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Quantum Billiards with Surface Scattering: Ballistic Sigma-Model Approach
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Statistical properties of energy levels and eigenfunctions in a ballistic system with diffusive
surface scattering are investigated. The two-level correlation function, the level number variance
the correlation function of wave function intensities, and the inverse participation ratio are calculated
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The statistical properties of spectra of disordered d
fusive systems are now well understood. Using the s
persymmetrics-model approach it has been possible
demonstrate the relevance of the random matrix the
(RMT) and to calculate deviations from its prediction
both for the level [1–3] and eigenfunction [4–6] statistic
Generalization of these results to the case of a chaoticbal-
listic system (i.e., quantum billiard) has become a topic
great research interest. For ballistic disordered syste
the s model has been proposed [7], with the Liouvill
operator replacing the diffusion operator in the actio
It has also been conjectured that the sames model in
the limit of vanishing disorder describes statistical prope
ties of spectra of an individual classically chaotic syste
This conjecture was further developed in [8,9] where t
s model was obtained by means of energy averaging, a
the Liouville operator was replaced by its regularization—
the Perron-Frobenius operator.

However, a straightforward application of the resul
of Refs. [2–4,6] to the case of an individual chaot
system is complicated by the fact that the eigenvalu
of the Perron-Frobenius operator are unknown, while
eigenfunctions are extremely singular. For this reason
s-model approach has so far failed to provide explic
results for any particular ballistic system.

To overcome this difficulty, we consider a mode
of a billiard with surface disorder leading to diffusive
scattering of a particle in each collision with the boundar
This models behavior of a quantum particle in a bo
with a rough boundary which is irregular on the sca
of the wavelength. Since the particle loses memo
of its direction of motion after a single collision, this
model describes a limit of an “extremely chaotic” ballisti
system, with typical relaxation time being of order of th
flight time. (This should be contrasted with the case o
relatively slight distortion of an integrable billiard [10].)
One might naively think that all results for such a mod
could be obtained by settingl ø L in a system with bulk
disorder. In fact, the level statistics in a system with bu
disorder and arbitrary relation between mean free patl
and system sizeL were studied in [11]. However, our
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results are qualitatively different in some respects, wh
shows that systems with bulk and surface disorder
not equivalent. On the other hand, our findings are
agreement with general expectations for chaotic billiar
based on the trace formula treatment [12].

To simplify the calculations, we consider a circula
billiard. A similar problem was studied numerically in
Ref. [13] for a square geometry. We consider only t
case of unitary symmetry (broken time-reversal inva
ance); generalization to the orthogonal case is straig
forward. The level statistics for the same problem we
independently studied in Ref. [14].

Properties of the Liouville operator.—Our starting
point is thes-model for ballistic disordered systems [7
The effective action for this model has the form

Ffgsr, ndg ­
pn

4

Z
dr Str

µ
ivLkgsrdl 2

1
2tsrd

kgsrdl2

2 2yFkLU21n=Ul
∂

. (1)

Here a8 3 8 supermatrixg depends on the coordinater
and direction of the momentumn. The angular brackets
denote averaging overn: kO sndl ­

R
dn O snd with the

normalization
R

dn ­ 1. The matrixg is constrained by
the conditiongsr, nd2 ­ 1, and can be represented asg ­
ULU21, with L ­ diags1, 1, 1, 1, 21, 21, 21, 21d; see
[1,9] for more detailed definitions. Since we are interest
in the clean limit with no disorder in the bulk, the secon
term in the action (1) containing the elastic mean fr
time t is zero everywhere except at the boundary wher
modifies the boundary condition (see below).

Many statistical properties of energy levels [2,3] an
eigenfunctions [4,6] are governed by the structure of t
action in the vicinity of the homogeneous configuration
the g field, gsr, nd ­ L. Writing U ­ 1 2 Wy2 1 · · · ,
we find the action in the leading order inW ,

F0fWg ­ 2
pn

4

Z
dr dn StrfW21sK̂ 2 ivdW12g ,

(2)
where the indices1, 2 refer to the “advanced-retarded
decomposition of W , and the Liouville operator
© 1998 The American Physical Society 4161
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K̂ ; yFn=. This “linearized” action has the same
form as that of a diffusive system, with the diffusio
operator being replaced by the Liouville operator. Th
enables us to use the results derived for the diffusive c
by substituting the eigenvalues and eigenfunctions of
operatorK̂ for those of the diffusion operator.

