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Wave Packet Dynamics with Bose-Einstein Condensates
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We numerically study wave packet dynamics of a Bose-Einstein condensate in a periodically shaken
trap. Dynamic splitting of the condensate, and dynamic stabilization against escape from the trap are
analyzed in analogy with similar behavior of atoms in strong laser fields. [S0031-9007(98)06005-0]
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Recently it has become possible to prepare Bosefwithout spreading), although highly distorted. Téféec-
Einstein condensates of alkali gases [1] with upl@@ tive (time-averaged) atom-laser potential exhibits a double
magnetically trapped atoms. The condensed state is waell structure which splits the electronic wave packet into
macroscopically populated quantum state well localizedwo spatially separate parts; this is caldidhotomy
in the magnetic trap. Itis, therefore, an ideal tool to study Consider now a condensate witfi atoms in a trap
wave packet dynamics under experimentally feasible conpotential V(7) which is periodically shaken along the
ditions. There are many interesting quantum phenomena axis. In a Hartree-Fock treatment, the state of the
resulting from the electronic wave packet dynamics: e.g.condensate is described by the Gross-Pitaevskii equation
the phenomena afvave packet splitting (dichotomgnd  (GPE) [4]. It accurately describes the wave functin
stabilizationexhibited by an electron bound by an atomic of the condensate in the presence of particle interactions
potential in the presence of a strong laser field [2]. Wen thermal equilibrium at temperatures well below the
argue that similar phenomena occur in the dynamics of theritical temperature. Furthermore, the time dependent
condensate in a periodically shaken trap. The analogy iI&PE describes the dynamics of the condensate in more
based on the fact that the effect of the laser is equivalergeneral time dependent conditions [5]. In particular for a
to a periodic shaking of the atomic potential along theperiodically shaken trap the GPE reads
polarization axis. A condensate in a periodically shake 7292
trap could showa priori a similar behavior. ’L—iﬁat - — + VQF + alt)e)+

Let us analyze the analogy between the electron an 2m
the condensate in more detail. An electron bound by
an atomic potentialU(7) interacting with a laser of
amplitude E e, is, for our purposes, best described in

the Krgmers—_Henneberger frame of_refgreljce [2]. ThlsShaking frequency, ang describes the atomic interac-
f_rame is moving as éree electron_ osc!llatlng in the Iasgr tions and is related to thewave scattering length; > 0
field, so that the e.lct.ual electron in this frame feels a tlm%y ¢ = 4mha,/m. The presence of atomic interactions
dependent potential: as well as the mass difference between atoms and elec-
2v2 R R R trons are crucial differences between these two systems.
[_iﬁat “ o T U(r + ag Sin(le)ez)}‘I’e(V,l) Nevertheless, we find that their dynamical behavior under
¢ _ periodic perturbations is remarkably similar.
=0. @ We model the trapping potentidl by a harmonic
where a; = ¢ /m,w; is the electron excursion am- potential with frequencie€, , . which is cut at an energy
plitude, while w; is the laser frequency. For a hydro- V. [see solid line in Fig. 1(a)]:
gen atomU(r) « —1/r, for more complex atomg/(r) o, )
includes screening of the Coulomb potential by other () = {7 (Q3x* + Q§y2 +Q2%), VF) = V.,
electrons. As the intense laser field drives the electron, Ve, V() > V..
ionization occurs. By increasing the laser intensity one 3)
normally increases the ionization rate. However, for very
intense fields of high frequency, this rate eventually start®\ possible realization of this trapping potential would be
to decrease with intensity—this is referred tcealiabatic  a condensate in a dipole trap formed by a strong off-
atomic stabilization[2,3]. In this process the electronic resonant laser field. The condensation might take place in
wave packet remains bound, i.e., well localized in spacsuch a trap, or the magnetically trapped condensate may

gN|‘I’(7’,t)|2:|\I’(7, Hn=0. (2)

