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Transition to Normal Fluid Turbulence in Helium II
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Turbulence in the heat flow of helium II manifests itself as a tangle of quantized vortex lines. It has
been known for some time that there are two different forms of turbulence, called theT -1 and theT-2
turbulent states. Experiments show that when a critical velocity is exceeded there is a large increase
the superfluid vortex line density and a transition occurs fromT -1 to T -2. Until now, the nature of the
two turbulent states and of the critical velocity has been a mystery. We present a model which solv
this problem by addressing for the first time the issue of the stability of the normal fluid. The compute
transition is found to be in good agreement with the observations. [S0031-9007(98)06114-6]

PACS numbers: 47.37.+q, 47.27.Cn, 67.40.Vs
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Some of the most interesting problems in the hyd
dynamics of helium II involve quantized vortex lines [1
Vortex lines appear, for example, when a container fill
with helium is set into rotation. In this case, the vo
tex configuration is ordered: The vortices align along t
rotation axis and form a uniform array. There are a
situations in which the vortex system is disordered,
example, when the flow of helium is turbulent. Such turb
lence, which manifests itself as atangleof quantized vortex
lines, is receiving renewed experimental attention: At t
University of Lancaster, McClintock and co-workers [2
use intense vortex tangles as models of the early unive
and a superfluid wind tunnel is being built by Donnelly
the University of Oregon [3].

Motivated by this experimental interest in hard turb
lence, we address the more basic but still open questio
what happens to turbulence at relatively low speed in
much-studied configuration calledcounterflow. Measure-
ments in different apparati and using different techniqu
clearly show that there existtwo separate states of turbu
lence in a circular pipe, calledT-1 andT-2 in the literature
[4]. T-1 andT -2 are superfluid vortex tangles characte
ized by very different vortex line densities,T -2’s being
much larger. If the flow speed exceeds a critical valu
there is a transition fromT-1 to T -2. The aim of this Let-
ter is to explain for the first time the nature of the tw
turbulent states and of the critical velocity, until now a
outstanding puzzle in the study of superfluid turbulence

The simplest experimental setup which has been wid
used to study the superfluid vortex tangle is a counterfl
pipe. One end of the pipe is closed and is provid
with a resistor which dissipates a known heat fluxW ;
the other end of the pipe is open to the helium ba
What happens at smallW can be easily understood usin
Landau’s two-fluid model. The model describes heliu
as the intimate mixture of a superfluid component (whi
flows without any friction) and a normal fluid compone
(which carries the entropy and viscosity of the liquid
Using subscriptss andn to indicate the super and norma
components, respectively, we callrs andrn the densities,
vs andvn the velocities,j  rsvs 1 rnvn the mass flux,
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r  rs 1 rn helium’s total density,T the temperature,
and S the entropy. According to Landau’s model, th
heat flux W  rTSyn is carried by the normal fluid
away from the resistor, towards which some superflu
must flow in order to conserve mass. In this way,
relative velocity (thermal counterflow)yns  jvn 2 vsj is
set up between the two fluids, which is proportional to t
driving heat flux,yns  WyrsST .

We know from the pioneering experiments of Vinen [5
that if W exceeds a critical valueWc1 (corresponding to a
critical velocityyns  yc1), the frictionless, perfectly hea
conducting motion of the superfluid breaks down and a
perfluid vortex tangle is created. The vortex line dens
of the tangle can be easily determined by measuring
attenuation of second sound or from temperature diff
ences. These measurements show that foryns . yc1 the
vortex line densityL0 in the tangle is approximately pro
portional to the square of the driving counterflow velocit

L0 ø g2y2
ns , (1)

whereg  gsT d is some temperature dependent param
ter. Geometrically,L

21y2
0 represents the average in

tervortex spacing in the tangle. A major difficulty o
interpretation arises, however, becauseg varies greatly
from experiment to experiment. A very detailed analys
of all experimental data available was carried out
Tough [4], who discovered the existence of vario
turbulent states characterized by different values ofg.
Tough found that, in circular or almost square counterflo
channels at increasing values ofyns above the threshold
value yc1, there is first a regime of moderate vortex lin
density, called theT -1 turbulent state. IfW . Wc2
(corresponding toyns . yc2), another state is observe
with much larger vortex line density, calledT-2. The
lower density T-1 state is absent in high aspect rat
(rectangular) channels, in which the line density h
essentially the same value as inT-2.

