, 2DEG depthsdd,
SR mean level spacingsDSR  p h̄2ympAd, charging energysEC  e2yCdotd, number of electrons in dotsNd, number of statistically
independent peak spacingssnid, and peak spacing distribution width atB  0 ssssB0sndddd fB fi 0 ssssBfi0snddddg with uncertainties in
parentheses. An estimate of the noise in each data set is given as the width of the noise distribution,snoisesnd; devices 2, 6, and
7 exhibit a correlation between enhancedsnoisesnd and largerssnd. Devices 1, 2, 5, and 7 (3, 4, and 6) have a sheet dens
ns , 2 3 1011 cm22 s3 3 1011 cm22d and mobilitym , 1.4 3 105 cm2yV s s6.5 3 105 cm2yV sd.

Parameter dot 1 dot 2 dot 3 dot 4 dot 5 dot 6 dot 7

A smm2d 0.17 0.20 0.32 0.34 0.38 0.47 0.50

d sÅd 900 900 800 800 900 800 900

DSR smeVd 21 18 11 11 9 8 7

EC smeVd 590 760 580 500 380 600 320

N 340 400 900 1000 800 1400 1000

ni 190 70 140 830 1300 710 420

sB0snd · · · 48 38 25 25 43 56
s31023d (7) (2) (2) (3) (2) (3)

sBfi0snd 18 34 23 22 20 38 43
s31023d (2) (4) (3) (1) (2) (2) (2)

· · · 1.3 1.7 1.2 1.2 1.1 1.3sB0snd
sBfi0snd (0.2) (0.2) (0.1) (0.2) (0.1) (0.1)

snoisesnd 6 23 15 10 8 25 30
s31023d
n-
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in units of D) for the casei even. The bracketsk?l
denote an average over an ensemble of peaks. Note th
within this CI 1 SDRMT model, the standard deviation
s of Psnd depends on time-reversal symmetry; forD ø
EC , CI 1 SDRMT givess  0.62s0.58dDyEC for B  0
sB fi 0d and a ratiosB0ysBfi0 , 1.1. For GaAs dots
of the type described here and in Refs. [5,6], the predicte
peak spacing distribution width isssnd , 0.03, depending
slightly on the dot shape and size, based on experiment
values ofD andEC (see Table I).

Since a bimodalPsnd is not found experimentally, as
seen below, one is motivated to consider a CI model with
out even-odd structure, based onspin-resolved(SR) level
statistics. The breaking of spin degeneracy, discussed
[7] and observed experimentally in [11], will lead to level
statistics described roughly by two overlapping Wigner-
Dyson distributions [12]. The ratiosB0ysBfi0  0.70y
0.65 , 1.1 in CI 1 SRRMT is similar to CI1 SDRMT;
however, the predicted spacing distribution widthssnd ,
0.01 is reduced by a factor of,2 due to a reduced mean
level spacingDSR  Dy2.

The quantum dots we measured were formed b
gate depletion of a two-dimensional electron gas in a
GaAsyAlGaAs heterostructure (see Table I). Irregular dot
shapes were designed to produce chaotic scattering, a
all devices were smaller than the bulk mean free path s
that transport within the dots is ballistic. The dot areaA
was estimated from the lithographic area with a depletio
of ,120 nm around the perimeter of the device. Charging
energy was measured from the relationEC , ehkDVgl,
based on Eq. (1) withD ø EC , with h extracted
from the T dependence of the peak width [10]. All
4523
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measurements were made using two-wire ac lock-in tec
niques with a voltage bias of5 mV at 11 Hz. The electron
base temperature, determined by fitting peak width ve
sus temperature [10], was,100 mK for all devices. En-
semble statistics were collected by sweeping one gate vo
ageVg over ,20 peaks then incrementing magnetic field
or a second gate voltage to yield a new ensemble of pea
All data are based on relatively small CB peaks, in th
ranges0.01 0.1de2yh.

A typical scan of CB peaks is shown in Fig. 1(a). To
extract peak spacing, each peak is fit by a cosh22 form
[10] and spacing is determined from the centers of the fi
[Fig. 1(b)]. Since the average spacing decreases with
creasingN (reflecting an increasingCdot), a running av-
eragekDV i

gl is found from the best fit line [dashed in
Fig. 1(b)] and used to definen  sDV i

g 2 kDV i
gldykDV i

gl.
Experimental noise in the spacing distribution (for in
stance, due to charge rearrangement in the doping laye
given assnoisesnd in Table I, can be separated from rea
spacing fluctuations by comparing measurements at o
posite magnetic fields [Fig. 1(c)]. The noisesnoisesnd is
defined as the distribution width of fluctuations antisym

FIG. 1. (a) Coulomb blockade peaks (diamonds) atB 
30 mT as a function of gate voltageVg for device 1 with
DSR  14 meV and EC  460 meV. Solid curve shows fits
to cosh22 line shape. Left inset: Detailed view of data and
fit on log-linear scale. Right inset: Micrograph of device 1
other devices are similar. (b) Peak spacings extracted fro
data in (a) atB  130 mT (diamonds) andB  230 mT
(open circles). Dashed line is best fit (to130 mT data),
corresponding tokDV i

gl. (c) Dimensionless peak spacing
fluctuations,n  sDV i

g 2 kDV i
gldykDV i

gl, as a function of gate
voltageVg for data in (b). Differences between630 mT data
indicated experimental noise. Normalized (spin-resolved) me
level spacingDSRyEC indicated by vertical bar (see Table I).
4524
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metric in B and so would not include field independen
gate voltage induced charge rearrangement. While t
heights of nearby CB peaks show considerable correlati
[Fig. 1(a)], peak spacings appear uncorrelated [Figs. 1(
and 1(c)]. We estimate the number of “independent” pea
spacings,ni in Table I, as the number of peaks measure
in each scan ofVg multiplied by the number of peak scans
with characteristically different heights.

