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Wave Packet Dynamics with Bose-Einstein Condensates
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We numerically study wave packet dynamics of a Bose-Einstein condensate in a periodically shaken
trap. Dynamic splitting of the condensate, and dynamic stabilization against escape from the trap are
analyzed in analogy with similar behavior of atoms in strong laser fields. [S0031-9007(98)06005-0]
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Recently it has become possible to prepare Bos
Einstein condensates of alkali gases [1] with up to107

magnetically trapped atoms. The condensed state is
macroscopically populated quantum state well localize
in the magnetic trap. It is, therefore, an ideal tool to stud
wave packet dynamics under experimentally feasible co
ditions. There are many interesting quantum phenome
resulting from the electronic wave packet dynamics: e.g
the phenomena ofwave packet splitting (dichotomy)and
stabilizationexhibited by an electron bound by an atomi
potential in the presence of a strong laser field [2]. W
argue that similar phenomena occur in the dynamics of t
condensate in a periodically shaken trap. The analogy
based on the fact that the effect of the laser is equivale
to a periodic shaking of the atomic potential along th
polarization axis. A condensate in a periodically shake
trap could show,a priori a similar behavior.

Let us analyze the analogy between the electron a
the condensate in more detail. An electron bound b
an atomic potentialUs$rd interacting with a laser of
amplitude E $ez is, for our purposes, best described i
the Kramers-Henneberger frame of reference [2]. Th
frame is moving as afree electron oscillating in the laser
field, so that the actual electron in this frame feels a tim
dependent potential:∑

2ih̄≠t 2
h̄2 $=2

2me
1 Usss$r 1 aL sinsvLtd$ezddd

∏
Ces$r , td

­ 0 , (1)

where aL ­ eE ymev
2
L is the electron excursion am-

plitude, while vL is the laser frequency. For a hydro
gen atomUsrd ~ 21yr, for more complex atomsUsrd
includes screening of the Coulomb potential by oth
electrons. As the intense laser field drives the electro
ionization occurs. By increasing the laser intensity on
normally increases the ionization rate. However, for ve
intense fields of high frequency, this rate eventually sta
to decrease with intensity—this is referred to asadiabatic
atomic stabilization[2,3]. In this process the electronic
wave packet remains bound, i.e., well localized in spa
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(without spreading), although highly distorted. Theeffec-
tive (time-averaged) atom-laser potential exhibits a doub
well structure which splits the electronic wave packet in
two spatially separate parts; this is calleddichotomy.

Consider now a condensate withN atoms in a trap
potential V s$rd which is periodically shaken along the
z axis. In a Hartree-Fock treatment, the state of th
condensate is described by the Gross-Pitaevskii equa
(GPE) [4]. It accurately describes the wave functionC

of the condensate in the presence of particle interactio
in thermal equilibrium at temperatures well below th
critical temperature. Furthermore, the time depende
GPE describes the dynamics of the condensate in m
general time dependent conditions [5]. In particular for
periodically shaken trap the GPE reads∑

2ih̄≠t 2
h̄2 $=2

2m
1 V sss$r 1 astd$ezddd1

gNjCs$r , tdj2
∏

Cs$r , td ­ 0 . (2)

Here astd ­ a0 sinsvtd is the shaking amplitude,v the
shaking frequency, andg describes the atomic interac
tions and is related to thes-wave scattering lengthas . 0
by g ­ 4p h̄2asym. The presence of atomic interaction
as well as the mass difference between atoms and e
trons are crucial differences between these two syste
Nevertheless, we find that their dynamical behavior und
periodic perturbations is remarkably similar.

We model the trapping potentialV by a harmonic
potential with frequenciesVx,y,z which is cut at an energy
Vc [see solid line in Fig. 1(a)]:

V s$rd ­

Ω m
2 sV2

xx2 1 V2
yy2 1 V2

z z2d, V s$rd # Vc ,
Vc, V s$rd . Vc .

