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We demonstrate for the first time an observation of the peak effect in simulations of magn
vortices in a superconductor. The shear modulusc66 of the vortex lattice is tuned by adding a fictitious
attractive short-range potential to the usual long-range repulsion between vortices. The peak
is found to be most pronounced in low densities of pinning centers, and is always associated w
transition from elastic to plastic depinning. The simulations suggest in some situations that over a r
of values ofc66 the production of lattice defects by a driving forceenhancesthe pinning of the lattice.
[S0031-9007(98)05897-9]
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One of the most important aspects of superconducti
materials is their behavior in magnetic fields. In Type
II superconductors, magnetic fields induce the formatio
of quantized vortices through which magnetic flux ma
penetrate the system. The application of a current in t
presence of vortices generates an effective force that cau
them to flow through the superconductor, thereby dissip
ing energy and spoiling perfect conductivity. Much work
both theoretical and experimental, has been devoted o
the years to finding and understanding mechanisms t
pin the vortices, so that the superconductor will rema
dissipationless even in the presence of the field [1]. In t
presence of pinning centers, the superconductor display
critical currentjc above which dissipation sets in; physi
cally this current is proportional to a critical forceFp at
which the vortices become depinned and can move throu
the system.

The competition between intervortex interactions an
pinning by disorder results in a surprising and long stu
ied phenomenon known as the “peak effect.” As the crit
cal field or critical temperature at which a sample loses
superconducting properties is approached, in many si
ations one observes anenhancementof the superconduc-
tivity just before it is completely suppressed. Thus,jc

exhibits a peak as a function of field or temperature, ju
before it vanishes. The earliest understanding of this ph
nomenon, the collective pinning theory, involves the sof
ening of the elastic moduli of the vortex lattice as th
superconducting order is suppressed [2,3], so that the v
tices may settle more deeply into the pinning potential an
thus become more difficult to dislodge. One difficulty with
collective pinning is that tearing of the lattice is ignored i
estimatingjc: i.e., the lattice depins elastically, not plas
tically. In recent years this assumption has been incre
ingly questioned in the peak effect regime, particularly fo
high-purity superconductors (e.g., NbSe2 [4–6]) and sys-
tems with strong pinning centers [7–9]. Although ther
is accumulating experimental evidence of plastic motio
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in the peak effect regime, its precise effect on the size
jc is not known, and there is disagreement as to whet
jc is enhanced [5,10] or suppressed [9,11] by the onse
plastic motion.

In principle much of this debate could be settled b
direct imaging of the vortices near the depinning critic
current. However, in the peak effect regime such expe
ments are exceedingly difficult because the order para
ter is suppressed near the critical temperature or criti
magnetic field. Numerical simulations thus offer a uniq
window through which one may view the qualitative b
havior of the vortices [12–16]. In this Letter, we prese
results demonstrating for the first time (albeit, in a tw
dimensional geometry) the peak effect in a simulated v
tex system, show conclusively that it is associated with
crossover from elastic to plastic motion, and find that u
der different circumstances lattice tearing may enhance
suppressjc.

In recent years, the peak effect has been associated
the proximity of the vortex lattice to a melting transitio
[10,17,18]. Direct simulations of depinning in this situ
ation pose enormous practical problems because ne
critical point one inevitably has large thermal fluctuation
To circumvent this problem, we take note that in nea
every theoretical approach to the peak effect, it is not ac
ally melting itself but rather the softening ofc66 and other
elastic moduli near the melting transition that is respo
sible for the effect. We thus consider a system of vortic
in which the interaction may be varied so that the elas
properties of the system may be tuned directly, without t
introduction of critical fluctuations. To simulate a larg
number of vorticessNV ­ 1600d we confine ourselves to
two-dimensional systems, so that our simulations are m
directly applicable to very thin films or superconducto
consisting of effectively decoupled layers. In contrast
previous simulations, we focus on pinning centers that
dilute compared to the vortex density, which is most a
propriate for systems with strong pinning centers [7–9,1
© 1998 The American Physical Society 3851
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The precise form of the intervortex interaction we use

