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For three-dimensional many-electron time periodic Hamiltonians which are invariant under dynamical
symmetry of orderN we prove that only thenN = 1)th, n = 1,2,..., harmonics are generated.
We discuss the application of the dynamical symmetry based selection rules to the generation of
high harmonics by thin crystals. The derived selection rules are demonstrated numerically for a one-
dimensional model, showing that the dynamically symmetric systems can be used not only as “filters”
of the very high harmonics but also as their “amplifiers.” [S0031-9007(98)05899-2]

PACS numbers: 42.65.Ky, 33.80.Wz, 42.25.Ja, 78.90.+t

Numerous experimental and theoretical investigationsvhere ™ = p(x)e “!. Since in our case®,®, =
of harmonic generation spectra (HGS) of noble gases ®,, it implies that?,7™ P, ! = 7™ je., ™ belongs
in intense linearly polarized laser fields were stimulatedo the trivial representation of the DS group generated
by the interest in short-wavelength sources [1]. Forby P,. Consequently, the nonzero valuesdadf’ are ob-
example, by using ultrahigh powerful lasers Sarukuraained if and only if i(x)e "@! = p(—x)e ineltm/o)
et al. [2] found the relative intensities of 9th to 23rd that is, for odds’s. This result holds for HGS of any
harmonics of He, and more recently Presteinal. [3] many-electron three-dimensional (3D) system of the
published new experimental data with HGS extendingsecond order DS. It will be extended below to the case of
up to the 35th harmonic. Most recently Moiseyev anda DS of an arbitrary ordew.
Weinhold have shown that the HGS in He can be treated The question we address here is how one can use such
as asingle Floguet state phenomenon [4]. Calculationsselection rules for the HGS to choose systems and the
show that even for nonperiodic Hamiltonians the HGSproper field polarization in order to filter out all high
can be obtained from the Fourier analysis of the timeharmonics up to thath one. The next question we shall
dependent dipole moment for single Floquet state, answer is how stable are the results to perturbations which
provided the duration of the pulse is sufficiently long break the DS. Of course, it is interesting to know whether
(see, for example, Fig. 7 of Ref. [5]). We, therefore,the selected system acts not only as a “filter” but also as
study the HGS employing Floquet formalism. Using thean “amplifier” of the high harmonics.
extended Hilbert space formalism of Sambe and Howland For the sake of clarity and without loss of generality
[6] the probability to get thexth harmonic from a system (with regard to many dimensions and many-electron sys-
found in a Flogquet stateV, = exp(—iet/h)P,, is given tems), let us consider first the following effectively one-
by dimensional Hamiltonian which describes an electron’s

(Tg”) < n* (D, e | D, Y|, 1) motion in a circle under the influence of a time indepen-
dent potentialy (¢), and the circularly polarized time de-
pendent electric field:
p2

where the double bra-ket notatiof; - - ), stands for the
integration over spatial variables and over tiniefor the
dipole moment operator, anal for the laser frequency. N Py

It is well known that the HGS of atoms in linearly (¢:1) = mpl + Vig) + eEopocode — wi). (2)
polarized fields are composed only of odd harmonics [7]

; . ; : he circle plane is assumed to be perpendicular to the
A nonperturbative proof valid for quasienergy eigenstates. . S o
was giF\)/en by Ben—'?al, Beswick, a?nd Moise%v [g]_ ield propagation direction. Suppose thdty) possesses

The proof can be reformulated in the following anN-fold symmetry axis. In such a case, the Hamiltonian

way: Suppose that no Floquet states are degeneraé I_Eq. (2) is in_variant under the_ following DS operator
(accidental degeneracies of these states may occur ritten symbolicallyand not explicitly),

specific values of the field parameters [9], but generically N 27 27

the Floguet states of the systems of interest in this Py = <¢ R ﬁ) (3)
work are nondegenerate). Théd.) are simultaneous
eigenfunctions of the second order dynamical sym
metry (DS) operator,P, = (x — —x,t — 1 + 7/w),

Tbus, the eigenfunctions of the Floquet Hamiltonian,
Hi(p.t) = —ihs + H(p,1), are eigenfunctions aPy

with eigenvalues=1 and of the Floquet Hamilton- as well,

ian (here we assume that.th(_e f|eld_ is p_olarlzedxln Hi(p, )Py, 1) = eDy(p. 1),
direction). Thenth harmonic is emitted if and only X B

i <<¢)8|f(n)|¢)£>> = <<P2(I)8|P2f(n)P2_1|P2(D8>> * 0’ PNq)s(Qth) = 4\,/1 (Ds(¢’t),