(3)

A possible realization of this trapping potential would b
a condensate in a dipole trap formed by a strong o
resonant laser field. The condensation might take place
such a trap, or the magnetically trapped condensate m
© 1998 The American Physical Society 3899
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FIG. 1. (a) Cut harmonic potential (solid line) and time avera
ged potential (dashed line) fora0 ­ 30az, Vc ­ 80h̄Vz , and
gN ­ 100; az ­ sh̄y2mVzd1y2. (b) Dressed state potentials
V1 and V2 and time averaged potential ofV2 from Eq. (6)
for a0 ­ 30az , vR ­ 100Vz , andD ­ 200Vz .

be loaded into it. In [6] it is realized as an effective tra
potential “dressed” by the microwave coupling between
trapped and an untrapped state in the magnetic field; b
models are discussed in detail later. The actual sha
of the electronicUs$rd and the atomicV s$rd potentials
are different. However, both potentials tend to a fini
value, 0 orVc, respectively, asjrj ! `. This results in
a threshold kinetic energy for particle escape fromV s$rd
analogous to the ionization threshold ofUs $rd.

We study first the time evolution of the condensa
in the periodically shaken trap potential [Eq. (3)] b
solving numerically the GPE [Eq. (2)] using a standa
spit operator technique [5(a)]. We assume an adiaba
turn-on of the shaking modeled by

astd ­

Ω
a0 sin2s p

2
t

ton
d sinsvtd, for 0 # t # ton ,

a0 sinsvtd, for t $ ton .
(4)

In order to achieve an adiabatic transition from the initi
state of the condensate in Eq. (3) to the steady state
the presence of the perturbation (shaking), we require
turn-on time to be much larger than one shaking perio
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i.e., ton ¿ 2pyv. In practice we taketon $ s50 150d 3

2pyv . 2pa0yazv, whereaz ­
p

h̄y2mVz.
Let us first assume that the perpendicular motion

does not play a significant role. We can then reduc
the time dependent GPE to a 1D GPE along thez
axis. We solve the 1D GPE for a large range of pa
rameters:a0 [ f10 50gaz , Vc [ f20 100gh̄Vz ; gN [
f0 100g andv [ f2 20gVz. A typical result of the time
evolution is displayed in Fig. 2(a). Initially att ­ 0,
the wave packet corresponds to the ground state of th
condensate in the harmonic trap. As the shaking i
slowly turned on the wave packet gradually splits into
two separate wave packets. Att $ ton, these two com-
ponents are centered near the turning points of the osc
lation 6a0.

We consider now the model with two internal hyperfine
levels: a trapped statesF, mF fi 0d and an untrapped state
sF0, mF0 ­ 0d. They are coupled via a microwave field
which allows coherent transitions between the states [6

FIG. 2. (a) Time evolution of the condensate density
jCsz, tdj2 undergoing 300 shaking cycles fora0 ­ 30az, v ­
10Vz , ton ­ 150 3 s2pyvd, and Vc ­ 80h̄Vz . The non-
linear coupling is gN ­ 100, that corresponds toh̄m ­
14.13Vz. (b) Same as (a) for the total condensate den
sity jCsz, tdj2 ­ jC1sz, tdj2 1 jC0sz, tdj2, calculated from
the 1D two state model fora0 ­ 30az, v ­ 2.5Vz ,
ton ­ 150 3 s2pyvd, vR ­ 100Vz , andD ­ 200Vz .
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In the rotating wave approximation the GPE is given by∑
2ih̄≠t 2

h̄2=2

2m
1 gNsjC0sr, tdj2 1 jC1sr, tdj2d 1µ

mV2
z fz 1 astdg2y2 h̄vRy2

h̄vRy2 h̄D

∂∏ µ
C0sr, td
C1sr, td

∂
­ 0 .

