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The traditional basis of description of the many-particle systems in terms of the Green functions is
here generalized when the system is nonextensive by incorporating the Tsallis form of the density
matrix, indexed by a nonextensive parameter,q. This extension enables us to predict possible
experimental tests for the validity of this framework by expressing some observable quantities in terms
of the q averages. [S0031-9007(98)05936-5]
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Ever since Tsallis [1,2] proposed his maximumq en-
tropy for examining nonextensive systems by employin
q-mean values so as to obtain thermostatistics abou
decade ago, it has spawned a large number of investi
tions on a wide variety of topics in this subject. Here w
cite a representative set of such works of current intere
in physics: Lévy superdiffusion [3] and anomalous co
related diffusion [4], turbulence in two-dimensional pur
electron plasmasq ­ 1y2d [5], dynamic linear response
theory [6], perturbation and variation methods for calcu
lation of thermodynamic quantities [7], thermalization o
electron-phonon systemsq . 1d [8], low-dimensional dis-
sipative systemssq , 1d [9], and some astrophysical ap-
plications [10]. In this list given here, theq values were
either fitted to experiment or obtained from compute
simulation or from theoretical model calculation. Th
purpose of this paper is to generalize the thermodynam
Green function theory of the quantum statistical mecha
ics of many-particle systems [11] when they are nonexte
sive in thisq formalism. This generalization then lead
us to propose possible experimental tests of nonextens
features predicted in such a formalism by calculating me
surable quantities such as momentum distribution functi
for electrons measurable in a positron annihilation an
x-ray Compton scattering experiments [12], Bose conde
sation in confined small number of atoms [13], and cro
sections for scattering by external probes, such as n
trons, photons, etc. [14], in terms of theq-mean values.

We adopt the second-quantized particle-creation a
annihilation operators in the Heisenberg representation
in Kadanoff and Baym (KB) [11] to describe a many
particle system whose Hamiltonian operator isĤ and
whose number operator iŝN . In this way we describe the
nonextensive systems at arbitrary temperatures, and
boson or fermion systems in equilibrium by maximizing
the Tsallis entropySq ­ s1 2 Trr̂qdysq 2 1d, Trr̂ ­ 1,
r̂ is the system density matrix, subject to the constrain
of fixed q-mean valueskĤlq ­ TrĤr̂q, kN̂lq ­ TrN̂r̂q.
Thus, we define the one-particleq-Green function,
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Gsqds1, 10; b, md ­
1
ih̄

kTfCs1dCys10dglq

;
1
ih̄

TrP̂sĤ, N̂ ; q, b, md

3 TfCs1dCys10dg , (1)

where

P̂sĤ, N̂ ; q, b, md ­ f1 2 bs1 2 qd

3 sĤ 2 mN̂dgqys12qdysZqdq, (2)

Zq ­ Trf1 2 bs1 2 qd sĤ 2 mN̂dg1ys12qd.

Equation (2) is the consequence of the Tsallis e
tropy maximization stated above. Hereb and m

are the Lagrange multipliers associated with the tw
constraints and have the same significance as inve
temperature and chemical potential in the usual d
scription. Here 1 refers to the space-time of a partic
at s$r1, t1d, and T is the usual Wick time-ordering
symbol TfCs1dCys10dg ­ Cs1dCys10d for t1 . t0

1 and
6Cys10dCs1d for t1 , t0

1. The creationCys $r 0, t0d and
annihilationCs$r , td operators obey the canonical commu
tation rules (CCR) at equal times:fCs$r , td, Cs $r 0, tdg7 ­
fCys $r 0, td, Cys$r, tdg7 ­ 0, and fCs$r, td, Cys $r 0, tdg7 ­
ds$r 2 $r 0d, where fÂ, B̂g7 ; ÂB̂ 7 B̂Â. In the above
and in subsequent analysis, the upper sign refers
bosons and the lower to fermions. The definitions fo
other multiparticleq-Green functions follow in the same
fashion. We may also note that the conventional gran
canonical ensemble results given in KB are obtaine
when we take the limitq ­ 1 in these expressions.