0031-900798/80(17)/3743(4)$15.00 © 1998 The American Physical Society 3743



VOLUME 80, NUMBER 17 PHYSICAL REVIEW LETTERS 27 ARIL 1998

where, a priori, each one of theN roots is possible: N = 3 the(IN + 1)th harmonics are circularly polarized
Y1 = e(—27i?/N), p =0,1,...,N — 1 (here we again in the anticlockwise direction (as the incident light is),
disregard the possibility of an accidental degeneracy of ahile the (IN — 1)th harmonics are circularly polarized
pair of Floquet states and treat the generic case). The H@& the clockwise direction. The polarization of high
functional takes the form, harmonics inG, DS systems has been a subject of recent
. ~n studies [10].
‘75‘ Do nf (@ 7RI, (4) The extension of the proof given above to a 3D single

where 4 of Eg. (1) is equal topoexplie) [or electron system is straightforward. Let us formulate
poexp(—ig)] for the components of the emitted the problem in cylindrical coordinates. TheRy of
radiation circularly polarized in the antlclockW|se (clock- Eq. (3) is an exact DS operation at any specific value
wise) direction. f is, therefore, given b)f+ (gD t) =  of p andz, provided that the 3D potential/(p, ¢, z),
poexptip)exp(—inwt). The Nth order cyclic DS is of Cy symmetry. Therefore, the selection rules for
group generated by the operaﬂw acting in the extended ¢’s hold in a 3D case. The integration in Eq. (4)
Hilbert space is Gy = {Py,P%.....PN ',PN =1}. is performed now overp and z in addition to the

The nth harmonic is emitted if and only |ff(") integration overp andz. Inthe 3D casé‘(in) are equal to
belongs to the trivial representation oGy, i.e., pexp*ip)exp—inwt).

Pat o, 0Py = (e, 1), or The proof given above can be easily extended to
Sl 22) —inw(r+ 22) tio —inwt _ 2wy the case of 3D many-electron systems. The Hamil-
€ e e =e v =1 tonian for M electrons moving in a potential ofy

It leads immediately to the conclusion thaf” is nonzero  symmetry and interacting with circularly polarized light
ifand only if n =1, IN £ 1, I € N'. Moreover, for reads

Hy(p,o.%,1) = ZH(pl,so,,zl,t) + € Z[p, + p? = 2pip;code; — @) + (2 — )"V (5)

i<j

where I:I(pi,goi,zi,t) is the 3D single electron HamilJ as well. However, we would like to show that the same
tonian invariant undergy. The Hamiltonian [Eq. (5)] selection rules are obtained within the framework of the
is invariant under two mutually disjoint groups: thgh  independent electron approximation (see, e.g., Ref. [13]),
order cyclic DS groupGy v, and theM electron permu- which simplifies the theoretical treatment of HGS of thin
tation group,S,,. The former is generated by the simul- crystals.
taneous rotation of all the electrohd = (¢1,..., ou)] Without loss of generality, we treat the problem as
and the appropriate translation in time: essentially two dimensional. In this case the probability
R R . 27 2 to obtain the component of theth harmonic circularly
Py = <€0 — et W’I t+ —> ) polarized in the anticlockwise (clockwise) direction is

Nw . . . )
The HG functional in the/ electron case takes the form associated with the expectation valuewf * ivy, v.,

) 4 n () 5 being an electron’s velocity components. The expectation
et 1 Po ] Fir | Pear )N (7)) Value should be calculated with Floguet-Bloch states
wheref % (5, ¢,1) = SIL, 14 (pi, @i 1). [13,14],

As one can seef+M belongs to the trivial irreducible i) = F(l' k- r>ex;<—i ﬂ)q) 0P 1),
representation of the permutation grodfy. |®. | h h

belongs to this representation as well. Thus, the permuta{vhere k is the guasimomentum vector, and is the
tional symmetry and the existence of the pairwise interacposition vector. Calculating the harmonic emission prob-
tion do not affect the selection rules for the HGS. Indeedability, one has to take the integral over spatial vari-
the analysis of the HG functional [Eq. (7)] with respect toables within the unit cell, over time, and over all the
the DS [Eq. (6)] results in the selection rulieenticalto  values of quasimomentum up to the Fermi surface. There-
the ones obtained in the single electron case with the D®re, the relevant DS operator should commute with
of the same order. the Floquet-Bloch HamHtomanj—[FB(r 1) = exp(—ik -

Next, let us apply the DS considerations to the problem/ )ﬂf(r 1) exr(zk - #/K) rather than with the Floquet

OI1 HGMby eIectr?ns" moving mldal lferlod:jc potent;]al Hamiltonian. The expression for thgh harmonic emis-
[11]. More specifically, we would like to discuss the gjon oropapility takes the following form:
problem of an interaction of a thin crystal with laser

light propagating perpendicularly to the crystal plane o o 1D 1) 1) TP i W (8)
[12,13]. Let us consider the case of a thin crystalwhere the triple bra-ket notatiof( - - - )), stands for the
processingCy symmetry axes and circularly polarized integration over the extended Hilbert space and over all
incident light. The selection rules derived above for avalues of the quasmomenturiﬂ, up to the Fermi surface,
general multielectron system certainly hold in this caseand
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wherek = |k|, ¢ = arctartk,/k.). The new DS opera—| within the range of values characteristic of the rare

tor acting in(7, k, 1) space is composed of the rotation of gas atoms:Vy = 0.6272 a.u.; po = N(4.3357/27) a.u.
the coordinate and quasimomentum vectors by the samEhe field parameters were chosen to lag= 2.2358 X

angle and the appropriate translation in time:

pFB:< o T 2T
N (2 ® N,QOk Pk N’
27
t—t+ —|. 9
Na)) ©)

