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Melting and Octupole Deformation of Na40
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The dynamics and electronic structure of the magic Na40 cluster are studied as a function of
temperature using anab initio molecular dynamics method. Na40 is found to undergo a structural
transition which can be identified as melting by traditional indicators. Melting transition was obser
in the region 300–350 K with a latent heat of melting of 11 meVyatom, which is 42% of the bulk
value. Octupole deformation is the dominating type of multipole deformations in the tempera
range studied (150–550 K). The stability of the deformation type is indicated by the persistently l
HOMO-LUMO gap, both in the solid and liquid phases. [S0031-9007(98)05983-3]

PACS numbers: 36.40.Cg, 36.40.Ei, 36.40.Mr
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Progress in experimental methods has made it possi
to study the solid-liquid transition of free metal cluster
[1,2]. In a recent study [2], the melting temperature an
latent heat of melting of Na1139 have been determined. It
can be expected that phase transitions of even sma
alkali metal clusters can be studied in the near future.

Theoretically, melting of finite systems has been studie
intensively during the past, and computer simulation
have given new information about structural transition
in various cluster types [3]. However, there are onl
a few theoretical studies on melting and isomerizatio
of sodium clusters even though sodium is an importa
reference system because it is well described with the j
lium model [4,5]. Some studies have used a tight-bindin
formulation of the Hamiltonian combined with Monte
Carlo [6] or molecular dynamics with a phenomenolog
cal many-body potential [7]. Simple model studies hav
been performed for sodium clusters with up to 800 atom
[8]. Röthlisberger and Andreoni [9] have performed Ca
Parrinello ab initio calculations of finite-temperature
properties of sodium clusters with 2–20 atoms. To dat
however, no detailed electronic structure calculation
dynamical properties of metal clusters has been repor
for sizes large enough that melting can be convincing
identified and separated from isomerization [2].

In this Letter we have studied the finite-temperatur
dynamics of Na40 including both electronic and struc-
tural properties with theab initio BO-LSD-MD (Born-
Oppenheimer, local-spin-density, molecular dynamic
method devised by Barnett and Landman, fully docu
mented in Ref. [10]. As the kinetic temperature of th
cluster is increased, the cluster undergoes a melti
transition, distinctly different from the structural isomer
ization observed in smaller alkali metal clusters [11], in
temperature region that agrees reasonably well with e
perimentally determined melting temperature of Na1

139 [2].
The octupole deformation is found to be the dominatin
type of multipole deformation at low temperatures and,
the cluster melts, it is further enhanced. This deformatio
results in the magic nature of Na40.
0031-9007y98y80(18)y3940(4)$15.00
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In the BO-LSD-MD method one solves the Kohn-Sha
(KS) one-electron equations for the single-electron sta
of the valence electrons of the system corresponding
a given nuclear configuration of the ions. From th
converged solution the Hellman-Feynman forces on t
ions can be calculated which, together with the classi
Coulomb repulsion between the positive ion cores, det
mine the total forces on the ions, according to which cla
sical molecular dynamics for the ions is performed. Th
fully converged solution for the electronic structure is o
tained for each successive ionic configuration, which e
sures that the positions of the ions are advanced in s
a manner that the whole system follows dynamics on t
Born-Oppenheimer energy surface. The current imp
mentation uses plane waves combined with fast Four
transform techniques as the basis for the one-electron w
functions and norm-conserving, nonlocal, separable [1
pseudopotentials by Troullier and Martins [13,14] to d
scribe the valence electron-ion interaction, and the LS
parametrization by Vosko, Wilk, and Nusair [15].

The shape of the cluster was analyzed in terms o
multipole expansion [16]. The strength of each multipo
component was determined by using dimensionless sh
parametersSl defined as

Sl 
lX

m2l

jalmj2 
lX

m2l

4ps2l 1 1d
9r2l

s N2ly312 jQlmj2, (1)

where the multipole momentsQlm are defined as

Qlm 

s
4p

2l 1 1

Z
d3r rlYlmsu, fdnsrd , (2)

whereYlm is a spherical harmonic,nsrd is the valence elec-
tron density, andrs is the density parameter of the electro
gas. The details of this formulation are presented in [1
When defined in this way, all possible values ofm are
included in eachSl, making it rotationally invariant. The
shape parameters are calculated during a molecular dyn
ics run for l  2, 3, and4, corresponding to quadrupole
© 1998 The American Physical Society
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octupole, and hexadecupole deformations of the clust
respectively.

