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First and Second Sound Modes of a Bose-Einstein Condensate
in a Harmonic Trap
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We have calculated the first and second sound modes of a dilute interacting Bose gas in a sph
trap for temperaturess0.6 , TyTc , 1.2d and for systems with104 to 108 particles. The second sound
modes (which exist only belowTc) generally have a stronger temperature dependence than the fi
sound modes. The puzzling temperature variations of the sound modes nearTc recently observed at
JILA in systems with103 particles match surprisingly well with those of the first and second soun
modes of much larger systems. [S0031-9007(98)05981-X]
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Since the discovery of Bose-Einstein condensation
atomic gases of alkali atoms [1], there has been gre
interest in the broken gauge symmetry (i.e., the “phase
of the condensate. In the case of4He, its “phase”
dynamics leads to the existence of second sound, wh
is essentially the out of phase pressure and temperat
oscillations. In a series of sound experiments, Jinet al. at
JILA [2] have observed a number of “puzzling” behavior
in the temperature dependence and the dissipation of
sound modes above0.5Tc. There are no explanations
for these behaviors so far. Jinet al. have speculated
that the observed “m  0” mode could be the “second
sound.” If this were true, it would be consistent with
(though not a proof of) the broken gauge symmetr
of the system. However, in the absence of a detaile
calculation consistent with experiments, the identificatio
of the second sound mode would be difficult.

To help identify the nature of the sound modes, we hav
solved the linearized two-fluid hydrodynamic equation
of an interacting dilute Bose gas in a spherical harmon
trap. We have in mind systems that are sufficientl
large so that the hydrodynamic approach is accura
[3]. It should be noticed that the recent experiments
JILA [2] were performed on small systems with a few
thousand atoms. While the hydrodynamic modes of
large system may be different from the sound mode
of a small one, the study of the former is important in
its own right. After all, the number of atoms in the
Bose condensate has increased from103 to 106 within
six months after the initial discovery [1]. It would not
be surprising if Bose condensates with109 atoms were
produced in the near future. On the other hand, th
hydrodynamic modes of large systemsare relevant for
the sound modes of small ones, as the former mu
evolve smoothly into the latter as the number of atoms
decreased continuously. This suggests the possibility
identifying the nature of sound modes of a small syste
by studying their hydrodynamic counterparts in a larg
one. Indeed, comparing our results (for systems with104

to 108 atoms) with the JILA observations [2], we find tha
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the temperature variations of the observed sound mo
show up in the analogous modes of the larger systems
a spherical trap. In particular, the “mysterious” behavio
of the JILA sm  0d andsm  2d modes [2] in the range
0.5 , TyTco , 0.8 match closely with the behaviors of
the second sound modes of the larger systems in the sa
temperature range, while the frequency and temperat
dependence of the observedsm  0d mode aboveTc are
identical to those of the first sound mode in the sam
temperature range. (The temperaturesTco andTc are the
transition temperature for the ideal Bose and the dilu
interacting Bose gas, respectively [4]).

Our choice of spherical symmetry is to keep the ca
culations manageable. Moreover, as a first step,
shall ignore dissipation. While it is entirely feasible
within our scheme to include dissipative effect, we fe
that it is important (as in bulk4He) to first under-
stand dissipationless hydrodynamics, so that one c
clearly identify the dissipative effects later in a comple
solution.

Linearized hydrodynamics.—We begin with the
two-fluid hydrodynamic equations of Bosons with mas
M in an external potentialfsrd [5], M Ùn  2= ? g,
Ùgi  2n=if 2 =j

Q
ij, Ùs  2= ? ssvnd, and Ùvs 

2
1
M =sm 1 f 1 Mvn ? vsd, where n, g,

Q
ij, s, m

are the number density, the momentum density, t
stress tensor, the entropy density, and the chemi
potential, respectively. Here,vn and vs ; sh̄yMd=u are
the normal fluid and superfluid velocities, respectivel
whereu is the phase of condensate. For a spherical h
monic trap with frequency vT , fsrd 