On the theoretical side, the phenomenological theory
Vinen [5] and scaling arguments justified Eq. (1) with
out determiningg. Later the numerical simulations o
Schwarz [6] confirmed (1) and shed more light onto t
© 1998 The American Physical Society 4181
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problem. Schwarz demonstrated that, ifyns . yc1, a
self-sustaining homogeneous vortex tangle driven by
counterflow is generated by the simple rules of vort
dynamics. Schwarz’s theory, unlike Vinen’s, has no a
justable parameters and makes quantitative predicti
about g. In applying the theory of Schwarz to the ex
periments, there are, however, difficulties in understand
what is a homogeneous state of turbulence and what is
The original calculation of Schwarz assumes that the d
ing applied normal fluid and superfluid velocity profilesvn

and vs are constant, and therefore so isyns. Tough [4]
found that Schwarz’sg agrees fairly well to the measure
values ofg in the T-2 state. Ion trapping experiment
[7] probedL0 across the channel and determined that
superfluid vortex tangle in theT -2 state is spatially homo-
geneous to within1

10 of the channel’s walls. This confirm
that Schwarz’s theory applies to theT -2 state well. Later,
an even better agreement was found between the hom
neous theory of Schwarz and measurements in pure su
flow [8]. This is expected, because, in pure superflow,vs

must be constant (the superfluid velocity need not sat
no-slip boundary conditions), andvn  0 by definition. In
conclusion, we know little about theT -1 superfluid vortex
tangle, because it is not described by Schwarz’s theory

The outstanding questions are the following: Wh
are there two different kinds of superfluid vortex tangl
T -1 and T -2? What is the nature of these tangle
What determines the critical velocity at which there is
transition fromT-1 to T -2 with a dramatic increase of the
superfluid vortex line density?

The discussion above leads us to conjecture that the
istence ofT -1 must be linked to some inhomogeneity ofvn

and that the transition atyc2 is caused by some instability
of the normal fluid. There have been speculations in
literature [4,9] about the nature ofvn, but nobody has eve
investigated whether an instability can take place. The
isting numerical simulations of Schwarz [6], Samuels a
co-workers [10], and deWaele and co-workers [11] ha
all studied the effects which a prescribedvn has on the su-
perfluid tangle. Various forms ofvn have been considered
ranging from a simple uniform flow to Poiseuille flow, an
from a single normal vortex to the vortex tubes of mo
complexABCflows. The approach which we take here
novel and opposite: We ask what the effect is which t
tangle has on the normal fluid itself.

The model which we have developed is the followin
According to the observations [12], the channel’s leng
is not critical for the existence of the second superflu
turbulent stateT-2, so we consider a cylindrical pipe o
infinite length and callR the radius. At velocityyns ,

yc1, in the regime of thermal counterflow, the norm
flow in the pipe is the Poiseuille profilevn  vP 
Vaxs1 2 r2dẑ, where the peak velocityVax is proportional
to the prescribed heat flux,ẑ is the unit vector along the
pipe, and we have used cylindrical coordinatesr , f, z.
If yns . yc1, the superfluid field is destabilized and th
vortex tangle appears. The tangle affects the normal fl
4182
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via the mutual friction force [13]

Fns 

µ
Brnrs

2r

∂
gvssvn 2 vsd , (2)

whereB is the mutual friction coefficient [14],vs  GL0
is the superfluid vorticity,G  9.97 3 1024 cm2ysec is
the quantum of circulation, andg is a constant of order
unity which depends on the details for the flow an
the tangle. We know little of this tangle, only that its
densityL0 corresponds to the less intenseT-1 turbulent
state. For the sake of simplicity, we assume thatg 

2
3 ,

that is to say the tangle is isotropic. In writing (2)
physically we assume that, although the superfluid
turbulent, the mutual friction acts on the vortex lines o
the tangle in the same way as it does on vortex lines
the uniform array of lines in rotation. We also neglect th
smaller, nondissipative part of the mutual friction force
Equation (2) is a key approximation about the superflu
turbulent state present in a nonuniform flow, and has be
recently discussed and tested by Tough [9].

