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Quantum Hamilton-Jacobi Equation
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The nontrivial transformation of the phase space path integral measure under certain discre
analogs of canonical transformations is computed. This Jacobian is used to derive a quantum ana
the Hamilton-Jacobi equation for the generating function of a canonical transformation that maps
quantum system to a system with a vanishing Hamiltonian. A perturbative solution of the quan
Hamilton-Jacobi equation is given. This solution gives a new way to compute quantum correction
any soliton equation for which action-angle variables are known. [S0031-9007(98)06163-8]
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A remarkable formulation of classical dynamics i
provided by the Hamilton-Jacobi equation: IfSsq, P, td
satisfies

≠S
≠t

sq, P, td 1 Hsq, ≠qS, td ­ 0 , (1)

whereH is the Hamiltonian, then the canonical transfor
mation defined by

≠PS ­ Q, ≠qS ­ p (2)

maps the dynamical system governed by the Hamiltoni
H to a trivial dynamical system, one with vanishing
Hamiltonian. To see this, note thatp Ùq 2 H ­ ≠qS Ùq 2

H ­
d
dt sS 2 PQd 1 P ÙQ, using Eq. (1). Boundary terms

do not affect the phase space equations of motio
so this mapping determines identical classical dynami
[1]. The functionS is Hamilton’s principal function, or
action, which acquires a greater significance in quantu
mechanics [2,3].

Quantum mechanically, canonical transformations of th
form considered above do not generate equivalent quant
systems [4–8]. There is no natural action of the group
symplectic transformations on the quantum Hilbert spac
Alternatively, in Feynman’s formulation of quantum me
chanics [3], the phase space path integral is not inva
ant under canonical transformations. The noninvarian
of phase space (and coordinate space) path integral m
sures has been the focus of a great deal of work [6–8].
the present work, the general problem of symplectic tran
formations will not be considered—I shall just conside
the properties of the phase space path integral under
discretized analogs of canonical transformations of a pa
ticular type. (The approach taken in this Letter is close
to that of Ref. [8].) The motivation is to answer the fol
lowing: Is there a deformation of Eq. (1) which allows a
quantum mechanical map from an arbitrary quantum sy
tem to one with a vanishing Hamiltonian? Apart from th
fundamental interest in this question, the main applicatio
is to the quantization of solitons, of especial interest sin
the quantum properties of solitons are at the heart of rec
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developments in string theory [9]. Equation (14) gives
simple method of computing quantum corrections to cla
sical solutions, when classical action-angle variables a
known.

After a short review of the path integral formulation to
make the measure precise, I will compute the transform
tion of the measure under the transformations that keep t
discretized

R
pdq term in the action invariant (up to total

derivatives). These transformations differ from canonica
transformations due to the discretization of the phase spa
path integral, so the Jacobian for the change of variables
the path integral is nontrivial. A particular application of
this result gives the desired deformation of the Hamilton
Jacobi equation, with deformation parameter the Planc
constant. From this, the quantum Hamilton-Jacobi equ
tion, Eq. (14), is immediate. The solution of Eq. (14) as
formal perturbative series takes a simple form, Eq. (15).

We compute kq00, t00jp0, t0l as a functional integral,
choosing the momentum state to position state amplitude
obtain a symplectically invariant form for the path integra
measure. Notekpjql ­ s2pd2dy2 exps2ipqd, and ifH is
ordered so that all momentum operators appear on the le
kpjHjql ­ s2pd2dy2 exps2ipqdHsq, pd. Assume that
the Hamiltonian is time independent for notational simplic
ity, since the generalization to arbitrary Hamiltonians i
trivial. Since kq00, t00jp0, t0l ­ limN"`kq00j s1 2 ieHdN 3

jp0l, with e ; st00 2 t0dyN, using 1 ­
R

dp dqjpl 3

kqj s2pd2dy2 exps2ipqd between every factor ofs1 2

ieHd, we find

kq00, t00jp0, t0l ­
1

p
2p

lim
N"`

Z NY
i­1

dpidqi

s2pdd
eiAN eip0q1 ,

(3)

whereAN ;
PN

i­1fpisqi11 2 qid 2 eHspi , qidg. Here,
qN11 ; q00 and p0 ­ p0, and q1 and pN are integrated
over. In the continuum limit,AN ! A` ;