(5)

Here C0, C1 are the wave functions of atoms in the
trapped and untrapped state normalized to the respec
fraction of atoms in these states,D is the detuning of
the microwave from the transition frequency, andvR

is the Rabi frequency of the microwave transition. Fo
simplicity we assume all coupling constants are equal
g. For vR ! `, the coupled states can be replaced b
uncoupled dressed states with potentials:

V6sz, td ­
1
2

fmV2
z fz 1 astdg2y2 1 h̄D

6

q
smV2

z fz 1 astdg2y2 2 h̄Dd2 1 h̄2v
2
R g ,

(6)

plotted forastd ­ 0 as solid lines in Fig. 1(b).
Again, we solve numerically the 1D two-state mode

[Eq. (5)] for suitable parameters and compute the tim
evolution of the two-component condensate for an adi
batic turn on. The time evolution of the two-state conde
sate is displayed in Fig. 2(b). The evolution is remarkab
similar to the previous case. The gradual splitting of th
condensate is achieved during the turn on. This mod
includes nonadiabatic (Landau-Zener) transitions from t
lower to the upper dressed state which might destroy t
dichotomy. In order to avoid these Landau-Zener tra
sitions v has to be smaller than a certain critical valu
(see [7]).

The similarity between both cases is not surprising.
fact, the potentialV2 from Fig. 1(b) closely resembles
that of the model potential of Eq. (3) shown in Fig. 1(a
Obviously, Eq. (2), withV replaced byV2, does not give
exact solutions of the model of Eq. (5), since it entirel
neglects the nonadiabatic transitions to an upper branch
the dressed potential. The trap potential model of Eq. (
approximates nevetheless that of Eq. (5) very well, an
leads to very similar results, as shown in Fig. 2.

The condensate splitting originates from the periodici
of shaking. The time-dependent potential can be Four
decomposed:

V sss$r 1 astd$ezddd ­
X̀

m­2`

Vms$r , a0 $ezde2imvt. (7)

If the time scale of the shaking,1yv, is shorter than
the other relevant time scales of the system, the tim
dependent potential can be replaced by the zero term
the Fourier expansion. This is just the time average
potential over one shaking periodT :

V0s$r , a0 $ezd ­
1
T

Z Ty2

2Ty2
V sss$r 1 astd$ezddddt . (8)
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For sufficiently large shaking amplitudea0, this time
averaged potentialV0 exhibits a double well structure in
the z direction, as shown in Figs. 1(a) and 1(b). Thu
for a sufficiently slow turn on, the condensate will evolv
adiabatically from the ground state of the trap potenti
into the corresponding ground state of the time-averag
trap potential V0. Note that for the pure harmonic
potential (i.e.,Vc ! `) the time-averaged potential will
not exhibit the double well structure, and therefore th
shaking of the trap would only lead to an undistorte
oscillation of the condensate.

To test the validity of the above ideas, we can no
replace the time dependent GPE [Eq. (2)] by a tim
independent GPE with the time-averaged potentialV0:∑

2meff 2
h̄2 $=2

2m
1 V0s$r , a0 $ezd 1 NgjC0s$rdj2

∏
C0s$rd

­ 0 , (9)

where meff is now the effective chemical potential
Indeed, the solutionC0 of Eq. (9) agrees very well with
the dynamically stable wave packets displayed in Fig.
We conclude that the splitting appears due to the trapp
of the atomic wave function into the two potential wells o
V0. Notice that the atoms in such a state remain trapp
due to the fact that the time scale for their motion
much larger than the time scale of shaking, in other wor
h̄ymeff $ 1yv. This prevents them from reacting fas
enough to being momentarily out of the trap.