The operatorK̂ should be supplemented by a bound
ary condition, which depends on the form of the surfa
roughness. As a model approximation we consider pur
diffusive scattering [15] for which the distribution func
tion wsr, nd of the outgoing particles is constant and
fixed by flux conservation:

wsr, nd ­ p
Z

sNn0d.0
sNn0dwsr, n0d dn0, sNnd , 0 .

Here the pointr lies at the surface, andN is an outward
normal to the surface. This boundary condition should
satisfied by the eigenfunctions ofK̂ .

The eigenvaluesl of the operatorK̂ corresponding to
angular momentuml obey the equation

J̃lsjd ; 21 1
1
2

Z p

0
du sinu expf2ilu 1 2j sinug

­ 0 , (3)

where j ; RlyyF , and R is the radius of the circle.
For each value ofl ­ 0, 61, 62, . . . , Eq. (3) has a set
of solutions jlk with jlk ­ j2l,k ­ j

p
l,2k, which can

be labeled with k ­ 0, 61, 62, . . . (even l) or k ­
61y2, 63y2, . . . (odd l). For l ­ k ­ 0 we havej00 ­
0, corresponding to the zero modewsr, nd ­ const. All
other eigenvalues have positive real part Rejlk . 0
and govern the relaxation of the corresponding classi
system to the homogeneous distribution in the pha
space.

The asymptotic form of the solutions of Eq. (3) fo
large jkj and/or jlj can be obtained by using the saddle
point method,

jkl ø
Ω

0.66l 1 0.14 ln l 1 0.55pik, 0 # k ø l ,
sln kdy4 1 pisk 1 1y8d, 0 # l ø k .

(4)

Note that fork ­ 0 all eigenvalues are real, while for high
values ofk they lie close to the imaginary axis and do no
depend onl (see Fig. 1).

Level statistics, low frequencies.—We define the level
correlation function in a standard way,

R2svd ­ sDV d2knse 1 vdnsedl 2 1 ,

where nsed is the density of states,D ­ sVnd21 is
the mean level spacing, andV ­ pR2 is the area. In
the range of relatively low frequencies (which for ou
problem meansv ø yFyR; see below) the function
R2svd quite generally has the form [2] (s ­ vyD)

R2ssd ­ dssd 2
sin2 ps
spsd2

1 A

µ
RD

pyF

∂2

sin2 ps . (5)
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FIG. 1. First 11 3 11 (0 # k, l , 11) eigenvalues of the
Liouville operatorK̂ in units of yFyR, as given by Eq. (3).

The first two terms correspond to the zero-mode appro
mation and are given by RMT, while the last one is th
nonuniversal correction to the RMT results. The inform
tion about the operator̂K enters through the dimensionles
constantA ­

P0

j
22
kl , where the prime indicates that th

eigenvaluej00 ­ 0 is excluded. The value ofA, as well
as the high-frequency behavior ofR2ssd (see below), can
be extracted from the spectral function [16]

Ssvd ­
X

l

Slsvd; Slsvd ;
X

k

slkl 2 ivd22. (6)

According to the Cauchy theorem,Sl can be represented
as an integral in the complex plane,

Slsvd ­

µ
R
yF

∂2 1
2pi

I
C

1
sz 2 ivRyyFd2

J̃ 0
lszd

J̃lszd
dz ,

where the contourC encloses all zeros of the function
J̃lszd. Evaluating the residue atz ­ ivRyyF , we find

Slsvd ­ 2sRyyFd2 d2

dz2

Ç
z­ivRyyF

ln J̃lszd . (7)

Considering the limitv ! 0 and subtracting the contri-
bution ofl00 ­ 0, we get

A ­ 219y27 2 175p2y1152 1 64ys9p2d ø 21.48 .
(8)

In contrast to the diffusive case, this constant is negati
the level repulsion is enhanced with respect to the res
for RMT. Equation (5) is valid as long as the correctio
is small compared to the RMT result, i.e., providedv is
below the inverse time of flight,yFyR.