1
2 Mv

2
T r2.

In the presence of a condensate,n, g, and
Q

ij
are of the form n  ns 1 nn, g  Msnnvn andQ

ij  Pdij 1 Msnnyniynj 1 nsysiysjd, where ns and
nn are the superfluid and normal fluid number dens
ties, andP is the pressure. Denoting the equilibrium
quantities by the subscript “o”, we havevno  vso  0,
=Po 1 no=f  0, and =smo 1 fd  0. Using the
Gibbs-Duhem relationdm  2sdT 1 dPyn, where
s ; syn is the entropy per particle, these equilibrium
© 1998 The American Physical Society 3895
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conditions imply=To  0, and hence

=no 

µ
≠n
≠P

∂
To

=Po  2no

µ
≠n
≠P

∂
To

=f ,

=so 

µ
≠so

≠P

∂
To

=Po  2
1

no

µ
≠n
≠T

∂
Po

=f , (1)

where we have made use of the Maxwell relatio
s≠sy≠PdT  n22s≠ny≠T dP .

Denoting the deviation of any quantityx from its equi-
librium valuexo asdx ; x 2 xo, the hydrodynamic equa-
tions can be linearized about the equilibrium solutio
and written as I:d Ùn  2= ? snovs 1 nnowd, II: no Ùvs 1

nno Ùw  2sdn=f 1 =dPdyM, III: Ùvs 
1
M =ssodT 2

dP
no

d, IV: dÙs  2= ? ssovnd, wherew  vn 2 vs. Using
Eq. (1), I and II imply that

Mdn̈  = ?

∑
no=

µ
dP
no

∂
2 dTno=so

∏
; A . (2)

Again using Eq. (1), II and III, we haveÙw  2
noso

Mnno
=dT.

By noting thatÙs  so Ùn 1 no Ùs, it is easy to show from
IV that s̈  2 Ùvn ? =so 2

so

no
= ? snso Ùwd, and hence

Ms̈  2 s=sod2dT 1
1

no
= ?

√
nonsos2

o

nno
=dT

!

1 =so ? =

µ
dP
no

∂
; B . (3)

Expressing all quantities in terms ofdT anddP, Eqs. (2)
and (3) form a closed set:s ≠n

≠P dT dP̈ 1 s ≠n
≠T dPdT̈  AyM,

s ≠s

≠P dT dP̈ 1 s ≠s

≠T dPdT̈  ByM. To solve them, we have
calculated the thermodynamic quantities in these equati
using local density approximation (LDA) [6] for the tem
FIG. 1. The frequenciesv
s1d
,,n1 andv

s2d
,,n2 are represented as open and filled symbols, respectively.Tc0 is the transition temperature

of the ideal Bose gas in the trap. The dotted line at9, 817Tco indicates the critical temperatureTc of the interacting model. For
the , fi 0 modes,r  0 is not counted as a node. As far as we can tell,v,0,n20  0 .
3896
n

n

ons
-

perature rangeal2no ø 1, wherel ;
p

2p h̄2yMkBT is
the thermal wavelength. As shown by Lee and Yang [7
all thermodynamic quantities within this range can be ca
culated analytically. With the coefficients of Eqs. (2) an
(3) calculated in this manner, we then solve these eq
tions numerically by discretizing them on a grid which i
made finer asr ! rp, whererp is the interface between
the condensate and the normal cloud. Bearing in mind t
LDA collapses the interface into a single surface atrp, we
model the interface and the behavior ofdP anddT as fol-
lows: The interface is modeled by three pointsrp6 and
rp, whereD is the grid spacing. BothdP anddT as well
as their derivatives are continuous atrp, while the values
of dP anddT at rp 1 D andrp 2 D are determined by
their solutions inside and outsiderp.