The equations which govern the motion of the norm
fluid in the presence of the tangle are

rn
≠vn

≠t
1 rnvn ? =vn  2

rn

r
=p 2 rsS=T

1 m=2vn 2 Fns , (3)

and the incompressibility condition= ? vn  0, where
m is helium’s viscosity. The experiments indicate tha
the T-1 state is macroscopically [15] steady and that
exists at Reynolds numbers of the normal fluid in th
range from approximately 20 to 200, which is at lea
1 order of magnitude below the transition to turbulenc
in classical pipe flow [16]. It is therefore fair to assum
that the solution of the normal fluid [Eq. (3)] in theT -1
state is some time-independent laminar functionv0

n ; cor-
respondingly, the superfluid profile is some other functio
v0

s . Our aim is to determine the stability of the norma
fluid v0

n under the increasing forcing due to the tang
at higher and higher values ofL0. To achieve the aim,
we use standard linear stability theory.

We perturb the basic statev0
n by introducing small

disturbances which are proportional to a small parame
e. Then we enforce the condition that the total veloci
v0

n 1 ev 0
n is a solution to Eq. (3), neglect terms which

are proportional toe2, and subtract the equation satisfie
by the basic statev0

n . In order to compare results
from different experiments, it is convenient to write th
resulting linearized equation for the perturbationsv 0

n in
dimensionless form. To do so, we scale distances with
radiusR of the pipe and time with the viscous diffusion
time scaleR2ynn, wherenn  myrn is the normal fluid’s
kinematic viscosity. We have then

≠v 0
n

≠t
1 v 0

n ? =v0
n 1 v0

n ? =v 0
n  2=p0 1 =2v 0

n 2 bv 0
n ,

(4)
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where

b 
BrsG

3rnn
L0R2, (5)

and p0 is the rescaled efficient pressure. Equation (
must be solved together with= ? v 0

n  0 and the no-
slip boundary conditionsv 0

n  0 at r  1. We have no
direct information aboutv0

n , but we argue that in the first
approximationv0

n will be rather similar to the Poiseuille
profile vP . The argument is the following. Although we
do not know the precise shape of the superfluid veloc
v0

s , we can use the counterflow conditionj  0 to find
an approximate average value ofv0

s in terms of v0
n and

then solve (3). In the parameter regime of interest he
we find that the solutionv0

n differs only slightly from
the parabolic profilevP , the only difference being a mild
flattening of the shape [17]. It is therefore justified t
usevP as the approximate basic state which we perturb
the linear stability calculation. A similar approximation
to the basic state is used, for example, in the study
the stability of the flow between two rotating concentr
cylinders, when one determines the appearance of Tay
vortex flow by perturbing the azimuthal Couette veloci
profile while neglecting the small axial and radial flow
induced by the ends.

To solve Eq. (4) we make the standard assumption t
the perturbations have the dependence expsst 1 imf 1

ikzd. In this way, we obtain an eigenvalue problem for th
growth rates as a function of the dimensionless axial flow
Vax , the forcing parameterb, and the axial and azimutha
wave numbersk andm. If Ressd . 0, the basic flowv0

n
is unstable. Note that, ifb  0, the problem which we
consider reduces to an Osborne Reynolds’ classical pr
lem of the stability flow in a cylindrical pipe [15]; in this
case, we know that the flow is linearly stable, and the on
of turbulence which is observed in the experiments is d
termined by finite amplitude disturbances which can va
from one experiment to the other. The eigenvalue pro
lem is solved by using a Chebyshev collocation meth
[18]. We expand the perturbations over spectral functio
which satisfy both the boundary conditions and the regul
ity conditions on the axis (the latter depending both on t
particular variable in consideration and on the azimuth
wave number). The spectral functions are built usin
suitable combinations of Chebyshev polynomialsTjsrd of
degreej. The spectral expansions are truncated afte
sufficiently high numberN of terms and tested for spectra
accuracy. TypicallyN ranges from 20 to 30. The resulting
equations for the unknown coefficients in the spectral e
pansions form a matrix eigenvalue problem which is solv
using a NAG (Numerical Algorithms Group, Inc.) routine

We explore the parameter space and look for the m
ginal states, which are defined by the condition thats  0.
We find that axisymmetric perturbationssm  0d are al-
ways stable, but nonaxisymmetric modessm fi 0d can be-
come unstable ifb is large enough [19]. At any value of
Vax , if we increaseb, the first mode to become unstabl
4)
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is m  1, followed bym  2, m  3, etc. We consider
now the modem  1. For a given value ofk, we find
that there is a threshold valueb  bmin below which the
flow is always stable no matter what the value ofVax is;
at b  bmin a particular axial flowVax can destabilize the
perturbation of that particular wave numberk. We find
that the smallerk is, the larger the requiredVax becomes
(see Fig. 1). It is apparent from Fig. 1 that below a crit
cal valueb ø 13 no perturbation will grow. The critical
value is slightly larger, 14 rather than 13, ifVax , 10, but
in the first approximation we takebc2  13 as the stabil-
ity boundary.