Histograms of peak spacings from three dots wit
similar device parameters (dots 3, 4, and 5) are shown
Fig. 2. Both theB  0 andB fi 0 histograms are roughly
symmetric and Gaussian. A Gaussian fit to theB  0
histogram gives a standard deviationsB0sndf  0.019
(the subscriptf indicates “Gaussian fit”) whereas a direc
evaluation of the second moment of the spacing da
set yields sB0snd  0.027. This difference results
from broad non-Gaussian tails, which can be seen on
logarithmic plot (right insets, Fig. 2). AllB fi 0 data are
taken between3 15w0 through the device, wherew0 
hye  4.14 mTmm2. The B fi 0 distribution width
from a Gaussian fit yieldssBfi0sndf  0.015 and the
second moment of the data givessBfi0snd  0.022. By

FIG. 2. Histograms of normalized peak spacingn (bars) for
(a) B  0 and (b)B fi 0 for devices 3, 4, and 5. Solid curves
show best fit to normalized Gaussian of width 0.019 (0.015) fo
B  0 sB fi 0d. The B  0 histogram is wider by a factor of
,1.2 than theB fi 0 histogram. Data represent 4300 (10 800
CB peaks from the devices with,720 (1600) statistically
independent forB  0 sB fi 0d. Horizontal bar indicates (spin-
resolved) mean level spacingDSRyEC averaged over the three
devices. Right insets: Plots of histogram (diamonds) and be
fit Gaussian (solid curve) on log-linear scale. Dashed curve
Gaussian of width 0.13 from Ref. [5]. Left insets: Dotted
curves are CI1 SDRMT peak spacing distributions; solid
curves correspond to CI1 SDRMT distributions convolved
with Gaussian of widthsnoisesnd  0.009 averaged over the
three dots (see Table I).



VOLUME 80, NUMBER 20 P H Y S I C A L R E V I E W L E T T E R S 18 MAY 1998

e

n-
to

k
n
-
s
n-

e

,

);
z

.

either method, a ratiosB0ysBfi0 , 1.2 1.3 is obtained.
From all devices,sB0ysBfi0  1.2 6 0.1 (see Table I),
slightly larger than but comparable to the value predicte
by either CI1 SDRMT or CI 1 SRRMT. The left insets
in Fig. 2 show that the CI1 SDRMT spacing distributions
for these devices convolved with (Gaussian) experimen
noise remain bimodal, clearly inconsistent with the data

The B fi 0 peak spacing histogram for the smalles
quietest device (#1) is shown in Fig. 3(a) along with
no-adjustable-parameters CI1 SRRMT distribution [12]
convolved with experimental noise. An important con
sideration is how the width of this distribution is affected
by temperature. Figure 3(b) showssBfi0skBTyDSRd mea-
sured for two gate voltage configurations of device 1 (wit
differentDSR’s) along with a simple model based on ther
mal averaging of the peak spacings. In the model, finit
temperature peak spacingsyi 

P
j wi,jsj are constructed

from zero-temperature spacingssi  s´i11 2 ´id obey-
ing SRRMT statistics withksil  DSR. The weight-
ing function wi,j ~ cosh22sj´i 2 ´jjy2kBT d is chosen
to include more contributions from adjacent spacingssi

at higher temperature (not including height fluctuation
leading tossT d ~ T21y2 in the limit kBT ¿ DSR, consis-

FIG. 3. (a) Histogram of peak spacing data from dot
at B fi 0 (bars). Dotted curve shows zero-temperatur
B fi 0 CI 1 SRRMT peak spacing distribution [12]; solid
curve is CI1 SRRMT distribution convolved with a
Gaussian of width snoisesnd  0.006. (b) Temperature
dependence ofsBfi0snd for two gate configurations of
dot 1 (DSR  21 meV solid diamonds; DSR  14 meV
open circles), and thermal averaging model (solid curv
described in text, withDSR  21 meV and EC  590 meV.
(c),(d) Scatter plot of normalized peak spacingn versus
adjacent peak height differencesDg̃  sgi11

max 2 gi
maxdy

kgmaxl and averages̃g  sgi11
max 1 gi

maxdy2kgmaxl for all B fi 0
data from dot 4. No correlations between spacings and avera
heights or height differences are observed.
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tent with the data. While this model appears to have th
correct crossover scale and correct limits atkBT ø DSR
and kBT ¿ DSR, a proper theory ofssT d has yet to be
developed. However, the observed temperature depe
dence suggests a quantum rather than classical origin
the spacing fluctuations.

Finally, we have looked for correlations between pea
spacing fluctuations and peak height fluctuations. Withi
RMT, no correlations are expected since height fluctua
tions depend on eigenfunctions while spacing fluctuation
depend on eigenvalues which are uncorrelated with eige
functions [13]. Experimentally, we find that the normal-
ized spacingn between adjacent peaks (i 1 1 and i) is
not correlated with either the normalized height differenc
Dg̃  sgi11

max 2 gi
maxdykgmaxl or their normalized average

heightg̃  sgi11
max 1 gi

maxdy2kgmaxl, as shown in Figs. 3(c)
and 3(d).
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