R
dtfp Ùq 2

Hg, and the measure can be described heuristically as
integration over all phase space paths satisfyingqst00d ­
q00, pst0d ­ p, with pst00d and qst0d integrated over. For
the pitfalls in such continuum descriptions, see [4–8].
© 1998 The American Physical Society
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Equation (3) can now be used to consider the propert
of the phase space path integral under canonical trans
mations. The measure

Q
dpidqi is clearly invariant un-

der arbitraryi-dependent canonical transformations as
straightforward mathematical fact. However,AN is not in-
variant under such transformations. The point of the fo
lowing exercise is to find a transformation of integratio
variablesspi , qid ! sPi , Qid that changes thepdq term in
o
o

ies
for-

a

l-
n

AN in a simple way, and then to compute the Jacobian f
this transformation.

Consider defining functionsQsq, pd, Psq, pd implicitly
by means of the following definitions, for arbitrary func-
tionsSisP, qd:

pisqi11 2 qid ; Sisqi11, Pid 2 Sisqi , Pid ,

QisPi 2 Pi21d ; Si21sqi , Pid 2 Si21sqi, Pi21d .
(4)

Now observe that
of the
pisqi11 2 qid 1 QisPi 2 Pi21d ­ fSisqi11, Pid 2 Si21sqi, Pi21dg 2 fSisqi , Pid 2 Si21sqi , Pidg , (5)

with the first term inf· · ·g a telescoping series when summed overi. Note that Eq. (5) has no dependence onH. Thus
one finds

AN ­
NX

i­1

f2QisPi 2 Pi21d 2 eHspi , qid 2 hSisqi , Pid 2 Si21sqi, Pidjg 1 boundary terms. (6)

Comparing Eq. (6) with Eq. (1), this is the form expected if time is discretized. I must now compute the effect
substitutions in Eq. (4) on the measure.

KeepingPi21, qi11 fixed, I find that

dpidqi ­ sqi11 2 qid21≠Pi
fSisqi11, Pid 2 Sisqi , PidgdPidqi , (7)

whereas

dPidQi ­ sPi 2 Pi21d21≠qi
fSi21sqi , Pid 2 Si21sqi, Pi21dgdPidqi . (8)
The Jacobian for the change of variablessp, qdi !
sP, Qdi is therefore nontrivial. It is not possible t
proceed further without some knowledge of the relati
between the canonical variables with subscriptsi and the
variables with subscriptsi 6 1, in other words, without
n

some restriction on the sequencesqi andPi asN " `. I
will come back to these restrictions momentarily.

At a formal level,assuming thatPi21 2 Pi andqi11 2

qi are small as N " `, it follows from Eqs. (7) and
(8) that
dpidqi ­

∑
≠Pi

≠qi
Sisqi , Pid 1

1
2

sqi11 2 qid≠Pi
≠2

qi
Sisqi , Pid 1 . . .

∏
dPidqi ,

dPidQi ­

∑
≠Pi ≠qi Si21sqi , Pid 2

1
2

sPi 2 Pi21d≠2
Pi

≠qi Si21sqi , Pid 1 . . .

∏
dPidqi .

(9)

We can also derive the analog of Eq. (9) fordqi11dpi :

dqi11dpi ­

∑
≠Pi

≠qi11 Sisqi11, Pid 2
1
2

sqi11 2 qid≠Pi
≠2

qi11
Sisqi11, Pid 1 . . .

∏
dqi11dPi ,

dQi11dPi ­

∑
≠Pi ≠qi11 Sisqi11, Pid 1

1
2

sPi11 2 Pid≠2
Pi

≠qi11 Sisqi11, Pid 1 . . .

∏
dqi11dPi .

(10)
g s-
at
Equations (9) and (10) determine Jacobians that differ
the sign of the total time derivative contribution, indicatin
that this is a nonuniversal artifact of the discretization
Such contributions are, of course, to be expected, since
relation of the indexi to the continuum time variablet for
q, P, andS need not be the same. We use the ultralocali
of the phase space measure to eliminate this total derivat
contribution by averaging the Jacobians determined
Eqs. (9) and (10)—heuristically, one can interpret th
as setting the time associated withPi midway between
qi and qi11. Note thatall powers ofqi11 2 qi , Pi 2
by

.
the

ty
ive
by
is

Pi21 cancel in this average,beforetaking the continuum
limit. Therefore, anomalous contributions of the Edward
Gulyaev [6] type do not appear. So, finally, assuming th
Si is chosen to become a differentiable function oft as
N " `, we find

lim
N"`

Y
dpidqi ­ lim

N"`

Y
dPidQi

3 exp

∑
1
2

Z
dt≠t ln det≠P≠qSsq, P, td

∏
.

