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Energy Spectra of Cosmic Rays Accelerated at Ultrarelativistic Shock Waves
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Energy spectra of particles accelerated by the first-order Fermi mechanism are investigate
ultrarelativistic shock waves, outside the range of Lorentz factors considered previously. For pa
transport near the shock a numerical method involving small amplitude pitch-angle scattering is ap
for flows with Lorentz factorsg from 3 to 243. For largeg shocks a convergence of derived energy
spectral indices up to the values` ø 2.2 is observed for all considered turbulence amplitudes an
magnetic field configurations. Recently the same index was derived forg-ray bursts by Waxman
[Astrophys. J. Lett.485, L5 (1997)]. [S0031-9007(98)05784-6]

PACS numbers: 98.70.Sa, 98.70.Rz
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In currently favored gamma-ray burst (GRB) mode
optically thin emitting regions move relativistically, with
Lorentz factors of order of a few hundreds (cf. a revie
[1]). The power-law form of the spectrum often observe
at high photon energies suggests the existence of n
thermal population of energetic particles. It was als
proposed that GRB sources may produce cosmic ray p
ticles with extremely high energies [2]. Thus modeling o
burst sources requires a discussion of particle accelera
processes, possibly Fermi acceleration at ultrarelativis
shock waves.

The work of Kirk and Schneider [3] opened th
problem of cosmic ray acceleration at relativistic sho
waves for quantitative consideration. Substantial progre
since that time (e.g., Heavens and Drury [4], Kirk an
Heavens [5], Begelman and Kirk [6], Ostrowski [7]
Bednarz and Ostrowski [8]; for a review, see Ostrows
[9] and Kirk [10]) clarified a number of issues relate
to shock waves with velocities reaching0.98c or the
Lorentz factorg . 5, but —to our knowledge—no one
has attempted to discuss particle acceleration at sho
moving with ultrarelativistic velocities characterized wit
large factorsg ¿ 1.

The main difficulty in modeling an acceleration proce
at shocks with largeg is the fact that involved particle
distributions are extremely anisotropic in shock, with th
particle angular distribution opening angles,g21 in the
upstream plasma rest frame. When transmitted dow
stream the shock particles have a limited chance to
scattered so efficiently to reach the shock again, but
energy gain of any such “successful” particle can be co
parable to its original energy. As pointed out by Bedna
and Ostrowski [8] any realistic model of particle scatterin
at magnetohydrodynamic turbulence close to the relativ
tic shock cannot involve large-angle pointlike scatterin
The choice is either to integrate exactly particle equatio
of motion in some “realistic” structure of the perturbe
magnetic field, or to use a small-angle scattering mod
for particle momentum. With the angular scattering am
plitude DV ø g21 and the mean scattering timeDt not
too short [Dt $ TgsDVd2, whereTg is the particle gyra-
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tion period], the last model reproduces the pitch-angle d
fusion process at small amplitude waves. We prefer th
approach to the exact integration of equations of moti
of a particle because of its relative simplicity. It is als
suggested that it can be reasonably used for modeling p
ticle trajectories in turbulent fields with large amplitude
if small Dt f# TgsDVd2g is involved. Below, a hybrid
method involving the small amplitude pitch-angle scatte
ing is applied for a particle transport near the shock f
flows with Lorentz factorsg from 3 to 243.

I. Numerical simulations.—In the present considera-
tions we model a process of cosmic ray particle acc
eration by applying the following Monte Carlo approac
(cf., e.g., [8]). Energetic seed particles are injected at t
shock and each particle trajectory is followed using n
merical computations until it escapes through the free e
cape boundary placed far downstream from the shock
it reaches the energy larger than the upper energy lim
at Emax ­ 1010E0 (E0 —initial energy). Simulations are
continued until one obtains the power-law spectrum
the full rangesE0, Emaxd (cf. [7,8]). All computations are
performed in the respective—upstream or downstream
plasma rest frame. Each time when the particle cros
the shock its momentum is Lorentz transformed to the r
spective plasma rest frame and, in the shock normal r
frame (cf. [6]; henceforth “shock rest frame”) the respe
tive contribution is added to the given momentum bin
the particle spectrum. In the simulations we use a simp
trajectory splitting technique. All particles are injecte
into simulations with the same initial weight factors 1.0
When some particles escape through the boundary, we
place them with ones arising from splitting the remainin
high-weight particles in a way to preserve its phase spa
coordinates, but ascribing only a half or a smaller respe
tive part of the original particle weight to each of the re
sulting particles. For any particle crossing the shock
factor is added to the simulated spectrum in the shock r
frame equal to the particle weight divided by its velocit
component normal to the shock.

