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We have developed a microscopic theory of the ac Josephson effect within the general m
of a high-transparency Josephson junction: short superconducting constriction with either ballis
diffusive electron transport. Applications of the theory were studied, including smearing of the su
current singularities by pair-breaking effects in the superconducting electrodes of the constri
and the structure of these singularities in constrictions between the composite superconducting-
electrodes with the proximity-induced gap in the normal layer. [S0031-9007(98)05901-8]
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The mechanism of electron transport in high
transparency Josephson junctions at finite bias voltageV
is known to be the process of multiple Andreev reflection
(MAR) [1]. Considerable progress has been made recen
in quantitative understanding of this process. Develo
ment of the controllable break junction technique [2] mad
it possible to study the current-voltagesI-V d characteris-
tics of atomic-size Josephson junctions with transparen
D varying from the tunnel-junction limitD ø 1 to almost
ballistic contacts withD ! 1. Junctions of other types
that exhibit MAR-related features in theI-V characteristics
include semiconductor/superconductor heterostructures
with different mechanisms of electron transport, and tu
nel junctions with high critical current density [4]. Mos
of these junctions have complex structure, with superco
ductivity in the junction electrodes complicated by th
proximity effects and elastic and inelastic scattering. T
aim of this work was to develop the theory of MAR in high
transparency Josephson junctions with arbitrary micr
scopic structure, including inelastic scattering and pa
breaking processes. All these effects cannot be accoun
for within the existing approaches to MAR [5–8] base
on the Bogolyubov–de Gennes (BdG) equations [5–7]
Hamiltonian methods [8], and require the Green’s functio
technique. Despite the long history of applications of th
technique to ac Josephson effect [6(b),9–12], there is s
no tractable theory of this effect in junctions with arbitrar
transparency. In this work we present such a theo
and apply it to study the smearing of the MAR-relate
current singularities by pair-breaking scattering, and t
ac Josephson effect between the normal conductors w
the proximity-induced superconducting order parameter

The basic model of a high-transparency Josephson ju
tion is a short superconducting constriction (shorter th
the coherence lengthj and elastic and inelastic scatterin
lengths of the constriction) with a transparencyD. In the
Green’s function technique, the constriction is describ
with the nonequilibrium quasiclassical Green’s functionǦ
which is a4 3 4 matrix consisting of2 3 2 retarded, ad-
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vanced, and Keldysh matrixeŝGR,A andĜ [13]. To calcu-
late the current we need to know the asymmetric partJ̌ of
the Green’s functioňJ  Ǧspzjd 2 Ǧs2pzjd, wherepz is
the momentum in transport direction, andj  1, 2 num-
bers the constriction electrodes. Solving the quasiclas
cal equations fořG inside the two electrodes and match
ing the solution across the constriction with the bounda
conditions [10(b)] one can show that the matrixJ̌st, t0d is
continuous inside the constriction and is given by the e
pression—see Eq. (35) of [10(b)]:

J̌  2DǦ2 p Ǧ1 p s1̌ 2 DǦ2 p Ǧ2d21

 Ǧ2 p sǦ1 1 il1̌d21 2 sǦ1 1 il1̌d21 p Ǧ2 . (1)

Here the product denoted byp means the convolu-
tion with respect to the internal time variable, i.e
Ǧm p Ǧh 

R
dt1Ǧmst, t1dǦhst1, t0d, and we used the

following notations:l 
p

s1 2 DdyD, 1̌  1̌dst 2 t0d,
Ǧ6  sǦ1 6 Ǧ2dy2, Ǧjst, t0d  Šjstdǧjst 2 t0dŠp

j st0d.
In the last equation,̌gjstd 

R
ǧjsed exps2ietd deys2pd

is the equilibrium Green’s function ofjth superconduc-
tor: ĝjsed  fĝR

j sed 2 ĝA
j sedg tanhsey2T d, ĝR

j sed 
gR

j sedt̂z 1 fR
j sedit̂y  2fĝA

j sedgp, and Šjstd 
expfiwjstdťzy2g, where wjstd is the phase of the or-
der parameter of thejth electrode. The currentIstd is
determined by the Keldysh component ofJ̌ as Trt̂z Ĵst, td
[13], and using Eq. (1) we can write it in following
symmetric form:

Istd 
V std
RN

1 dI12std 1 dI21std ,

dIjkstd 
p

4eR0
Tr t̂zsĜR

j p q̂jk 2 q̂jk p ĜA
j d st, td . (2)