Level statistics, high frequencies.—In the rangev ¿
D the level correlation function can be decomposed in
the smooth Altshuler-Shklovskii (AS) partRAS

2 svd ­
sD2y2p2d ReSsvd [16] and the partRosc

2 which oscillates
on the scale of the level spacing. Evaluating the asym
totic behavior ofSlsvd from Eq. (7), we find in the high-
frequency regime whenv ¿ yFyR,
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RAS
2 svd ­

µ
DR
yF

∂2µ yF

2pvR

∂1y2

cos

µ
4

vR
yF

2
p

4

∂
.

(9)

The oscillating part of the level correlation function
Rosc

2 ssd for frequenciesv ¿ D is given by [8]

Rosc
2 ssd ­ s1y2p2d coss2psdDssd , (10)

whereDssd is the spectral determinant,

Dssd ­ s22
Y

klfis00d
s1 2 isDylkld21s1 1 isDylkld21.

Since D22≠2 ln Dssdy≠s2 ­ 22 ReSsvd, we can restore
Dssd from Eqs. (6) and (7) up to a factor of the form
expsc1 1 c2sd, with c1 and c2 being arbitrary constants.
These constants are fixed by the requirement that Eq. (1
in the rangeD ø v ø yFyR should reproduce the low-
frequency behavior (5). As a result, we obtain

Dssd ­

µ
p

2

∂6 1
N

Y
l

1
J̃lsisN21y2dJ̃ls2isN21y2d

. (11)

HereN ­ syFyRDd2 ­ spFRy2d2 is the number of elec-
trons below the Fermi level. For high frequenciesv ¿
yFyR this yields the following expression for the oscillat-
ing part of the level correlation function:

Rosc
2 svd ­

p4

128

µ
DR
yF

∂2

cos

µ
2pv

D

∂
. (12)

It is remarkable that the amplitude of the oscillating pa
does not depend on frequency. This is in contrast
the diffusive case, where in the AS regime (v above
the Thouless energy) the oscillating partRosc

2 svd is
exponentially small [3].

The level number variance.—The smooth part of
the level correlation function can be best illustrated b
plotting the variance of the number of levels in an energ
interval of widthE ­ sD,

S2ssd ­
Z s

2s
ss 2 js̃jdR2ss̃d ds̃ , (13)

A direct calculation gives fors ø N1y2

p2S2ssd ­ 1 1 g 1 lns2psd 1 As2ys2Nd (14)

and fors ¿ N1y2

p2S2ssd ­ 1 1 g 1 ln
16N1y2

p2

2
p2

16

µ
2N1y2

ps

∂1y2

cos

µ
4s

N1y2
2

p

4

∂
. (15)

Here g ø 0.577 is Euler’s constant, andA is defined
by Eq. (8). The first three terms on the right-hand sid
of Eq. (14) represent the RMT contribution (curve 1 in
Fig. 2).

As seen from Fig. 2, the two asymptotics (14) and (15
perfectly match in the intermediate regime,s , N1y2.
0)

t
o

y

)

Taken together, they provide a complete descripti
of S2ssd. According to Eq. (15), the level numbe
variance saturates at the valueS

s0d
2 ­ p22f1 1 g 1

lns16N1y2yp2dg, in contrast to the behavior found fo
diffusive systems [16] or ballistic systems with weak bu
disorder [11]. The saturation occurs at energiess , N1y2,
or in conventional unitsE , yFyR. This saturation of
S2ssd, as well as its oscillations on the scale set by sh
periodic orbits, is expected for a generic chaotic billia
[12]. It is also in good agreement with the results fo
S2ssd found numerically for a tight-binding model with
moderately strong disorder on boundary sites [13].