There is a useful trick to calculateZq in terms of a
parametric integral over the usual grand canonical pa
tition function, Z1 ­ Tr expf2bsĤ 2 mN̂dg which now
depends on the parameter multiplied by a kernel. Th
first such proposal by Hilhorst (private communication t
Tsallis [15]) was valid forq . 1, which was extended
for q , 1 by Prato [16]. We employ here a contour
© 1998 The American Physical Society 3907
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integral representation from which the above represe
tations as well as others are obtained by suitable defo
mation of the contour [17]. We express theq-Green
function in terms of a parametric integral over a dif
ferent form of the kernel multiplied by the usual grand
canonical Green function which now depends on th
parameter. The general contour integral form is [18
ib12z

R
Csduy2pde2ubs2ud2z ­ 1yGszd, where the con-

tour C starts from1` on the real axis, encircles the ori-
gin once counterclockwise and returns to1`, and here
Re z . 0. By takingb ­ 1 2 s1 2 qdbsĤ 2 mN̂d and
z ­ 1 1 1ys1 2 qd, we obtain the expression forZq, and
by taking z ­ 1ys1 2 qd, we obtain the corresponding
expression for theq-Green function,

Zqsb, md ­
Z

C
du K s1d

q sudZ1sss2bus1 2 qd, mddd , (3)

Gsqds1, 10; b, md ­
Z

C
du K s2d

q sudZ1sss2bus1 2 qd, mddd

3 Gs1dsss1, 10; 2bus1 2 qd, mddd , (4)

K s2d
q sud ­ 2

s1 2 qdu
sZqdq K s1d

q sud

­ i
Gsss1ys1 2 qdddd

2psZqdq e2us2ud21ys12qd. (5)
h
i

n
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Gs1ds1, 10; b, md is the usual grand canonical one-partic
Green function given in KB. Similar expressions hold f
the multiparticleq-Green functions. Also the dynami
linear response function derived in [6] will be reexpress
in terms of the parametric integral over the usual tim
response functions [11]. It should be noted that in
subsequent analysis the choice of the deformations of
contour in theu integration is such that the resultin
integrals are all convergent and this feature gives us
conditions onq discussed in detail by Lenzi [17].

Following KB, introduce correlation functions
G

sqd
. s1, 10; b, md ­ s2iyh̄d kCs1dCys10dlq and G

sqd
, s1, 10;

b, md ­ s7iyh̄d kCys10dCs1dlq. The notation .

and , is intended to exhibit the feature tha
Gsqds1, 10; b, md ­ G

sqd
. s1, 10; b, md for t1 . t0

1 and
Gsqds1, 10; b, md ­ G

sqd
, s1, 10; b, md for t1 , t0

1. Using
(4), we may similarly expressG

sqd
. and G

sqd
, in terms of

the corresponding grand canonical correlation functio
The spectral weight function in frequency space by tak
the Fourier transform with respect to time differenc
As$r1, $r 0

1; vd introduced in KB reflects only the propertie
of the HamiltonianĤ. The average occupation numb
in the grand canonical ensemble of a mode with ene
v, fsv, bd ­ fexpsssbsv 2 mdddd 7 1g21, takes account
of the basic permutation symmetry of the system. W
can thus expressG

sqd
. andG

sqd
, in terms of the following:
ih̄G
sqd
. s$r1, $r 0

1; v; b, md ­
Z

C
du K s2d

q sud f1 6 fsssv, 2bus1 2 qd, mdddgAs$r1, $r 0
1; vdZ1sss2bus1 2 qd, mddd , (6)

ih̄G
sqd
, s$r1, $r 0

1; v; b, md ­ 6
Z

C
du K s2d

q sudfsssv, 2bus1 2 qd, mdddAs$r1, $r 0
1; vdZ1sss2bus1 2 qd, mddd , (7)

ih̄fGsqd
. s$r1, $r 0

1; v; b, md 2 G
sqd
, s$r1, $r 0

1; v; b, mdg ­
Z

C
du K s2d

q sudAs$r1, $r 0
1; vdZ1sss2bus1 2 qd, mddd . (8)