In these equations, we have separated the normal-s
currentVyRN , whereRN  R0yD, andR0  p h̄ye2 for
a single-mode constriction. Other notations in Eq. (2) a
as follows:q̂jk  q̂R

jk p sĝR
k p f 2 f p ĝA

k d p q̂A
jk, q̂

m
jk 

2ysĜm
j 1 ĝ

m
k 1 2il1̂d21, fst, t0d 

R
fsed expf2iest 2

t0dgdey2p , and fsed  tanhsey2T d. For a constriction
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with a cross-section areaA and a large number of propa-
gating electron modes, angular averaging over directio
of momentum should be carried out in (2), andR0 
s2pyepF1d2h̄3yA, wherepF1  minpFj . The functions
Ĝ

m
1 and Ĝ

m
2 in Eq. (2) areĜ

m
j  Ŝstdĝm

j st 2 t0dŜpst0d,
where Ŝstd  expfiwstdt̂zy2g, and the phase difference
w  w2 2 w1 is determined by the applied voltageV std:
Ùwstd  s2eyh̄dV std. It is convenient to expresŝqR

jk and
q̂A

jk through the matricessĜR
j 1 t̂zd p q̂R

jk p sĝR
k 1 t̂zd

and sĝA
k 2 t̂zd p q̂A

jk p sĜA
j 2 t̃zd, where t̂z  t̂zdst 2

t0d. After this transformation, Eq. (2) is simplified and
can be written in terms of the functionŝa

R,A
jk obeying the
ns
following equations:

sr̂R
k 2 ĜR

j p ĥR
k d p âR

jk  r 1̂ 1 ĜR
j , (3)

and â
A
jkse, e0d  fâR

jkse0, edgy. Here r 
p

1 2 D is
the reflection amplitude of the constriction,Ĝ

R
j st, t0d 

G
R
j st 2 t0dŜstdŜst0dt̂x , G

R
j std 

R
g

R
j sed exps2ietddey

s2pd, g
R
j sed  fR

j sedyfgR
j sed 1 1g, g

A
j sed  g

Rp
j sed,

r
R
k st, t0d  1̂ 2 rG

R
k st 2 t0dt̂x, and ĥ

R
k st, t0d  2r 1̂ 1

G
R
k st 2 t0dt̂x. In terms ofâ

RsAd
jk , Eq. (2) reduces to the fol-

lowing form:

dIjkstd 
1

8eR0

Z dv

2p

Z
deJjkse, e 2 vde2ivt , (4)
Jjkse, e0d  Tr it̂yfgR
k sedWkse0dâR

jkse, e0d 2 gA
k se0dWksedâA

jk se, e0dg

1 f1 1 gR
k sedgA

k se0dgTr t̂z

Z de1

2p
Wkse1dâR

jkse, e1dâA
jkse1, e0d ,
r

h

t
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where Wksed  f1 2 jg
R
k sedj2gfsed. Equations (3) and

(4) show that the problem of finding the current in
short ballistic superconducting constriction with arbitra
time-dependent bias voltage reduces to the problem
solving Eq. (3), which is a Fredholm integral equation (se
e.g., [14]).

Equations (2)–(4) can also be used to find the curre
in short diffusive constrictions, i.e., constrictions wit
a large number of propagating modes and a leng
d that satisfies the conditionl ø d ø j, where l is
elastic scattering length. Indeed, in this case, solution
the quasiclassical equations gives the expressionJ̌dif 
s2lyFzydyFd lnsǦ2 p Ǧ1d for the asymmetric part of the
Green’s function [9]. This expression reduces to [1
J̌dif  s2lyFzydyFd

R1
0 dDJ̌sDdyD

p
1 2 D, whereJ̌sDd

coincides with Eq. (1). Thus, we find that in diffusive
constrictions

Istd 
p h̄

2e2RN

Z 1

0

dD

D
p

1 2 D
Ist; Dd , (5)

where Ist; Dd is given by Eqs. (2) for a single-mode
constriction andRN is the normal-state resistance of th
diffusive constriction. Equation (5) shows that similarl
to the approach based on the BdG equations [7], in
general Green’s function approach, the current in t
diffusive superconducting constriction can be written as
sum of independent contributions from an infinite numb
of ballistic propagating modes with the distribution o
transparencies given by the Dorokhov’s [16] densi
functionsp h̄y2e2RN dyD

p
1 2 D. It should be noted that

this approach assumes that all frequencies (frequency
a
y
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Josephson oscillations and typical frequency of volta
variations) are much smaller than the inverse time
electron motion through the constriction.