Efficient particle scattering with a very smallDV re-
quires derivation of a large number of scattering acts a
© 1998 The American Physical Society 3911
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the respective numerical code becomes extremely tim
consuming. In order to overcome this difficulty in the
present simulations we propose a hybrid approach invo
ing very smallDV1 søg21d close to the shock, where the
scattering details play a role, and much larger scatteri
amplitudeDV2 ­ 9± to describe particle diffusion further
away from the shock. The respective scaling of the sc
tering timeDt is performed in both casessDV

2
1yDt1 ­

DV
2
2yDt2d to mimic the same turbulence amplitudes mea

sured by the values of the cross-field diffusion coefficien
k', and the parallel diffusion coefficient,kk.

For a few instances we checked the validity of thi
approach by reproducing the results for the smallDV1

everywhere. In the present simulations we assume
same scattering conditions upstream and downstre
from the shock (the samek' and kk in the units
of rgc, where rgc is the particle gyration radius in
the unperturbed background magnetic field), preservi
particle energy at each scattering in the plasma rest fram
In the simulations we considered a few configurations
the upstream magnetic field, with inclinations with respe
to the shock normal beingc ­ 0±, 10±, 20±, 30±, 60±,
and 90±. The first case represents the parallel shock, t
second is for the oblique shock—subluminal (i.e., wit
the shock velocity projection at the magnetic field wit
slower than light velocity) atg ­ 3 and a superluminal
one at largerg, and the largerc are for superluminal
perpendicular shocks for all velocities. The downstrea
magnetic field is derived for the relativistic shock with
the compressionR obtained with the formulas of Heavens
and Drury [4] for a coldse, pd plasma—R ø 3.6 for our
smallest value ofg ­ 3 and tends toR ­ 3 for g ¿ 1,
as measured in the shock rest frame.

II. Results.—Particle spectral indices were derived fo
different mean magnetic field configurations, measur
by the magnetic field inclinationc with respect to the
shock normal in the upstream plasma rest frame, and
different amounts of turbulence measured byk'ykk.

In successive panels in Fig. 1 the energy spect
indices,s, for varying c andk'ykk are presented. For
a parallel shocksc ­ 0±d the amount of scattering does
not influence the spectral index and for growingg it
approachess` . 2.2. One may note that essentially
the same limiting value was anticipated for the large-g

parallel shocks by Heavens and Drury [4]. The results f
c ­ 10± are for superluminal shocks ifg . 5.75.

In this case, when we go from the “slow”g ­ 3
shocks to higherg ones, at first the spectrum inclination
increases (s grows), but at largeg the spectrum flattens
to approach the asymptotic value close to 2.2. Th
spectrum steepening phase is more pronounced for sm
amplitude perturbations (smallk'ykk), but even at very
low turbulence levels the final range of the spectru
flattening is observed. For largerc the situation does
not change considerably, but the phase of spectru
steepening is wider, involving larger values ofs and
starting at smaller velocities, below the lower limit of ou
3912
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FIG. 1. The simulated spectral indicess for particles accel-
erated at shocks with different Lorentz factorsg. Results for
a given k'ykk are joined with lines; the respective value o
log10 k'ykk is marked by the point shape (see upper pan
The results for different magnetic field inclinationsc are
given in the successive panels: (a)c ­ 0±, (b) c ­ 10±, and
(c) c ­ 90±.

considerations (there may be no such range involving
small steepening phase if the required velocity is bel
the sound velocity). The spectral indices for differe
magnetic field inclinations, but for the same value
log10sk'ykkd ­ 23.44, are presented in Fig. 2.

The large spectral indices occurring in the steepen
phase are usually interpreted as a spectrum cutoff. In
case the main factor increasing the particle energy den
is a nonadiabatic compression in the shock [6]. The p
ticle angular distributionsFsmd in the considered shock
can be extremely anisotropic when considered in the
stream plasma rest frame. However, when presente
the shock rest frame the distribution is always “mildly
anisotropic. This feature is illustrated in Fig. 3 forg

equals 3 or 27 (note that in Figs. 3–6 the area below e
curve is normalized to 100). In simulations we observ
an interesting phenomenon accompanying previously
cussed spectrum convergence to the limiting inclinatio
spectra close to the limit exhibit similar angular di
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FIG. 2. The simulated spectral indicess for particles accel-
erated at shocks with different Lorentz factorsg. Results for
a given upstream magnetic field inclinationc are joined with
dashed lines; the respective value ofc is given near each curve.
The valuel ; log10sk'ykkd is given in the figure.