Eigenfunction statistics.—Now we study correlations of
the amplitudes of an eigenfunction in two different point
Following Ref. [6], we define

asr1, r2, Ed ­ DV 2

*X
m

jcmsr1dcmsr2dj2dsE 2 emd

+
,

wherecm are the eigenfunctions corresponding to the exa
single-particle statesm. A calculation analogous to that o
Ref. [6] yields

asr1, r2, Ed ­ 1 1 Psr1, r2d , (16)

where P is the Green’s function of the opera
tor K̂ integrated over directions of momentum
Psr1, r2d ­

R
dn1 dn2 gsr1, n1; r2, n2d. Here g is a

solution of the equation

K̂gsr1, n1;r2, n2d

­
1

pn

∑
dsr1 2 r2ddsn1 2 n2d 2

1
V

∏
.

Direct calculation gives

Psr1, r2d ­ P1sr1, r2d 1 P2sr1, r2d , (17)

1 2 3 4

3

1

2
Σ

(s)

sN
-1/2

Σ2

2
(0)

FIG. 2. Level number varianceS2sEd as a function of energy;
s ­ EyD. Curve 1 shows the RMT result, while curves 2 an
3 correspond to asymptotic regimes of low (14) and high (1
frequencies. The saturation valueS

s0d
2 is given in the text.
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P1sr1, r2d ­ k̃dsr1 2 r2d 2 V 21
Z

dr0
1 k̃dsr0

1 2 r2d 2 V 21
Z

dr0
2 k̃dsr1 2 r0

2d 1 V 22
Z

dr0
1 dr0

2 k̃dsr0
1 2 r0

2d ;

P2sr1, r2d ­
1

4ppFR

X̀
k­1

4k2 2 1
4k2

µ
r1r2

R2

∂k

cosksu1 2 u2d ,
(18)
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wherek̃dsrd ­ 1ysppFjrjd, andsr , ud are the polar coor-
dinates. This formula has a clear interpretation. The fu
tion P can be represented as a sum over all paths lead
from r1 to r2, with possible surface scattering in betwee
In particular,P1 corresponds to direct trajectories fromr1

to r2 with no reflection from the surface. Hence, the ter
P1 is insensitive to the geometry of the system. It c
be obtained from the RMT-like conjecture that amplitud
of different wave functions are independent Gaussian v
ables [17]. More precisely, we find that the function [6,1
kdsr1 2 r2d ­ J2

0 spF jr1 2 r2jd is replaced in Eq. (18) by
its smoothed version,̃kdsr1 2 r2d ­ 1ysppFjr1 2 r2jd.
This is because our semiclassical approach is valid
scales much larger than the wave length. Thus, one
to replacek̃dsrd by kdsrd in the expression (18) forP1.
The contributionP2 is due to the surface scattering. Th
first term in the numerator4k2 2 1 comes from trajectories
with only one surface reflection, while the second sums
contributions from multiple reflections. A formula analo
gous to (16) was proposed recently for a generic cha
system [18].

Finally, we calculate the inverse participation rati
kP2l ; V 22

R
dr asr, rd, which characterizes the degre

of spatial uniformity of eigenfunctions. The RMT pre
diction for this quantityP

s0d
2 ­ 2yV is recovered from

Eqs. (16) and (18) if we take into account the first te
in the expression forP1, sincekds0d ­ 1. The leading
correction comes from the single-reflection contributi
to the termP2, and is equal to

dP2 ­ V 21s4ppFRd21 lnspFRd , P
s0d
2 N21y2 ln N .

In conclusion, we have used the ballistics-model ap-
proach to study statistical properties of levels and eig
functions in a billiard with diffusive surface scattering
which exemplifies a ballistic system in the regime
strong chaos. We have found that the level repulsion
the spectral rigidity are enhanced compared to RMT.
particular, the level number variance saturates at the s
of the inverse time of flight, in agreement with Berry
prediction for a generic chaotic system [12]. As anoth
manifestation of the strong spectral rigidity, the oscilla
ing part of the level correlation function does not vani
at large level separation. We have also considered
relations of eigenfunction amplitudes in different spat
points and calculated the deviation of the inverse part
pation ratio from the RMT value.
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