(11)
4367
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Equation (11) hasexactly the form that one expects,in
the continuum limit,since successive canonical transfo
mations obey a group law that is consistent with th
ln det≠P≠qS form of the Jacobian. This is an importan
consistency check on the calculation.

We can check this Jacobian by performing an expli
calculation in any quantum mechanics problem, since
measure’s transformation properties are universal, i
independent of the Hamiltonian. A simple choice o
Hamiltonian isH ­ 1

2 sp2 1 q2d, the harmonic oscillator.
In this case, one knows [3] that

kq00, t00jp0, t0l ­
1p

2p cosst 2 t0d

3 exp

∑
2

i
2

tanst 2 t0d fsp02 1 q002d

2 2p0q00 cscst 2 t0dg
∏

. (12)

ChooseSsq, P, td ; qP secst 2 t0d 2 sq2 1 P2d tanst 2

t0dy2. This choice ofS amounts toP ­ p cosst 2 t0d 1

q sinst 2 t0d, with Q ­ q cosst 2 t0d 2 p sinst 2 t0d,
and satisfies the classical Hamilton-Jacobi equatio
Eq. (1). According to the calculations above [Eqs. (
and (6)], performing some trivial integrations the trans
tion amplitude should equal

kq00, t00jp0, t0l ­
1

p
2p

Z dPNdQ1

2p

3 eiSst 00deiQ1sp02PN de
1

2
ln secst2t0d. (13)

Comparing this form to Eq. (12), we find exact agre
ment. This is another check on the absence of Edwar
Gulyaev [6] corrections, since the harmonic oscillator
not a cyclic Hamiltonian inp, q coordinates.

Equations (4) and (11) imply
R

dtfp Ùq 2 Hsp, qdg !R
dtfpsP, Qd ÙqsP, Qd 2 HssspsP, Qd, qsP, Qdddd 2

i
2 ≠t 3

ln det≠P≠qSg. Thus, using Eq. (6) and restorinḡh, if S
satisfies

≠t

µ
S 1

i
2

h̄ ln det≠P≠qS

∂
1 Hsq, ≠qSd ­ 0 , (14)
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Eq. (4) will map the quantum system to a quantum syste
with a vanishing Hamiltonian. The telescoping terms i
Eq. (5) give rise to boundary terms in the path integra
of expfiSsssPst00d, qst00d, t00dddg and expf2iSsssPst0d, qst0d, t0ddd 1

ipst0dqst0dg.
What are the conditions for the validity of the forma

manipulations that lead from Eqs. (7) and (8) to Eq. (11
The measure on phase space with the HamiltonianH must
be concentrated on paths such thatqi11 2 qi tends to
zero withe, and similarly forPi 2 Pi21 with the measure
determined by the transformed Hamiltonian. This is tru
with quite mild restrictions [5] onHsp, qd for q, and simi-
lar restrictions onH 0sP, Qd ; HssspsP, Qd, qsP, Qdddd 1

≠tfS 1 iy2 ln det≠P≠qSg for P. The smoothness ofP
paths is trivially true after the change of variables i
S satisfies Eq. (14), since the action is just2

R
dtQ ÙP.

In this context, it should be noted that the form of th
transformed Hamiltonian,H 0, is valid only in the e # 0
limit—however, since the Jacobian is explicitly ultralocal
several types of anomalous contributions that appear
general symplectic transformations [6–8]do not appear
for the specific symplectic transformations consideredin
this Letter. The applications of Eq. (14) to field-theoreti
problems may be more interesting, for ordering difficultie
in field theory are usually absorbed into renormalizatio
constants [5].