Here a(t) = agsin(wt) is the shaking amplitudey the
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@) ' ‘ ‘ ' ' ' ' i.e.,ton > 27 /w. In practice we take,, = (50-150) X
80 . 27 /w = 2mway/a,w, wherea, = \/h/2mQ),.
\ / ' . .
\ ) Let us first assume that the perpendicular motion
\ - / does not play a significant role. We can then reduce
3 o0 ‘S \&,’ the time dependent GPE to a 1D GPE along the
= Temporal average axis. We solve the 1D GPE for a large range of pa-
3 rameters:a € [10-50]a,, V. € [20-100]AQ,; gN €
5 40 [0-100] andw € [2-20]Q),. A typical result of the time
f evolution is displayed in Fig. 2(a). Initially at = 0,
the wave packet corresponds to the ground state of the
20 condensate in the harmonic trap. As the shaking is
slowly turned on the wave packet gradually splits into
Harmonic potential two separate wave packets. At t,,, these two com-
25‘(’) ' ' ‘ ‘ ‘ ' ponents are centered near the turning points of the oscil-
(b) U v, ' lation =+ «.
We consider now the model with two internal hyperfine
200 levels: a trapped staté’, mr # 0) and an untrapped state
(F',mg = 0). They are coupled via a microwave field
& 150 which allows coherent transitions between the states [6].
&
E 7/ Temporal
~‘§ 100 average of V_ |
>
50 |
. _
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FIG. 1. (a) Cut harmonic potential (solid line) and time avera-
ged potential (dashed line) fagy = 30a,, V. = 804(),, and
gN = 100; a, = (5/2mQ.)"/?. (b) Dressed state potentials
V4 and V_ and time averaged potential ¢f- from Eq. (6)
for @y = 30a,, wg = 100Q),, andA = 200(),.

be loaded into it. In [6] it is realized as an effective trap
potential “dressed” by the microwave coupling between a
trapped and an untrapped state in the magnetic field; both : C
models are discussed in detail later. The actual shapes o) .
of the electronicU(¥) and the atomicV(7) potentials « |
are different. However, both potentials tend to a finite §o.1 R
value, 0 orV,, respectively, agr| — «. This results in I
a threshold kinetic energy for particle escape froir) 0054 o
analogous to the ionization threshold@(7).

We study first the time evolution of the condensate 0
in the periodically shaken trap potential [Eq. (3)] by
solving numerically the GPE [Eq. (2)] using a standard
spit operator technique [5(a)]. We assume an adiabatic
turn-on of the shaking modeled by

0.2

sift(Z D)sinwe), for0 =t <t,, FIG. 2. (a) Time evolution of the condensate density
a(t) = {ao . ((2)’0") New?) for { = "7 (4)  |W(z,1]* undergoing 300 shaking cycles fat = 30a,, w =
o SInw1), orr = ton. 109, o0 = 150 X (27/w), and V. = 80kC,. The non-

In order to achieve an adiabatic transition from the initiallinéar coupling is gN =100, that corresponds tofip =

. 14.13Q,. (b) Same as (a) for the total condensate den-
state of the condensate in Eg. 3) to _the steady state Wty " Wz, )2 = W, (@07 + [Wo(z, ), calculated  from
the presence of the perturbation (shaking), we require thge 1D two state model forap = 30a,, o = 2.5Q.,

turn-on time to be much larger than one shaking periods,, = 150 X 27 /w), wg = 100Q,, andA = 200Q,.
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In the rotating wave approximation the GPE is given by For sufficiently large shaking amplitude,, this time
- averaged potentid¥, exhibits a double well structure in
[—ihat _ RV + gN([Wo(r, ) + |V (r,0)?) + the z direction, as shown in Figs. 1(a) and 1(b). Thus,
for a sufficiently slow turn on, the condensate will evolve
<mQZZ[Z + a()]P/2 hwR/zﬂ <\p0(r, ,)) adiabatically from the ground state of the trap potential

hiwg/2 HA W (r, 1))

=Y. into the corresponding ground state of the time-averaged

trap potential V. Note that for the pure harmonic
(5) e . Nl L

) } potential (i.e.,V, ) the time-averaged potential will

Here W,, ¥, are the wave functions of atoms in the not exnibit the double well structure, and therefore the

trapped and untrapped state norma}llzed to the respectiéaking of the trap would only lead to an undistorted

fraction of atoms in these states, is the detuning of gcillation of the condensate.

the microwave from the transition frequency, ang To test the validity of the above ideas, we can now

is the Rabi frequency of the microwave transition. Forrepjace the time dependent GPE [Eq. (2)] by a time

simplicity we assume all coupling constants are equal tohdependent GPE with the time-averaged poterial

g. For wgp — «, the coupled states can be replaced by 292

uncoupled dressed states with potentials: [—Meff - + Vo(F, ape,) + Ng|\p0(;)|2}\p0(;)
1

Vi(z,t) = E[mQZZ[z + a()?/2 + KA =0, (9)