Main results.—Because of spherical symmetry
dP and dT can be decomposed asfdPsrd, dTsrdg P

,,n,mfdP,nsrd, dT,nsrdgY,msr̂d, where , is the angular
momentum andn is the radial quantum number. Each
s,, nd mode is 2, 1 1 fold degenerate. We have per
formed calculations for87Rbsa  58.2 Åd for N  104

to 108 atoms and have found identical general feature
For all cases studied,the frequencies of all first and
second sound are above the trap frequencyvT [3],
which is to be expected if the system is viewed as
mechanical system with internal degrees of freedom
a spherical harmonic potential. For concreteness,
present the results forN  106 particles in a trap, with
vT y2p  200 Hz, over the range0.6 , TyTc , 1.2:

A. First sound.—These modes exist both above an
below Tc. They arein phasepressure and temperature
oscillations that extend over the entire cloud, anddP has
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FIG. 2. (a) The eigenfunctions ofv
s1d
,1,n12 (marked asA in

Fig. 1): To magnify the features of the first sound, we hav
multiplied dP and dT by r2 in (a). (b) The eigenfunctions
of v

s2d
,1,n22 (marked asB in Fig. 1): These functions are

not multiplied by r2 as those in (a) because their features a
sufficiently clear. (c) The detailed structure in (b) nearrp: The
filled point indicates the location ofrp, andD is 0.005aT . The
sharp change of slope atrp 6 D is expected as out boundary
condition is meant to simulate the collapsing process of LD
at rp.

one more node thandT . The frequencies of these mode
(denoted asv

s1d
,n1

) are shown in Fig. 1 for,  0, 1, 2 and
n1  0 to 4 wheren1 counts the number of nodes of
dP in the radial direction. Whilehvs1d

,n1
j change with

temperature, their variations are small compared tovT .
The eigenfunctions of thes,  1, n1  2d mode atT 
0.84Tco are shown in Fig. 2(a). They extend over th
entire cloud—a feature common to all first sound mode
above and belowTc.

The n1  0 modes are special. They are isotherm
modes of the formdPsr, r̂d  nosrdr,Y,msr̂d, dT  0,
with v

s1d
,,0  vT

p
,. They are also “universal” in the

sense that they areindependent of interaction and statis-
tics. These results emerge from our numerical solutio
e

re
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but can also be obtained analytically from Eqs. (2) an
(3). With dT  0, using the equilibrium relations given
by Eqs. (1)–(3) can be shown to yield=2sdPynod  0,
and ≠2

t sdPynod  2=f ? =sdPynod, which has the so-
lution given above. From the hydrodynamic equations
to IV, it is also straightforward to show that for these
isothermal modes,vn  vs below Tc, and = ? vn  0
both above and belowTc.

The s,  0, n1  1d mode is also special. AboveTc,
it is a uniform temperature oscillation,=dT  0, but
with dT fi 0. This mode is “nonuniversal” because it
depends on interaction. The interaction effect, howeve
is sufficiently weak so thatv

s1d
0,1 is very close to2vT

aboveTc. It is also straightforward to show that= ? vn

is constant but nonzero for this node. These results c
be established analytically using LDA and also emerg
as part of our numerical solutions. BelowTc, dT is no
longer uniform, and= ? vn is not a constant [8]. All the
other sound modess,, n1 fi 0d are nonisothermal.

B. Second sound.—These modes exist only belowTc.
The frequencies of these modes fors,  0, 1, 2d and
sn2  0, 1, 2d are shown in Fig. 1It should be stressed
that the second sound frequencies do not merge into t
first sounds frequencies asT ! Tc. To illustrate this
clearly, we plotv

s2d
,,n21 near Tc (for ,  0 to 2) as a

function of particle numberN in Fig. 3. While v
s2d
,,n21

changes withN, the first sound frequencies (not shown
in Fig. 3) typically vary by about 2% ofvT in the same
range ofN. The eigenfunctions of thes,  1, n2  2d
mode are shown in Fig. 2(b). An enlarged structure o
the interface of this mode atrp is shown in Fig. 2(c).
The second sound modes have the following commo
features: (1)dP and dT are “out of phase” inside the
condensate and become “in phase” as they leak o
into the normal region. The leakage reduces to zero
T ! Tc. The quantum numbern2 counts the number
of nodes ofdP or dT inside the condensate. (2) The
wavelengths of the oscillations shrink asr ! rp. This
can be understood simply from LDA by recalling tha
the second sound velocityc2 of a homogenous dilute
Bose gas is proportional to