From bc2 and Eq. (5), we compute the quantityD 
L

21y2
0 R21 that is the critical dimensionless tangle inten

sity which destabilizes the normal fluid. Geometricall
D is the average vortex line spacing expressed in units
the pipe’s radius. Note that, despite its simple geometri
meaning,D does not depend onT because of the compli-
cated temperature dependence of the terms which ente
definition ofb.

Figure 2 compares ourD to experimental measurement
[20] of the transition from the stateT -1 to the stateT -2
in cylindrical pipes. The quantitative agreement betwe
theory and experiments is very good, more so if one co
siders the relative simplicity of our model. It is not clea
how much significance should be attached to the slig
difference between the temperature dependence ofD and
the observations. This dependence arises from the v
ous terms on the definition ofb: Some of these terms,
individually, change rapidly with temperature, but, take
together, almost compensate each other, sob is sensitive
on the individual values. The large scatter of the da
suggests that more precise experiments are needed.
each experimental data set, the pipe’s diameterD  2R
and the critical Reynolds numbers Rec2 of the normal fluid
at the transition are indicated in the figure caption, whe
Rec2  ynRynn, yn  Wc2yrST , and Wc2 is the ob-
served critical heat flux. It is apparent that the agreem
between theory and observations covers a wide range
parameters.

FIG. 1. Stability boundary ofm  1 for different values of
axial wave numberk. The basic state is stable on the left o
each curve and unstable to the right.
4183
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FIG. 2. Transition betweenT-1 and T -2 states, comparison
between theory and experiments [20]. Solid line: theoretic
prediction; white circles: Ladneret al., D  0.0129 cm, Rec2
ranging from 35 to 131; black circles: Martin and Tough,D 
0.1 cm, Rec2 from 122 to 186; white squares: de Goeje and va
Beelen,D  0.139 cm, Rec2 from 26 to 272; black squares:
Marees and van Beelen,D  0.0216 cm, Rec2 from 33 to
61; white triangle: Marees and van Beelen,D  0.0133 cm,
Rec2  45; black triangles: Griswoldet al., D  0.0132 cm,
Rec2 from 111 to 128.

The good agreement between theory and experime
confirms that the basic physical mechanism of theT-1 to
T -2 transition is an instability of the normal fluid: As
the applied heat current increases, the increasingly de
vortex tangle leads to an instability of the laminar flow o
the normal fluid via bulk friction proportional to the vor
tex line densityL0. A natural future development of our
theory would be to include the back reaction of the vort
tangle on the instability itself, taking into account mor
details of the structure and the dynamics of the tang
beyond its densityL0. This development may clarify the
temperature dependence. The difficulty to overcome
the lack of a governing equation for the turbulent supe
fluid: Further modeling and the introduction of unknow
parameters may be required. One possibility may be
use Vinen’s dynamical equation [4] forL0. The alterna-
tive is a full scale 3-dimensional numerical simulation o
both the vortex tangle and the turbulent normal fluid, b
it would be an immense computational task.

In conclusion, we have addressed for the first time t
key issue of the stability of the normal fluid. The pictur
which results from our calculation is rather simple. In th
stateT-1, the superfluid is turbulent, but the densityL0 of
the superfluid vortex tangle is not sufficient to alter si
nificantly the laminar profile of the normal fluid. If we
increaseyns, eventually the line densityL0 becomes large
enough that atyns  yc2 a transition takes place and th
normal fluid is destabilized. The linear stability approac
cannot predict what happens to the normal fluid past
instability. But our model is closely related to the class
cal pipe flow problem, so we should expect that the norm
fluid becomes turbulent. This is supported by the expe
mental observation that there is a large increase of the di
pation foryns . yc2. TheT -2 state therefore correspond
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to turbulence ofboth the superfluid and the normal fluid
components. This is consistent with the good agreem
between Schwarz’s calculations and the measurement
the T -2 state: The uniform profilevn used by Schwarz
corresponds to the uniform turbulent profile in the pipe.
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