In the present study, the kinetic temperature of the clu
ter was slowly raised by scaling the velocities of the ion
As a starting configuration, we used 40 atoms having icos
hedral structure; a 55 atom complete icosahedron minus
of the 12 corner atoms and one (111) facet. This is the m
spherical structure one can construct for 40 atoms ha
ing icosahedral structure. This structure soon transform
into an energetically more favorable structure which
described later in this paper. The cluster was heated l
early from 150 to 400 K at a heating rate of 5 Kyps and,
for comparison, from 250 to 400 K at a heating rate o
2.5 Kyps. One should note that these heating rates a
still so high that a true thermal equilibrium is not reache
during the simulations. Here we concentrate on the resu
of the 5 Kyps heating run. In addition, a constant energ
simulation of the cluster at approximately 550 K was pe
formed to study the properties of the cluster at a high
temperature.

Figure 1(a) shows the mean square displacement of
atoms,R2std 

PN
i1 jristd 2 ris0dj2yN , as a function of

time (temperature), calculated with respect to their pos

FIG. 1. (a) Mean square displacement of Na40 cluster and
(b) potential energy of Na40; (c) Na8 cluster as a function of
time (temperature) in the heating run of 5 Kyps.
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tions atT  190 K. The mean square displacement sta
to increase approximately at 300 K. The approximate d
fusion coefficient in the temperature region 300–400
is 0.2 3 1024 cm2ys, which is comparable to a typica
bulk liquid diffusion coefficient of1025 to 1024 cm2ys.
For comparison, we obtained for Na40 a value of0.5 3

1024 cm2ys at 550 K, and Röthlisberger and Andreoni [9
deduced a value of0.5 3 1024 cm2ys for Na20 at 640 K.
Figure 1(b) shows the time evolution of the potential e
ergy. The curve is constructed by averaging each d
point, taken every time step (5 fs), over a time period
0.5 ps to display the principal features. When compa
with Fig. 1(a), one can see that the potential energy
creases by approximately 11 meV per atom around
temperature where the mean square displacement star
increase. Even though the curve shows large fluctuati
after the transition, reflecting the broadening of the tra
sition in this finite system (and the fact that the therm
average is not reached), it is evident that it has reache
level and slope different from those in the low-temperatu
solid phase.

For comparison, Fig. 1(c) shows the potential ener
curve for Na8 [17], heated at the same rate and the da
averaged in the same way as for Na40. Unlike in the case
of Na40, the curve shows no transition region taking th
potential energy of the cluster to a higher level. Na8 is
found to visit isomers lying higher in energy, but is no
observed to remain there. The difference between
curves 1(b) and 1(c) shows that, below the bulk melti
temperature of 371 K, Na40 shows a rounded transition
that can be identified as melting, while Na8 exhibits only
isomerization.

In a bulk system, the melting transition is conventio
ally detected with a discontinuity in the caloric curve
a certain temperature. Another criterion for the meltin
transition is the difference between the behavior of t
mean square displacement in solid and liquid phases:
the solid phase, the mean square displacement fluctu
around a constant value, but in liquid phase it has a c
stant positive slope. In a finite system, the transition
rounded [18] and, instead of exhibiting a single meltin
temperature, the system has a finite-temperature regio
which it can exist in either solid or liquid phase, the prob
bility of the other vanishing exponentially as the regio
boundary is approached. As the cluster is heated linea
at a finite rate, the melting transition may happen an
where in the melting region in a single simulation. Bas
on our simulations, we can, however, present a reason
estimate for the range of the melting region.

The heating simulation of Na40 was repeated using a
heating rate of 2.5 Kyps. With this heating rate, the
cluster was observed to melt at about 350 K, exhibiting t
same diffusion coefficient and latent heat of melting as
the simulation done with 5 Kyps. On the basis of these
calculations, we conclude that the width of the meltin
region for Na40 is at least 50 K.
3941
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Below the transition region, the potential energy curve
linear and yields a constant heat capacity of 0.25 meVyK
per atom for both heating rates. Theoretically, Poteauet al.
[6] obtained for the heat capacity for Na8 0.23 meVyK and
for Na20 0.25 meVyK, while the heat capacity of Na1

139
was experimentally determined to be 0.23 meVyK [2].
These values are comparable with the Dulong-Petit va
0.26 meVyK. Although the statistics of our simulations is
not good enough to determine an accurate caloric cur
both heating simulations resulted in the same latent hea
melting of 11 meV per atom for Na40. Schmidtet al. [2]
obtained 14 meV per atom for Na1