FIG. 3. The simulated particle angular distributions in th
shock in different coordinate frames: UP: the upstream plasm
rest frame, DOWN: the downstream plasma rest frame, a
SHOCK: the shock rest frame. The results are presented
parallel shocks with the Lorentz factors 27 and 3 given ne
the respective curves. In the upper panel the left axis is f
g ­ 27 and the right one forg ­ 3.
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tributions at the shockas measured in the shock res
frame (Fig. 4). Again, this feature is independent of th
background conditions, and the difference between t
actual angular distribution and the limiting one reflec
the difference between the spectral indexs and s`

(cf. Fig. 5). For parallel shocks withg $ 9, where
the spectral index is essentially constants ­ s`, this
distribution is independent of the value ofg and the
perturbation amplitudek'ykk (Fig. 6).

III. Discussion.—For largeg shocks we observe the
convergence of the derived energy spectral indices to
values` ø 2.2, independently of background conditions
This unexpected result providing a strong constraint f
the acceleration process in largeg shocks requires a more
detailed analysis. Particularly, the acceleration process
the superluminal shocks has to be clarified in the presen
of the small amplitude turbulence.

The inspection of particle trajectories reveals a simp
picture of acceleration. Cosmic ray particles are wand
ing in the downstream region with the shock wave movin
away with the mildly relativistic velocityøcy3. Some of
these particles succeed to reach the shock, but then they
main in the upstream region for a very short time—bein
very close to the shock—due to large shock velocityøc.
This scenario is essentially equivalent to the picture i
volving particles reflecting in a nonelastic way from th
receding wall.

For large g shocks any particle crossing the shoc
upstream has a momentum vector nearly parallel
the shock normal (cf. Ostrowski [7]); e.g., forg ­ 243
the momentum inclination must be smaller thanumax ø
0.24±. If the scattering or the movement along th
curved trajectory increases this inclination above the me
tioned limiting value the particle tends to recross th
shock downstream. One should note that even a tiny
comparable toumax—angular deviation in the upstream
plasma sDuUd can lead to large angular deviation fo
g ¿ 1 as observed in the downstream rest frame.

FIG. 4. Examples of the shock rest frame particle angul
distributions for different cases withs close tos`.
3913
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FIG. 5. The shock rest frame particle angular distributions fo
g ­ 27 and c ­ 30±. Curves are presented for increasing
l ; log10 k'ykk and s approachings`. The last curve is
the same as curve (b) in Fig. 4.

The phenomenon of decreasings to s` at constant
l and for growingg results fromslower diminishing of
the part of DuU caused by scattering in comparison to
DuU arising due to trajectory curvaturein the uniform
field component. In this way the magnetic field structur
defined byc becomes unimportant, at least forg ! `

(one should also note that the downstream field inclinatio
approaches 90± if c fi 0 and g ¿ 1). As a result
particles crossing the shock downstream are scatte
in a wide angular range with respect to the shoc
normal, providing some particles with the trajectory phas
parameter allowing for recrossing the shock upstrea
even for the perpendicular magnetic field configuration
Our interesting finding, not fully explained with such
simple arguments, is of the belief that the resultin
spectral index is the same for oblique and parallel shock

We also observe that when approaching the limitin
value of the spectral index the mean particle energy ga

FIG. 6. The shock rest frame particle angular distributions fo
parallel shocks withg ­ 3, 9, 27, 81, and 243. A visible
deviation of the distribution forg ­ 3 (full line) results from
the slightly larger compression occurring in such a shock.
3914
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kDEyEl in the cycle “upstream-downstream-upstream
reaches a value close (slightly above) to 1.0, much sma
than a factorg2 expected for a model involving a large
angle pointlike scattering. Thus the particle accelerati
time scale, as measured in the downstream plasma
frame, can be roughly estimated as a fraction of t
gyration time in this region.

IV. Final remarks.—The presented results are to be ap
plied in models of GRB sources involving ultrarelativisti
shock waves. One should note that the mean downstre
plasma proton energies can reach there several tens
GeV (cf. Paczyn´ski and Xu [11]) and the lower limit of
the considered cosmic ray energies has to be larger t
this scale. For shocks propagating inse2, e1d plasma the
involved thermal energies are lower,,g MeV. These es-
timates provide the respective lower limits for the acce
erated cosmic ray particles. For the physical conditio
considered in GRB sources the acceleration process
provide particles with much larger energies, limited on
by the condition that the energy loss processes (radiati
or due to escape) are ineffective in the downstream gy
period time scale. We note a striking coincidence of o
limiting spectral index with the value2.3 6 0.1 derived
for energetic electrons from gamma-burst afterglow o
servations [12].

Our derivations are limited to the test particle approac
However, as the obtained spectra are characterized w
s . 2.0, any nonlinear back reaction effects are n
expected to affect the acceleration process within t
spectrum high energy tail withs ø s`.

The present work was supported by theKomitet Badan´
Naukowychthrough Grant No. PB 179yP03y96y11.
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