Hint ­ 2
1
2

X
$Rfi $R0

he2 ln j $R 2 $R0j 1 Aye2j $R2 $R0j2yj2
y j ,

(1)

where $R are the position vectors of vortices,e2 is the
strength of the logarithmic interaction, andAy and jy

are the strength and the range of a short-range attrac
interaction. For large enough values ofAy the interaction
may in principle be attractive over a range of vorte
separations; however, in all the simulations we report he
Ay is small enough that the net interaction is repulsive
all distances. A uniform background is assumed to can
out the diverging energy due to the logarithmic interactio
Because of the long-range potential, the bulk modulus
formally divergent, while the shear modulusc66 may be
shown to have the form [20]
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where ny ­ 2ys
p

3 a2
0d is the density of vortices. We

take jy ­ 0.5a0 so that the shear modulus has value
c66 ­ snyy8d se2 2 1.768Ayd, and tunec66 by varyingAy .
The vortices interact with the pinning centers through th
potential

Hpin ­ 2Ap

X
$R,$r

e2j $R2$rj2yj2
p , (3)

whereAp is the strength of the pinning centers and$r are
the positions of the pinning centers [21].

Systems withNV ­ 900 and 1600 vortices and differ-
ent numbers of pinning centers located randomly are stu
ied by a simulated annealing molecular dynamics (MD
method. Periodic boundary conditions are imposed a
an Ewald sum technique [20] is used to compute the forc
and energies. To equilibrate the system, the temperat
is lowered from above the melting temperature tokT ­
0.001e2 in about 30 consecutive steps through typical
105 MD steps. The depinning force is then measured
very low temperature, using a quasistatic technique [22,2
as follows. The center of mass of the system is shifted
steps of0.01a0 by imposing a driving force. At each step
the driving force is allowed to fluctuate while the center o
mass is fixed, and 1000 MD steps are allowed to pass
equilibrate the shifted system. The average driving for
required to hold the center of mass at this position is th
measured over 200 MD steps. The average driving for
increases approximately linearly with center of mass sh
until the system finds a new minimum energy configur
tion, at which time the required driving force drops sharpl
The depinning force is then defined as the peak drivi
force observed in this process.

Figure 1 illustrates our results for the depinning thres
old force Fp as a function of the shear modulusc66 for
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FIG. 1. Depinning forceFp as a function of shear modulus
c66 for NV vortices andNp pinning centers of strengthAp
and rangejp . The maximum possible forcefmax and the
number of pinning sites per vortexNpyNV are scaled out so
that data should collapse onto a single curve if the latt
depins elastically. Solid and dotted lines illustrate the expec
behavior for elastic depinning. Inset: Fraction of occupi
pinning sitesPoccupied for the ground state configurations foun
by simulated annealing.

several difference choices ofjp, Ap , andNp , the number
of pinning centers. In our simulations, we find that th
peak effect is most pronounced when the density of p
ning centers is small compared to the number of vortic
so we focus our attention on simulations withNp ­ 50
and 100. For increasing values ofc66, we expect the num-
ber of pinned vortices to decrease, as in collective pinni
This general trend is confirmed in the inset of Fig. 1, whi
illustrates the fraction of occupied pinning sitesPoccupied,
defined as the fraction of sites for which a vortex may
found withinjpy

p
2 of the pinning site center. When th

lattice depins elastically (i.e., when tearing and defect f
mation may be ignored), one expects the threshold dep
ning force to be proportional to the density of occupie
pinning sites and the maximum pinning force that a s
may exert,fmax ­ sApyjpd

p
2 e21y2. In the main part of

Fig. 1, fmax has been scaled out ofFp, and two curves
proportional toPoccupied are plotted for theNp ­ 50, 100
data with the proportionality constants chosen to match
threshold force for the largest values ofc66, where the de-
pinning is most elastic. As may be seen, the pinning for
matches the expectations for elastic depinning reasona
well down to c66yApny ø 2.0. For Np ­ 100, Fp de-
creases monotonically to zero asc66 ! 0, whereas for
Np ­ 50 there is a clear tendency forFp to overshootthe
elastic depinning estimate before dropping to zero. T
nonmonotonic behavior ofFp vsc66 is the peak effect, and
one of the surprising results of this study is that it is mo
pronounced for lower densities of pinning centers. Th
latter result is in qualitative agreement with experime
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for which samples that are more weakly disordered exhib
stronger peak effects [5].