We deduce from (8) an important sum rule

ih̄
Z `

2`

dv

2p
fGsqd

. s$r1, $r 0
1; v; b, md 2 G

sqd
, s$r1, $r 0

1; v; b, mdg ­ ds$r1 2 $r 0
1d k1lq ; ds$r1 2 $r 0

1d f1 1 s1 2 qdSqg , (9)
t

e

ed

es.
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where we have made use of the sum rule for the spec
weight given in KB and expressedk1lq in terms of the
Tsallis entropy,Sq ­ f1 2 TrP̂sĤ, N̂; q, b, mdgysq 2 1d.
This is just an expression of the equal time CCR of t
particle fields. For a uniform system, we can take Four
transforms with respect to$r1 2 $r 0

1 in Eq. (7) and express
the one-particle momentum distribution functionkN̂s $pdlq

in terms of the spectral weight function of theN-particle
system,

kN̂s $pdlq ­ 6
Z

C
du K s2d

q sud
Z `

2`

dv

2p

3
As $p; vdZ1sss2bs1 2 qdu, mddd

e2bs12qdusv2ud 7 1
. (10)

Similarly the one-particle frequency distribution functio
kN̂svdlq is given by
ral

e
r

kN̂svdlq ­ 6V
Z

C
du K s2d

q sud
Z1sss2bs1 2 qdu, mddd
e2bs12qdusv2md 7 1

3
Z dDp

s2pdD As $p; vd . (11)

HereV is the volume of theD dimensional space in which
the particles reside. The chemical potential is determin
by the expression for theq-mean value of the total number
operatorN̂,

kN̂lq

V
­ 6

Z
C

du K s2d
q sud

Z `

2`

dv

2p

Z dDp
s2pdD

3
Z1sss2bs1 2 qdu, mddd
e2bs12qdusv2md 7 1

As $p; vd . (12)

So far we have discussed the one-particle properti
We now turn our attention to rewriting the dynami
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response and the scattering cross section in theq formal-
ism in terms of the integrals over the usual ones as w
done above. We now relate the scattering function
fined, for example, in Lovesey [14] in theq formalism as
Ssqdsv, bd ­

R`
2`sdty2pde2ivtkÂys0dÂstdlscd

q , whereÂ is
the operator which affects the change in the states of
system in a scattering process. Here the superscriptscd
denotes canonical ensemble instead of the grand can
cal ensemble used earlier. This is equivalent formally
setting m ­ 0 in the earlier development. Then, usin
our transformation, we express this scattering function
terms of the usualq ­ 1 scattering function

Ssqds $k, v; bd ­
Z

C
du K s2d

q sudZ1sss2bus1 2 qdddd

3 Ss1dsss $k, v; 2bus1 2 qdddd . (13)

From the Ref. [6], by takinĝB ­ Ây, we have that the
imaginary part of theq susceptibility,x

sqd
ÂyÂs$k, v; bd, can

be expressed in terms of theq ­ 1 scattering function

Im x
sqd
ÂyÂs$k, v; bd ­ p

Z
C

du K
sqd
2 sudZ1sss2bus1 2 qdddd

3 s1 2 e2bus12qdvd

3 Ss1dsss $k, v; 2bus1 2 qdddd . (14)

We have thus expressed theq-scattering function as wel
as the imaginary part of the associatedq susceptibility in
terms of the parametric integrals over a kernel multipli
by the usual scattering function which now depends
this parameter as displayed above. We will now disc
three suggestions for possible experimental investiga
of the validity of the q framework for nonextensive
systems based on the results obtained here.