Equation (3) can be solved easily for the dc bias volta
V , when the phase difference iswstd  vJ t 1 w0, and
vJ  2eVyh̄ is the Josephson oscillation frequency. I
this case, the solution of Eq. (3) can be written as
series, âjkse, e0d  2p

P
n âns jkdse0ddse 2 e0 2 nh̄vJ d

(we omit the superscriptR), in which the amplitudes
âns jkd are determined by a system of recurrence relatio
To obtain these relations explicitly it is convenient t
write the matrixâjk in the form âjk  1

2

P
s6st̂xas

jk 1

bs
jkd s1 1 st̂zd. Equation (3) shows that the pairs o

functionsas
jk , bs

jk with s 6 satisfy the same equation
with the different polarity of the bias voltage. For the d
bias, we get the following recurrence relations for the
functions:

an11 2 gjse2n11dgkse2ndan

 2rfgjse2n11dbn 2 gkse2n12dbn11g 1 gjse1ddn0 , (6)

cse2n11dbn11 2 dse2ndbn 1 cse2n21dbn21  2rdn0 ,

where an ; a1
ns jkdsed, b ; b1

ns jkdsed, and en 
e 1 neV . The coefficients in these recurrence re
lations are csed  Dgjsedgkse 1 eV dyf1 2 g

2
j sedg

and dsed  1 2 g
2
k sed 1 Dg

2
j se 1 eV dyf1 2 g

2
j se 1

eV dg 1 Dg
2
k sedyf1 2 g

2
j se 2 eV dg. The amplitudes

ans jkd and bns jkd determine Fourier components o
the current Istd 

P
n In expsinvJ td, which accord-

ing to Eqs. (2) and (4) are given by the expressio
In  Vdn,0yRN 1 Ins12d 1 Ins21d, where
produce
ions were
Ins jkd 
1

2eR0

Z `

2`

deWksed ?

Ω
2gkse2ndans jkdsed 2 gp

k se22ndap
2ns jkdsed 1

X
m

f1 1 gkse2m12ndgp
kse2mdg

3 fbn1mbp
m 2 an1map

mgs jkdsed
æ

. (7)

For a constriction between two BCS superconductors the recurrence relations (6) and Eq. (7) for the current re
the corresponding expressions that can be obtained from the BdG equations—see [6(a)], where these express
3603
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derived for a symmetric constriction. This means that
the purpose of description of the ac Josephson effect
short constriction all information about the microscop
structure of its electrodes is contained in the functi
gRsed [introduced after Eq. (3)] which has the meanin
of the amplitude of Andreev reflection from the full
transparent superconducting-normalsSyNd interface.

Equations (6) can be solved by standard me
ods [14]. Namely, it follows from (6) thatbnsed 
b0sed

Qn
m61 p6se2md, where the functionsp6sed are

solutions of the equationsp6sed  cse71dyfdsed 2

cse61dp6se62dg; the two signss6d here correspond to
n $ 1 sn # 21d, and b0sed  rfdsed 2 cse1dp1sed 2

cse21dp2sedg21. These relations provide the basis f
convenient numerical evaluation of the current, a
therefore allow us to find the current in constriction
between the superconductors with arbitrary quasipart
spectrum. As we will see below, all deviations of th
quasiparticle spectrum from its “ideal” BCS form affe
strongly MAR-related current singularities and especia
the low-voltage behavior of the current.

The quasiparticle spectrum of a superconductor can
fer significantly from the BCS form due to pair-breakin
(PB) effects which can be caused by several facto
scattering on paramagnetic impurities, magnetic field,
percurrent flow—see, e.g., [17]. For disordered sup
conductors, various PB processes can be described
unified manner, the difference between various mec
nisms contained only in the microscopic expressions
the pair-breaking parameterz that gives the strength o
the PB. For instance, in the case of paramagnetic
purities, z  h̄ytsD with ts being the spin-flip scatter-
ing time. For a thin superconducting film of thickne
d ø j in a magnetic fieldH parallel to the film,z 
lyFseHdd2y18h̄D. As the first application of our genera
theory we consider the ac Josephson effect in a cons
tion between two disordered superconductors with so
PB mechanism. The retarded Green’s functions of s
superconductors are [17]:

gR 
u

p
u2 2 1

 ufR ,
e

D
 u

∑
1 2

z
p

1 2 u2

∏
.

(8)

Weak PB effects result in smearing of the BCS s
gularity in the quasiparticle spectrum and suppress
of the superconducting energy gap to a reduced va
Dg  Ds1 2 z 2y3d3y2. The gap disappears complete
at z $ 1. Even weak PB affects strongly the curren
carrying states of the constriction. For example, symm
ric constrictions are known to support two discrete sta
in the subgap range with energiese6  6ew . In the case
of BCS superconductors,ewyD 

p
1 2 D sin2swy2d ;

uw , and the dc supercurrent is carried entirely by the d
crete states [18]. At finite PB, these states exist wh
j sinswy2dj . z 1y3y

p
D and their position is determined

by the expressionew  Duws1 2 z y
p

D j sinswy2djd. In
constrictions with transparenciesD , z 2y3 ; Dz the dis-
3604
for
in a
ic
on
g