p
nso . The wavelength2pk21

is then 2pc2yv ~
p

nso . Since v , vT in our case,

FIG. 3. TheN dependence ofv
s2d
,,n21 modess,, n2  1d near

Tc. The temperature is chosen so thatrp  aT .
3897
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and nsosrd vanishes asr ! rp, the local wavelength
shrinks asr ! rp. (3) The n2  0 modes are different
from all other n2 fi 0 modes. First, except very close
to Tc, all v

s2d
,,n2fi0 increase asT decreases, whereas al

v
s2d
l,n2fi0 have opposite behavior (see Fig. 1). Secon

while dT and dP are out of phase for all second soun
modes (i.e.,n2  0 and n2 fi 0), the sign ofvs ? vn for
a particular mode depends on position. In particula
vs ? vn of the n2  0 modes is actually positive (i.e., in
phase) almost everywhere inside the condensate inst
of negative [3], whereas it can be positive or negative f
the n2 fi 0 modes. (The radial components ofvs andvn

for the n2 fi 0 modes are out of phase in most region
in the condensate; so are their tangential componen
However, the in-phase and out-of-phase regions of the
two components do not coincide.) This shows that unlik
the second sound modes in homogenous systems, wh
are characterized by either out of phasesdP, dTd, or out
of phasesvs, vnd oscillations,the correct characterization
of the second sound modes in the trap is the out
phase dP and dT oscillations, not the out of phase
vs and vn oscillations [3]. (4) Near the center of the
cloud, the ratioj ; jnnynynsysj is about 0.2 to 0.3
for the mode studied. This is very different from4He,
where the normal current is essentially canceled by t
supercurrent, i.e.,j ; jnnynynsysj , 1 [3]. That j is
between 0.2 and 0.3 can be understood in terms
LDA. From the work of Lee and Yang [9], one finds
that j 

12
5 sayldfg2

3y2s1dyg5y2s1dg for the homogeneous
dilute Bose gas, which is around 0.3 for the temperatu
range studied [3]. (5) In terms of dimensionless quantiti
fdP̃, dT̃g ; sdPyfnosrdkBTog, dTyTod, we find that near
Tc, dT̃ydP̃ ¿ 1 for all second sound modes, wherea
dP̃ , dT̃ for the first sound modes.

Comparison with the JILA data.—Examining the JILA
data [2] on the sound modes of87Rb with ,2 3 103

atoms, we find surprising consistency with the behavio
of the larger systems that we studied: (a) Asm  0d
mode with frequencyø2vT was observed for allT above
Tc [2]. The analog of this mode in a spherical tra
is the s,  0, n1  1d first sound mode, which also has
frequencyø2vT for all T aboveTc. (b) Below Tc, the
frequency of thesm  0d mode falls from about2vT to
1.85vT as T decreases from0.9Tco to 0.5Tco [2]. The
first and second sound analogs of this mode belowTc

are thes,  0, n1  1d and thes,  0, n2  1d modes,
respectively. The observed behavior matches well wi
the s,  0, n2  1d second sound mode, which drop
from about1.9vT to 1.5vT as T decreases from0.8Tco

to 0.6Tco as seen from Fig. 1. (c) Ansm  2d mode was
also observed belowTc [2]. Its frequency decreases from
1.45vT to 1.25vT asT increases from0.5Tco to 0.85Tco .
The second sound analog of this mode in spherical tr
is the s,  2, n2  0d mode, which also drops from
about1.4vT to about1.35vT asT increases from0.5Tco

to 0.85Tco .
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While we do not expect perfect agreement of our resul
with the JILA observations [2] because of the difference
in trap symmetry and particle numbers, the qualitativ
and quantitative consistency over the temperature an
angular momentum range mentioned above are strikin
The above discussions suggest that thesm  0d and
sm  2d modes observed belowTc [2] are the analogs
of the second sound modes of layer systems. It is n
clear at present why the first sound modes do not appe
with great prominence belowTc. Whether it is due to
the way that the modes are excited or due to the fa
that density oscillations belowTc might contain a large
second sound component because of the large temperat
fluctuations in the second sound modes [as mentioned
discussion (5) above] will be studied later. To clearly
identify the nature of the sound modes, it is necessary
experimentally investigate a larger number of modes so
to have more consistency checks with the hydrodynam
predictions. We hope that this work will stimulate and
provide guidance for future experiments.
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