(A) Electron system.—The momentum distribution for
electrons is given by Eq. (10) with the lower sign. Th
function is directly observable in positron annihilatio
experiments [12]. We use free electron spectral wei
function, As $p; vd ­ 2pdsv 2 $p 2y2md, in this calcula-
tion for simplicity of presentation. Details of the actu
calculation will be given elsewhere. We first obser
that the zero temperature result for theq-mean value
of the total number has the same form as for the us
q ­ 1 case. Thus,kN̂skzdlq ­ V 2y3

R R dkx

2p

dky

2p kN̂s $kdlq.
From this, we have obtained the usual Fermi sphere
sult for q , 1, so that in terms of the Fermi sphere r
dius q ­ 1, the positron annihilation is found to be o
the same form but with aq-dependent correction. Fo
small kN̂l1 as for the small systems mentioned abov
we find kN̂skzdlq ~ sk2

F 2 k2
z d f1 1

s12qd2

22q
p2

5 kN̂l2
1g. In

Fig. 1 we display a plot of theq dependence of the ratio
kN̂skzdlqykN̂skzdl1 for two representative values ofkN̂l1
to represent the expected change in the number di
bution that may be found in either positron annihilatio
or x-ray Compton scattering experiment [12] for sma
systems withkN̂l1 ­ 50 and 100.

(B) Boson system.—The recent work on Bose conden
sation of atoms [13] involves condensation of a small nu
as
de-
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FIG. 1. Plot of
kN̂skz dlq

kN̂skz dl1
as a function ofq for kN̂l1 ­ 50 and

100. Note that the value atq ­ 1 is unity.

ber of atoms of the order of 100 to 170 confined to a sm
region of space by magnetic trapping. We here revisit th
problem by calculating the transition temperature and t
momentum distribution near the transition temperature
see if one could discern theq dependence. For this pur
pose, we use Eq. (12) with the upper sign, pertinent
bosons. We also take free particle spectral weight fun
tion, As $p; vd ­ 2pdsv 2 $p 2y2md, and find forq less
than 1,
kN̂lq

kN̂l1
.

√
T

sqd
c

T
s1d
c

!3y2
Gs22q

12q d

s1 2 qds1y2dGs22q
12q 1

1
2 d

3

(
1 1

kN̂l1

s1 2 qds3y2d
z s5y2d
z s3y2d

√
T

sqd
c

T
s1d
c

!3y2

3

"
Gs 22q

12q 1
1
2 d

Gs 22q
12q 1 2d

2 q
Gs 22q

12q d

Gs22q
12q 1

3
2 d

#)
. (15)

In Fig. 2 we display a plot ofkN̂lqykN̂l1 versus

T
sqd
c yT

s1d
c for two representative values ofkN̂l1 for q ­

0.4 and 0.8. Curilef [19] calculatedT
sqd
c yT

s1d
c for q ø 1

and found it increasing forkN̂lqykN̂l1 equal to unity; from
our Fig. 2, we see a similar increasing trend as we go fro
q ­ 0.4 to 0.8 askN̂l1 goes from 75 to 150.

(C) Scattering experiments.—The fabrication of
quasiperiodic superlattices was successfully realized
3909
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FIG. 2. Plot ofkN̂lq as a function ofT
sqd
c

T
s1d
c

for kN̂l1 ­ 75 and
150, and forq ­ 0.4 and 0.8.

early as 1985 [20] and experimentally investigated b
x-ray and neutron diffraction, etc. See Ref. [21]. Thes
systems afford another class of possible experimen
avenue to test theq framework when we considerfinite
size effectsthey might display. By using some known
forms for the structure factorSs1d in Eq. (13) we can
calculate that forq , 1, etc., as was done in the other tw
calculations. We propose to use our framework for su
scattering cross section calculation to investigate these
some model structures in a separate communication.

In conclusion, we have here developed theq formal-
ism of Tsallis for describing nonextensive many-partic
systems by a suitable generalization of the correspon
ing Green function techniques so commonly employe
in such studies for extensive systems. As with th
usual Green function theory which has been traditio
ally successful in explaining experimental observation
the present work enables us to propose three possible
perimental tests of this framework.

Professor Tsallis read the manuscript at various stag
of its development and made valuable remarks to impro
the presentation of this work for which many thank
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