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Vortex Formation in Dilute Inhomogeneous Bose-Einstein Condensates
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We solve the time-dependent Gross-Pitaevskii in 2D to simulate the flow of an object through a
dilute Bose-Einstein condensate trapped in a harmonic well. We demonstrate vortex formation and
study the process in terms of the accumulation of phase slip and the evolution of the fluid velocity.
[S0031-9007(98)05993-6]
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The origin of drag in quantum liquids is central to the considerably more complex because both the critical ve-
understanding of superfluidity [1]. For a weakly interact-locity and the sound speed are functions of position. Con-
ing fluid, Bogoliubov showed that macroscopic occupa-sequently, the conditions for vortex creation depend on the
tion of the ground state leads to a linear dispersion curvehape of the condensate and the form of the object poten-
and, hence, superfluidity for motion slower than a criti-tial. For example, even for low object speeds, vortices are
cal velocity. However, for liquid helium, the transition to created towards the edge of the condensate due to the de-
normal flow is observed at a much lower velocity than carcrease in the speed of sound.
be explained by the dispersion curve. This led Feynman The 2D NLSE in thexy plane may be written as
[2] to suggest that the onset of dissipation may arise due ) 5 5
to vortex shedding, but experimental verification of this i0p = (=V"+V + Clg). 1)

Ir?eelﬁjrzas\l/v?wiegné(r)nrgeﬁceeiebsy tggntt\i,rgt-iillte“?:grituerlﬁs(())fn“\?vti]tlri\'ve use scaled harmonic oscillator units (h.o.u.), i.e., for
’ P q P a symmetric harmonic trap with angular frequeney

theory. ; : :
The recent experimental discovery of Bose condensatio{ﬁmd particles of mass:, the units of length, time, and

o : energy ardfi/2mw)'/?, ', andliw, respectively. The
e et oo /e oninear coefcenC s \a,wheren' i e rumber
most pure and sufficiently dilute'so that the interactions caOf atoms per unit length along theaxis anda is the s-
. ) : Wave scattering length. The potential term,

be accurately parametrized in terms of a scattering length.
As a result, a relatively simple nonlinear Schrodinger v — %(xz + ) + aexd—Bx* — B(y — vt)*],
equation (NLSE), known as the Gross-Pitaevskii equation
[6], gives a precise description of condensate dynamicslescribes a symmetric harmonic trap with a light-induced
Experiments have confirmed that the NLSE is remarkablyGaussian” potential barrier, moving with velocity We
accurate in the limit of low temperature [7-9]. have considered a variety of obstacle parameters but pre-

Recent experiments have also demonstrated that far-ofient detailed results fo€ = 500, a = 30, and 8 = 3.
resonant laser light may be used to split [10], excite [11]We first calculate the wave function with a stationary ob-
trap [12], shape and pierce [13] dilute alkali vapor condenject centered &0, 0) and then, at = 0, begin to propagate
sates. The question arises whether such light forces mahe solution for a moving object. The eigenvalue problem
be used to study the phenomenon of vortex formation, angd = ¢ (x,y)e '*' (whereu is the chemical potential and
thereby shed some light on the issue of superfluidity. Inv = 0) is easily solved using finite difference methods.
this paper, we simulate the motion of an “object” throughWith a = 0, we find x = 9.003. The depletion of den-
a dilute atomic condensate. The object corresponds to thsity in the trap center due to the presence of the obstacle
potential barrier produced by a far-off resonant blue{a = 30, 8 = 3, v = 0) raises the chemical potential to
detuned laser beam. The laser beam is focused at the cem-= 9.208.
ter of the trap producing a toroidal condensate in 3D [13]. A change in the object potential creates a local dis-
A quasi-2D configuration could be realized with the laserturbance which propagates through the fluid. The time
propagating along the minor axis of an oblate spheroid conevolution ofyy was determined by the split-operator tech-
densate. We solve the time-dependent NLSE in 2D andique [16]. Instantaneous turn off of the object potential
show that vortices are produced when the object is tranexcites sound waves [11], which propagate with speed,
lated faster than a critical speed. For homogeneous fluid = /2C||*> (~4.3 at the peak density). Translation of
flow past an impenetrable cylindrical obstacle, it has beethe object displaces the condensate center of mass [17],
shown that the critical velocity is proportional to the speedand leads to vortex-pair creation as illustrated in Fig. 1.
of sound [14,15]. However, for the inhomogeneous conThe object and vortex pair are centered(@®0, 6.0) and
densate and penetrable object treated here, the situation(is2.0, 3.5), respectively.
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FIG. 3. Plot showing the fluid velocityy,, in the vicinity of

-4t the object, forr = 3.0 andv = 2.0. v, in h.o.u. is given by
the arrow lengt}i40.