1072 a.u. andw = 0.02 a.u.~ 0.54 eV. The chosen
field strength corresponds to the relatively moderate field
intensity of aboutl.8 X 10" W/cn?. The HGS for

N = 100 is given in Fig. 1. As expected on the basis of
the selection rules, the harmonics produced are the 99th,
101st, 199th, 201st, ... ones.

In order to study the stability of the spectrum to
weak DS-breaking perturbations we choose to replace

to the ones obtained in the general case with the DS of tHif'® circularly polarized field in the Hamiltonian [Eq. (2)]
order N. However, the possible thin crystal symmetriesPy an elliptically polarized field,E = Eycodw)i +
restrict the values oW to 1, 2, 3, 4, or 6. Note that the EosSin(wz + 6)§. A similar deformation can account,
use of the current density instead of electron’s velocity!©r €xample, for an imperfect orientation of a cluster

as an HG source (as in Ref. [13]) does not alter thavith respect to the Ias_er Iight propagation direction.
selection rules. The results presented in Fig. 2 demonstrate that the

The selection rules derived above hold, of course, fof/N * 1)th harmonics are by several orders of magnitude

a general ionizing or dissociating system. Neverthelesgiore dominant than the rest within a finite range of
we choose to illustrate them numerically using a simple- The dependence of the emission probabilities of the

bound model described by the Hamiltonian of Eq. (Z)harmonics, which are forbidden at circular polarization,
with V(g) = —(Vo/2)[coSN¢) + 1]. It can serve as on @ in the smallg limit can be predicted by perturbation

a naive model of electronic motion in a cluster yf  theory. To the first order i, the DS-breaking part of
atoms arranging in a ring. The corresponding Floguethe perturbation is given byl/2)Eopoed sinle + wi).
states were found by diagonalization of the time evolution! '€ analysis of this term with respect to its DS properties
operator. The latter was calculated using ther)) shows that only thg/N = 3)th harmonics are allowed
method [4,15]. in the first order ind. Consequently, thé/N = 3)th
Most of the HG experiments are performed on theharmonic strengths vary ag” while the others are
rare gases and employ the laser frequencies much smaller

The analysis of the HG functional [Eq. (8)] with respect
to the DS [Eq. (9)] results in the selection ruidentical

than the first ionization energy of the atom. Accordingly, 10° Fo—0—0 00— ‘ ‘
we have chosen our model potential parameters to be §
S o
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107 FIG. 2. Stability plot of the probability to generate the
0 100 200 300 400 symmetry-allowed 6th harmonic and the 4th, 5th, and 7th
n (symmetry-forbidden) harmonics. Note that @}® (circles)
FIG. 1. HGS for a model ofN = 100 atoms, which are is more dominant by several orders of magnitude than that of

placed equidistantly on a circle exposed to circularly polarizedhe symmetry-forbidden harmonics fér < 0.1 rad; (b) o®
field of the intensity 1.8 X 10'3 W/cm?. The first high (squares) varies initially a®? (c) o (diamonds) varies
harmonic has the frequency #w = 2 a.u. initially as 8*; (d) ¢ (triangles) varies initially ag®°.
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multiple of the lattice constant along the propagation di-
rection,A = Na, would result, in principle, in a formation
| of a system with an arbitrarily high DS. Considering the
selection rules for harmonic emission due to the time de-
pendent dipole moment in the incident bepmpagation
// direction, one finds [16] that only very high energy pho-
tons, if any, will be emitted perpendicularly to the thin
- crystal plane.
T This work is supported in part by the Israel-US BSF
and by the Fund for the Promotion of Research at
/ Technion. We wish to acknowledge Professor Farhad
of Faisal for communicating the results [13] prior to pub-
<{ lication and Professor Jacob Katriel, Dr. Uri Peskin,
- 10 32 100 and Dr. Amnon Stanger for helpful discussions and
N comments.
FIG. 3. The probability to get theth harmonic as a function
of the numberN of the atoms which are placed equidistantly
on a circle (a log-log plot). Circles: the 51st harmonic (the

50th for N = 17); squares: the 76th harmonic; diamonds: the
101st harmonic; triangles: the 151st harmonic; stars: the 201s{1] A. L’Huillier, K.J. Schafer, and K.C. Kulander, Phys.
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