We now discuss the phenomenon of stabilizatio
Because of the cutVc in the trapping potential of Eq. (3)
atoms may escape from the trap in analogy to ionizati
of electrons due to strong laser fields. By introducin
standard absorbing boundary conditions at the edges
the numerical grid, the norm (and thereby the number
particles escaping from the trap) can be easily monitore
As can be seen from Fig. 2 no significant number
particles is lost during the shaking of the potentia
indicating thus that the particles remain trapped due
the high cutoffVc. To favor the escape from the trap w
lower the potential cutoff toVc ­ 50h̄Vz and we study
the escaping rate as a function of the shaking amplitu
a0. For small values ofa0 the escaping rate increase
as a0 increases, but for high amplitudes we observe
decreasein the escape rate when the shaking amplitu
increases. More specifically, when increasinga0 from
15az to 20az , the escape rate decreases by a factor.2.
Because of the large atomic mass the escape rate is ove
very small, i.e.#1% of the trapped population per 100
shaking cycles. For the same reason, the condens
stabilization occurs already for relatively small shakin
frequencies̄hv , Vc 2 meff.

Up to now we have analyzed dynamical behavio
of condensates closely related to similar phenomena
atoms in strong laser fields. However, in contrast
Eq. (1), the GPE accounts for atomic interactions, so th
the condensate splitting depends ongN. Furthermore,
the nonlinear term reduces the relative role of the kine
3901



VOLUME 80, NUMBER 18 P H Y S I C A L R E V I E W L E T T E R S 4 MAY 1998

t

n-
ior
n-
t
s-
e,
sing
s.
i-

er-

te.
f

23
-

-
y
rt
-
y

in-

i-
FIG. 3. 2D cross section of the condensate densi
jCsx, z, tdj2 for a cigar shaped trap att ­ 400 3 s2pyvd for
a0 ­ 60az , v ­ 10Vz , ton ­ 250 3 s2pyvd, Vc ­ 30h̄Vz ,
gN ­ 100, andVx ­ Vy ­ 5Vz.

energy of the condensate, which favors both splittin
and stabilization. Our numerical simulations show tha
in fact, as gN increases the condensate splits mor
easily and attains a more regular shape: It approach
the Thomas-Fermi solution [5(b)] in the effective time
averaged potential. However, beyond a critical value
N the wave function will overcome the potential barrie
between the wells inV0, and the splitting will disappear.
This will happen when the effective chemical potentia
smeffd exceeds the height of the double well.

Finally, to ensure that the presence of degrees
freedom perpendicular toz axis does not invalidate our
results, we have generalized our study to a realistic 3
case. We chose parameters that resemble those of
MIT experiment [1], that is a cigar shaped trap with a
small Vz and equal frequencies perpendicular to it. W
shake the trap potential along the longz axis and we
solve numerically the GPE in 3D. As shown in Fig. 3
the presence of perpendicular motion does not invalida
the conclusions from the 1D approximation: The splittin
of the condensate is clearly visible.

In traps with time dependent trapping frequencie
strong population of noncondensate modes and
significant condensate depletion might occur [8]. It is
therefore, a pertinent question to ask whether a simil
depletion will occur in the case of shaking of the tra
potential. As shown in [8] depletion is directly related to
linear stability of the solution of the time dependent GPE
So far, we could prove only that the sloshing motio
of the condensate in a purely harmonic trap (withou
cutoff) is linearly stable. Unfortunately, the stability
of our dichotomic solutions of the GPE remains an
open problem. They show, however, remarkable sha
stability will respect to changes of the relevant physica
parameters of the model. This observation exclud
with high certitude the possibility of the most dangerou
3902
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exponentialinstability, and allows us to conjecture tha
our solutions are in fact linearly stable.

Summarizing, we have shown that Bose-Einstein co
densates are ideal tools for studying wave packet behav
of condensates, in particular, the splitting of the conde
sate wave function [3]. We believe that wave packe
dynamics of condensates might lead to interesting po
sibilities of condensate state engineering. For instanc
so far double peaked condensates have been created u
laser “knives” that cut a single condensate into two part
We offer here an alternative method to achieve a sim
lar dichotomy in a more controlled way which opens new
perspectives for condensate interference studies. Furth
more, by shaking the condensate in thez and y direc-
tion simultaneously one obtains a ring-shaped condensa
This might open possibilities to study the dynamics o
vortices.
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