-6t

: ‘ ' phase of the wave function. Figure 3 shows a quiver
-5 0 5 plot of the fluid velocity,v, = (*Vy — V™) /ily|?,
X in the vicinity of the object, for = 3.0 andv = 2.0 (asin

FIG. 1. Contour plot of the condensate dengifyx, y,3.0)|? Figs. 1 and 2). One sees that vortices are formed in pairs
for v = 2.0. There are 25 contours, equally spaced betweenwith opposing vorticity, and that the circulating velocity
0.0 and 0.0182. The object and vortex pair are centered gk jnyersely proportional to distance from the vortex line,
(0.0,6.0) and(2.0,3.5), respectively. as expected. Two pairs are discernible in Fig. 3: one at
y = 3.5, which corresponds to the density zeros in Fig. 2,
Figure 2 shows cuts through the object and vortex pair a nd a second at = 5.9 (not V'S'ble in Fig. 2, because .
t = 3.0. The half-width of the vortex core is comparableI has yet to separate from the ObJ(?Ct)' The seco_nd pair
to the healing lengthh ~ C~1/4. We have simulated the appears due to the rapid accumulation of phase slip at the

free expansion of the condensate and observe that ﬂ%ige of the condensate, as discussed below.
vortices also expand, permitting experimental detection
using optical imaging.

One can gain insight into the process of vortex formation nt
by studying the evolution of the fluid velocity and the o
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FIG. 4. Time evolution of the maximum phase slipSmax

for v = 1.3 (top), v = 2.0 (middle), andv = 3.0 (bottom).
FIG. 2. Plot of the condensate density for= 2.0 passing For v = 2.0 we show an additional curve foC = 200
through the vortex paiti(x,3.5,3.0)|> (bold curve) and the (dotted), illustrating that vortices are produced faster when the
object|y(x, 6.0,3.0)[%. speed of sound is slower.
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B NN R slip initially saturates and then increases towards the edge
[ ciy Hw\“; P ] of the condensate, where the density and hence the local

"""""""""""""""" speed of sound are lower. This explains the sudden for-

.......... S SN mation of a vortex pair as the object leaves the condensate
15— ‘ ' ‘ ' (e.g., the second pair far = 2.0 appearing in Figs. 3 and
25— ‘ : ‘ : 4). Forv = 3.0, athird pair is created at= 2.5: The ob-
”””””””””” NN N ject is still surrounded by condensate at this time because
e AL L of a motion-induced “stretching.”

\'/J>fy& l\}} ' The evolution of the velocity field while the vortex is
\\\\\\\\\\\\\\\\\\ SR eE forming is shown in Fig. 5. One sees that the vortices
e . emerge from a point and then separate. For longer times,
they drift towards the edge of the condensate.

R N /Mﬁ R S In summary, we have solved the time-dependent NLSE

28 e ] in 2D to simulate the flow of an object through a dilute
L&/ PRI W} Pl Bose-Einstein condensate trapped in a harmonic well. We
NN /g AR find that the vortices emerge from a point close to the
24 NN R VY AT center of the object, and that the vortex shedding frequency
-1 -0.5 0 0.5 1 is higher when the speed of sound is lower. We expect
X that our 2D simulations should correspond to the 3D case,
FIG. 5. Plot showing the velocity field in the vicinity of the where an oblate spheroid condensate is pierced by a tightly
object for v = 2.0, at times spanning the instant of vortex focused laser beam. _ _
formation: For: = 1.0 (top), the on-axis flow is backwards A complete description of dilute atomic vapors should
as the fluid attempts to fill the void left by the departing object.also include the effects of the noncondensate density,
At t = 1.1 (middle), the fluid begins to skirt around the object finite temperature, and dissipation. To what extent the
and fill the hole with a forward flow. The wave-function nodes NLSE provides an accurate description of vortex formation
(separated by less than one grid point at this stage) are pulle . L . . .
apart due to the gradient in the object potential. By 1.2  'eduires quantitative comparison between simulation and
(bottom), their separation is comparable to the healing lengthexperiment. Such a comparison will provide the focus for
and the pattern of vortex flow is beginning to emerge, in future work.
h.o.u. is given by the arrow lengthO. Financial support was provided by the Nuffield Foun-
dation and the EPSRC.
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The center-of-mass motion provides a useful diagnostic:
The initial acceleration isv divided by the integration
time step; after a few steps the solution is only sensitive
to v and, when the object leaves the condensate, the center
of mass oscillates at the trap frequency.