y

th-

or
nd
s

icle
e

ct
lly

dif-
g
rs:

su-
er-
in a
ha-
for
f
im-

ss

l
tric-
me

uch

in-
ion
lue

ly
t-
et-
tes

is-
en

crete states disappear, and the current is carried only
the continuum of states above the gap. We note thatDz

corresponds to rather high transparencies even for sm
pair-breaking parameter on the order of 0.1. For exa
ple, for the PB caused by magnetic field parallel to a th
Al film with d , 100 nm,z  0.1 impliesH in the range
of 100 G, the field that is much smaller than the paral
critical field Hck. Figure 1 shows how the changes in th
quasiparticle spectrum caused by the PB are reflected
the current-voltagesI-V d characteristics. All gap-related
features are rapidly broadened at smallz , and the curves
become practically linear in the gapless regimez $ 1.

The changes in the spectrum are reflected also in
ac current. This can be seen explicitly in the case of t
fully transparent constriction,D  1, and low voltages,
eV ø DgfsDgd, when the recurrence relations (6) can b
solved directly and we get the current:

Istd 
1

2eRN

Z
de

3 Re
i sinwF1se, V d 1 2u

p
u2 2 1 F2se, V d

u2sed 2 cos2swy2d
.

HereF6se, V d  fFse, V d 6 Fse, 2V dgy2, and

Fse, 6V d  fsed 2
Z e

6Dg

de0 ≠fse0d
≠e0

3 exp

µ
2

Z e0

e

dE
eV

ln jg2sEdj
∂

.

The currentI in the constriction as a function of the (time
dependent) phase differencew calculated from these
equations is shown in the inset in Fig. 1. We see th
even relatively smallz has a strong effect on the dynami
current-phase relation, suppressing the dc componen
the current and making it more similar to the stationa
current-phase relation.

FIG. 1. dcI-V characteristics of a short ballistic constrictio
between the two superconductors with pair-breaking (P
effects. The curves are shifted for clarity along the current a
and illustrate the smearing of the subharmonic gap struct
with increasing strength of the PB. The upper curve withz 
1.0 corresponds to the regime of gapless superconductiv
The inset shows the dynamic current-phase relation at low b
voltages andD  1 for z  0, 0.1, 0.3, and 0.7 (from top to
bottom).
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We consider next a constriction between two norma
conductors in which superconductivity is induced by th
proximity effect, i.e., anSyNcNyS junction. Besides
general interest to the proximity effect, the importance o
this model is due to its relevance for realistic descriptio
of the high-critical-current tunnel junctions [19]. We
study a particular case of a thin dirtyN layer of
thicknessdn ø jn with the SyN interface that has low
transparency,kD0l ø 1, but resistance still negligible
in comparison to the constriction resistance [20]. Th
Green’s functions of theN layer are given then by the
first equation in (8) withu  se 1 igbgR

S dyigbfR
S ; see,

e.g., [19,21], and references therein. HeregR
S and fR

S
are the Green’s functions of the superconductor, an
gbyh̄  kD0lyFny4dn is the characteristic tunneling rate
across theSyN interface which is assumed to be large
than electron-phonon inelastic scattering rate in theN
layer. The energy gapDg is induced in theN layer
due to the proximity effect. If theS electrode of the
structure is the BCS superconductor with energy gapD,
the induced gapDg is determined by the equationDg 

Dgbyf
q

D2 2 D2
g 1 gbg. Existence of the induced gap

implies that there are two peaks in the density of state
of the N layer, at energiesDg and D. This structure of
the density of states results in a complex structure of th
subharmonic gap singularities in theI-V characteristics of
the constriction. An example of such a structure is show
in Fig. 2 for gbyD  1, whenDg . 0.54D. We see that
the most pronounced current singularities in this case a
the subharmonic singularities ateV  2Dgyn associated
with the induced gap. Also visible are the singularities a
“combination” energiesD 1 Dg andsD 1 Dgdy2.

In conclusion, we have developed the microscopic ap
proach to MAR in short ballistic and diffusive constrictions
between the superconductors with arbitrary quasipartic
spectrum. We used the developed approach to study t
dc and ac current in constrictions between supercondu
tors with pair-breaking effects, and also between norm

FIG. 2. dc current-voltage characteristics of a short symmetr
SyNcNyS constriction for different values of the constriction
transparencyD. The curves show the complex subharmonic
gap structure associated with the two energy gaps:D in the S
region, and proximity-induced gapDg in the N region. For
discussion, see text.
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conductors with the proximity-induced superconductivity
The effects studied in this work should be observable i
high-transparency Josephson junctions either as a comp
structure of the subharmonic singularities (similar to th
one shown in Fig. 2) or as smearing of these singularitie
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