5 N 5 S 2 where u s is now the effective chemical potential.
- \/(sz [z + a(®)}/2 = BAP + BP0k ], |ndeed, the solution?, of Eq. (9) agrees very well with
(6) the dynamically stable wave packets displayed in Fig. 2.
_ o P We conclude that the splitting appears due to the trapping
plotted fora(r) = 0 as solid lines in Fig. 1(b). Iof the atomic wave function into the two potential wells of

Again, we solve numerically the 1D two-state mode ) . .
[Eq. (5)] for suitable parameters and compute the timeVO' Notice that the atoms n such a state remain trapped
evolution of the two-component condensate for an adia(-jue to the fact that '_[he time scale fqr th_ew motion 1s
batic turn on. The time evolution of the two-state conden-mLICh larger than the time scale of shaking, in other words
sate is displayed in Fig. 2(b). The evolution is remarkabl)ﬁ/'ueff = 1/w. This prevents them from reacting fast
enough to being momentarily out of the trap.

similar to the previous case. The gradual splitting of the . e
P 9 piting We now discuss the phenomenon of stabilization.

condensate is achieved during the turn on. This mod f the cUr. in the t . tential of Eq. (3
includes nonadiabatic (Landau-Zener) transitions from th ecause ot the cuit. In the trapping potential of £q. ( )
gtoms may escape from the trap in analogy to ionization

lower to the upper dressed state which might destroy th . : :
dichotomy. In order to avoid these Landau-Zener tran-Of electrons due. to strong laser f'e.l.ds' By introducing
sitions w has to be smaller than a certain critical values't"’md"’lrd absorbing boundary conditions at the edges of

(see [7]) the numerical grid, the norm (and thereby the number of
The sﬁnilarity between both cases is not surprising. moarticles escaping from the trap) can be easily monitored,

fact, the potentialv_ from Fig. 1(b) closely resembles As can b? seen fror_n Fig. 2 no s_,ignificant number_of
that of the model potential of Eq. (3) shown in Fig. 1(a)'partlcles is lost during the shaking of the potential

. : : indicating thus that the particles remain trapped due to
Obviously, Eqg. (2), withV replaced by _, does not give Indica
exact solutions of the model of Eq. (5), since it entirelythe high cutoffV.. To favor the escape from the trap we

neglects the nonadiabatic transitions to an upper branch ?qwer the potential cutoff t0/. = 50A(}; and we study

the dressed potential. The trap potential model of Eq. (3 he escaping rate as a function of the shaking amplitude

approximates nevetheless that of Eq. (5) very well, and""" Fpr small values Ofao.the escaping rate increases
leads to very similar results, as shown in Fig. 2. as «g increases, but for high amplitudes we observe a

The condensate splitting originates from the periodicityqecreasen the escape rate when the shak_lng amplitude
creases More specifically, when increasing, from

of shaking. The time-dependent potential can be Fourie'ﬂ_a 10 20a., the escape rate decreases by a faetor
Z pal

decomposed: Y Because of the large atomic mass the escape rate is overall
24wz = Vo (R ans.)e~mor v very .small, i.e.=<1% of the trapped population per 100
Vit ae) Z n(F aoez)e (7) shaking cycles. For the same reason, the condensate

m=—o0
. . . stabilization occurs already for relatively small shaking
If the time scale of the shaking,/w, is shorter than frequenciesio < V. — jue.

the other relevant time scales of the system, the time- Up to now we have analyzed dynamical behavior

dependent potentlal_ can be_re_pla_ced by th_e zero term (ngf condensates closely related to similar phenomena of
the Fourier expansion. This is just the time average

otential over one shaking perigd atoms in strong laser fields. However, in contrast to
P gp Eqg. (1), the GPE accounts for atomic interactions, so that
1 f”z the condensate splitting depends gN. Furthermore,

Vo(7, aoez) = T Jorp VI + aleddr. (8)  he nonlinear term reduces the relative role of the kinetic
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MO\ SR B exponentialinstability, and allows us to conjecture that
10 e our solutions are in fact linearly stable.

- ’ : : S Summarizing, we have shown that Bose-Einstein con-
densates are ideal tools for studying wave packet behavior
of condensates, in particular, the splitting of the conden-
sate wave function [3]. We believe that wave packet
dynamics of condensates might lead to interesting pos-
sibilities of condensate state engineering. For instance,
so far double peaked condensates have been created using
laser “knives” that cut a single condensate into two parts.
We offer here an alternative method to achieve a simi-
lar dichotomy in a more controlled way which opens new
perspectives for condensate interference studies. Further-
more, by shaking the condensate in theand y direc-
tion simultaneously one obtains a ring-shaped condensate.
FIG.3. 2D cross section of the condensate densityThis might open possibilities to study the dynamics of
[P (x,z,1)|*> for a cigar shaped trap at= 400 X (27 /w) for  vortices.