139. These are much
smaller than the bulk value 27 meV per atom [19] due
the large surface-to-volume ratio.

Figure 2 shows the density of Kohn-Sham single
electron states as a function of energy at different te
perature regions. The density of states for the spheri
starting configuration is displayed in Fig. 2(a). The ele
tronic structure is consistent with the spherical jellium
picture [4,5], exhibiting large energy gaps at 8, 20, an
40, and small but clear gaps at 18 and 34. Figure 2(
shows the density of states before and after meltin
As the cluster melts, the shells are broadened but

FIG. 2. Density of KS states for (a) initial “spherical” cluster
(b) octupole-deformed solid (solid curve) and melted (dash
curve) cluster, and (c) liquid cluster at 550 K. The vertica
dotted line denotes the HOMO-LUMO gap. Also, the shel
closing electron numbers are shown in (a).
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principal features remain the same. The HOMO-LUM
(highest occupied molecular orbital–lowest unoccupi
molecular orbital) gap remains broad, approximate
0.4 eV. Figure 2(c) shows the density of states at 550
where the shell structure is still recognizable.

After 5 ps of heating, at about 175 K, the cluster w
observed to transform into an energetically more favora
structure [Figs. 1(b) and 3]. It contains three decahedra
top of each other, rotatedpy5 radians with respect to each
other. The rest of the atoms are distributed around
decahedra at sites determined by the fivefold symme
This structure is 13 meVyatom lower in energy than the
icosahedral starting configuration and is observed to p
sist at all temperatures below the melting transition.
relative stability with respect to the icosahedral structu
is also indicated by the change in the KS energy leve
The jellium-type gaps at 18 and 34 are observed to n
row while the HOMO-LUMO gap is broadened [compar
Fig. 2(a) and the solid curve in Fig. 2(b)]. It is undoub
edly a stable structure for Na40 at low temperatures.

The evolution of the shape parametersSl , l  2 4, is
shown in Fig. 4. At the beginning of the simulation, allSl

values are relatively small, reflecting the spherical sha
As the cluster finds the low-energy structure of Fig. 3, t
octupole deformation is enhanced with respect to quad
pole and hexadecupole deformations. At the melting tra
sition region, the octupole deformation is further enhanc
and, in fact, its average value is doubled. This is in agr
ment with the calculations of Hamamotoet al. [20], done
with a modified oscillator model, indicating that the oc
tupole deformation is significant for Na40, and should
dominate over the spherical shape. At 550 K, the octup
deformation still persists as the dominating deformati
type (not shown).

It has been shown before [21] that small liquid alka
clusters can have strong deformation stabilized by the s
structure. It is interesting to note that Na40 spontaneously
octupole deformsat relatively low temperature and the en
ergy difference between a spherical and octupole-deform
structure is so clear [see the beginning of the poten
energy curve in Fig. 1(b)]. The octupole deformation d
minishes the energy gap at 34 electrons and increases
HOMO-LUMO gap. This is the main reason for 40 bein

FIG. 3. Structure of the octupole-deformed low-temperatu
cluster, shown from two mutually orthogonal directions. Th
structure is obtained by averaging the atomic positions o
1.5 ps at approximately 190 K.
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FIG. 4. Shape parameter vs temperature for quadrupole (l 
2, lower solid curve), octupole (l  3, higher solid curve) and
hexadecupole (l  4, dotted curve) deformation.

a strong magic number instead of 34, and confirms earl
anticipations [22].

Schmidtet al. [2] obtained for Na1139 a melting tempera-
ture of 267 K, which is below the melting temperatures 30
and 350 K obtained here for the two simulations of Na40.
This may be caused by the electronic stability of Na40

and also the stabilizing effect of the octupole deformatio
It also suggests that the melting temperature of sodiu
cluster is not a monotonous function of atomic numbe
but instead the stabilizing effect of the electronic structu
may raise the melting temperature considerably for smal
magic clusters.

In summary, we have studied melting, multipole defo
mations and electronic structure of sodium cluster with 4
atoms using the BO-LSD-MD method. Na40 is observed
to exhibit a rounded melting transition at about 300–350
with a latent heat of melting of 11 meVyatom, contrary to
the mere isomerization observed in smaller alkali cluste
These results agree well with a recent experiment on Na1

139
[2]. At the wide temperature range of our study, Na40 is
found to be dominantly octupole deformed. The HOMO
LUMO gap remains broad at temperatures below 400
displaying the electronic stability of the cluster.

This work is supported by the Academy of Finland.
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