Equation (14) may appear to be a simple deformation
Eq. (1), but in fact it is not. According to Jacobi’s theo
rem [1], finding a sufficient number of solutions of Eq. (1
allows one to solve the dynamics of the system—the ke
point is that the variablesP are integration constants for
these solutions, an interpretation possible since they do n
appear in Eq. (1) explicitly. This interpretation is not pos
sible for Eq. (14), soa priori one has to find appropriate
choices ofP before one can even attempt to solve thi
equation, unless one treatsh̄ as a perturbation parameter
Since such a perturbative solution is not a good approxim
tion in general, one may be led to conclude that Eq. (14)
of less practical value in quantum mechanics than Eq. (
is in classical mechanics. Nevertheless, Eq. (14) is simp
and of conceptual value in understanding the classical lim
of quantum mechanics. A formal solution to Eq. (14) ca
be found as follows: LetS ; S0 1 h̄S1 1 h̄2S2 1 . . . .
Then
≠tS0sq, P, td 1 Hsq, p ­ ≠qS0, td ­ 0 ,

≠tS1sq, P, td 1 ≠pHsq, p ­ ≠qS0, td≠qS1sq, P, td ­ 2
i
2

trfs≠P≠qS0d21≠t≠P≠qS0g ,

≠tS2sq, P, td 1 ≠pHsq, p ­ ≠qS0, td≠qS2sq, P, td ­ 2
i
2

≠t trfs≠P≠qS0d21≠P≠qS1g ,

(15)

≠tS3sq, P, td 1 ≠pHsq, p ­ ≠qS0, td≠qS3sq, P, td ­ 2
i
2

≠t trhs≠P≠qS0d21≠P≠qS2 2
1
2 fs≠P≠qS0d21≠P≠qS1g2j . . . .
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The solution to this set of equations is obtained by th
method of characteristic projections. LetS0 be a complete
integral of Eq. (1), which of course coincides with th
first equation in Eq. (15), andqstd a solution of Ùq ­
≠pHsssqstd, p ­ ≠qS0, tddd, which is just one of the classical
equations of motion. ThenS1sssqstd, P, tddd is a solution of

d
dt

S1 ­ 2
i
2

trfs≠P≠qS0d21≠t≠P≠qS0g sssqstd, P, tddd ,

(16)

with analogous equations forSi , i . 1. We see, therefore,
that the integral surfaces, indexed byP, of Eq. (15), de-
pend on the behavior of integral surfacesas functions of
P. Thus, the perturbative solution of Eq. (14) incorpo
rates information about quantum fluctuations by its depe
dence on the complete integral of Eq. (1) at neighbori
values ofP.

Equation (11) shows that the transformation to classic
action-angle variables leaves behind a nontrivial Ham
tonian, i

2 h̄≠t ln det≠P≠qS, which takes into account quan-
tum fluctuations. Classical canonical transformations th
solve Eq. (1), and satisfy≠q det≠P≠qS ­ ≠P det≠P≠qS ­
0, will also solve the quantum dynamics, with the anom
lous term serving as a computation of the fluctuation d
terminant about classical solutions, as in the harmon
oscillator considered above. This is of interest for qua
tizing solitons, in situations where action-angle variabl
are known for the classical field equation. Equation (1
gives then an explicit and simple way to compute quantu
corrections to soliton dynamics.

The formulation considered above for canonical tran
formations may be too limited. The variablesP have a
fundamentally different role to play in Eq. (14) as com
pared to Eq. (1), and it may be natural to look for solu
tions in whichP, Q describe a noncommutative symplecti
manifold. This is suggested by the fact that the quantu
energy spectrum could have discrete and/or continuo
components, and such a space cannot always be descr
as a commuting symplectic manifold [10]. In such a ca
the form of the anomaly will be different. It would be
fascinating if quantum mechanics on a commuting pha
space could be mapped to a vanishing Hamiltonian on
(possibly) noncommuting phase space.

To conclude, I mention that two recent works [11,12
have addressed related issues. In [11], it is claimed that
complete solution of the classical Hamilton-Jacobi equ
tion, Eq. (1), determines the quantum mechanical amp
tude by means of a single momentum integration inste
of a path integral. While the path integration of the triv
ial quantum mechanics with vanishing Hamiltonian indee
reduces to (a variant of) a phase space integration as m
tioned above [and explicitly found in the case of the ha
monic oscillator, Eq. (13)], Eq. (14) is distinct from the
classical equation, so it appears to contradict [11]. Ref
ence [12] postulates a diffeomorphic covariance princip
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based partly on an SLs2, Cd algebraic symmetry of a Le-
gendre transform, and finds a modification of the classic
Hamilton-Jacobi equation that has appropriate covarian
properties for the postulated equivalence. Their functio
S satisfies an equation quite different from Eq. (14), and
is argued thatS is related to solutions of the Schrödinger
equation. Functional integrals of any sort do not appear
[12], and there is no relation to the present result, Eq. (11
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