“1({,:_6100%2';;”310_96 fon ?9250 X @2m/w), Ve = 3080, This work was supported by P. C. France-Pologne 6423
s = oty e and by the Academy of Finland. M.B. and K.R. ac-
knowledge the support of KBN Grant No. 2P03B04209.
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energy of the condensate, which favors both splitting
and stabilization. Our numerical simulations show that
in fact, as gN increases the condensate splits more
easily and attains a more regular shape: It approaches
the Thomas-Fermi solution [5(b)] in the effective time [1] M.H. Andersonet al., Science269, 198 (1995); K. Davis
averaged potential. However, beyond a critical value of ~ etal, Phys. Rev. Lett.75 3969 (1995); C.C. Bradley
N the wave function will overcome the potential barrier €t al. Phys. Rev. Lett78, 985 (1997). ,
between the wells iV, and the splitting will disappear. [2] (&) M. Gavrila, Atoms in Intense Laser Field#&cademic,

. . . . ; Boston, 1992), p. 3; M. Gavrila and J. Kamki, Phys.
This will happen when the effective chemical potential Rev. Lett. 52, 613 (1984); M. Pont, Phys. Rev. A4,

(uerr) exceeds the height of the double well. 2141 (1991); M Protopapast al, Rep. Prog. Phys6o,
Finally, to ensure that the presence of degrees of 3gg (1997). (b) Q. Stetal, Phys. Rev. Lett64, 862
freedom perpendicular to axis does not invalidate our (1990); K.C. Kulanderet al, Phys. Rev. Lett66, 2601

results, we have generalized our study to a realistic 3D (1991).

case. We chose parameters that resemble those of thg] This kind of stabilization has never been observed ex-
MIT experiment [1], that is a cigar shaped trap with a perimentally since it requires very intense high frequency
small Q. and equal frequencies perpendicular to it. We fields that can only be generated in a form of ultrashort
shake the trap potential along the longaxis and we pulses, for which adiabaticity conditions cannot be main-
solve numerically the GPE in 3D. As shown in Fig. 3 tained. Stabilization of Rydberg atoms was reported by
the presence of perpendicular motion does not invalidate M- P- de Boeretal, Phys. Rev. Lett.71, 3263 (1993).

; . . i, For other types of electron stabilization, see Ref. [2(a)].
the conclusions from the 1D approximation: The splitting [4] P. Noziéreg%nd D. Pineghe Theory of Quantum L[iq(uizj]s

of the condensate is clearly visible. _ _ (Addison-Wesley, Redwood City, 1990), Vol. II.

In traps with time dependent trapping frequencies [5] (a) M. Edwardset al, Phys. Rev. A53, R1954 (1996);
strong population of noncondensate modes and a vy, castin and R. Dum, Phys. Rev. LeR7, 5315 (1996).
significant condensate depletion might occur [8]. It is, (b) Y. Kaganet al, Phys. Rev. A54, R1753 (1996).
therefore, a pertinent question to ask whether a similar[6] The same model describes the atom-laser; see, for in-
depletion will occur in the case of shaking of the trap stance, M.-O. Meweset al, Phys. Rev. Lett.78, 582
potential. As shown in [8] depletion is directly related to (1997); R.J. Ballaghet al, Phys. Rev. Lett.78 1607
linear stability of the solution of the time dependent GPE. _ (1997). 5 o ,
So far, we could prove only that the sloshing motion [7] The_Landau-Zener probability f(ZJr a nonadiabatic transi-
of the condensate in a purely harmonic trap (without 1O IS EXH—27A); A = fi(wr/2)"/vA, wherev = agw

o - is the atomic speed at the resonance pajtiQz5/2 =
cutoff) is linearly stable. Unfortunately, the stability AA) and A = [0(mQ222/2 — A)/ozl... The condi-
of our dichotomic solutions of the GPE remains an : .

tion for adiabatic following isA > 1, which leads to
open problem. They show, however, remarkable shape , ., « w2(mQ2A/R)V2,

stability will respect to changes of the relevant physical [g] v. Castin and R. Dum, Phys. Rev. Lef9, 3553 (1997);
parameters of the model. This observation excludes A. Smerzi and S. Fantani, Phys. Rev. Lefi8, 3589
with high certitude the possibility of the most dangerous (1997).
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