The deviations from the elastic depinning estimate o
cur because for small values ofc66, the lattice easily de-
forms and tears, allowing motion without forcing out al
the vortices trapped in pinning sites. Figure 2 illustrate
the trajectories of the vortices for large, intermediate, an
small values ofc66. For the largest values, the vortex lat
tice largely retains its order as it depins. As the maximu
of the peak inFp is approached, a crossover from elast
to more plastic motion is observed, in which dynamicall
changing channels form where vortex motion takes plac
The widths of these channels decrease with decreasingc66.
This behavior is reminiscent of plastic motion observed
superconductors with ordered arrays of pinning centers
and in simulations of disordered Wigner crystals [23]. A
the falling edge of the peak effect is entered, a new qua
tative behavior emerges in which the active channels
motion of the vortices are no longer dynamic, and the m
tion becomes very much like river flow [24].

Scenarios in which the peak effect is associated wi
a crossover from elastic to plastic motion have been a
vocated by several groups in the last few years [5,9,1
The present simulations strongly support this viewpoin
although the precise evolution of the flows withc66 dif-
fers in some important aspects from what previously h
been supposed. In particular, the onset of plastic moti
in the peak effect regime has been thought to be asso
ated with either a monotonically increasing [5,10] or de
creasing [9,11]Fp with decreasingc66. Our simulations
demonstrate that in a sense both scenarios are true. Pla
flow, when it first sets in with decreasingc66, is associated
with an increasing critical current. This is particularly tru
for very low densities of pinning centers, for whichFp is
enhancedby tearing [25]. For low enough values ofc66,
however, river flow motion sets in, andFp becomes pro-
portional toc66. The latter behavior is quite sensible onc
one recognizes from the simulations that the motion of vo
tices for the smallest values ofc66 correspond to river flow
through channels that donot change dynamically. In this
case the depinning force comes about due to interactions
the “rivers” (moving vortices) with the “river banks” (sta-
tionary vortices), whose ability to hold the rivers in plac
decreases with decreasing shear modulus.

A useful way of characterizing the depinning force fo
the smallest values ofc66 (the “static river” limit) is to as-
sume that if few of the vortices trapped in pinning site
are pulled free by the depinning driving force, then th
only relevant length scale in the system at the depinni
transition isd ~ snyynpd1y2, the average distance betwee
pinning sites. In particular, this implies a characteris
tic displacement scale for the lattice in the presence
the driving forceumax ; rcd, with rc a unitless constant,
above which defects are produced so that the lattice b
comes depinned. The work done by the driving forc
must provide the elastic deformation energy just befo
it
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FIG. 2. Trajectory plots for depinned vortices at differen
values ofc66, illustrating the evolution from elastic to plastic
motion. Crosses represent the locations of pinning cente
Ap ­ 0.03e2, NV ­ 1600, andNp ­ 50, and (a)c66yApny ­
4.17, (b) c66yApny ­ 1.96, and (c)c66yApny ­ 0.48.
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FIG. 3. Depinning forceFp times interpinning-center spacing
as a function of shear modulusc66. The symbols represent
parameters as used in Fig. 1. The figure clearly shows that
the region wherec66 is small Fp is proportional toc66, and
that the average distance between pinning centers is the o
relevant length scale for “static river flow” depinning (see text)

defects and depinning set in, so thatFpnyrcd , c66r2
c d2,

or Fpny ~ c66snyynpd1y2. Figure 3 illustrates this scaling
relation, and one may clearly see a collapse of the data o
a single straight line forc66yApny , 1.0. The collapse of
the data indicate thatd is indeed the only relevant length
scale in the static river flow regime. We note finally tha
in our limit of dilute pinning centers, river flow motion is
possible for an unmelted vortex systemsc66 . 0d, in con-
trast to what has been speculated for systems with den
pinning centers [1,5].

In summary, we have reported the first simulations o
the peak effect in a vortex lattice. We observe a pea
in the depinning force near the smallest values ofc66,
demonstrate with particle trajectories that this peak
associated with a crossover from elastic to plastic motio
and find that the peak is most pronounced for low pinnin
center densities.

This work was supported by NSF Grant No. DMR95
03814 and Research Corporation (H. A. F.), and by Kore
Science and Engineering Foundation 961-0202-008-2 a
BSRI-97-2448 (M. C. C.).

Note added.—After the submission of this Letter, a
publication [26] appeared reporting experiments on N
using neutron scattering to measure correlation lengt
of a vortex lattice. It was found that in the peak ef
fect regime the correlation length corresponding to she
displacements decreases monotonically to a minimu
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through the rising edge of the peak effect. This obse
vation corroborates our finding that the softening ofc66
may be the controlling parameter in the peak effect.
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