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Acoustic Localization in Bubbly Liquid Media
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Acoustic wave propagation in liquid media containing many air-filled bubbles isab initio considered.
A self-consistent method is used to derive a set of coupled equations describing rigorously
multiple scattering of waves in such media. The wave transmission and backscattering are
solved exactly. The numerical results indicate localization of acoustic waves in a range of freque
[S0031-9007(98)05787-1]
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The propagation of waves through random media h
been and continues to be a subject of vivid research [
6]. By analogy with the well-known localization of the
electron transport in disordered condensed matters aris
from the interference effects in multiple scattering, it ha
been discussed much in the literature that similar loca
ization may also exist in the transmission of the classic
waves in random media when the multiple scattering b
comes strong [7–17]. Such a localization phenomen
may be characterized by two levels. One is the weak l
calization, associated with the enhanced backscatteri
The second is termed as the strong localization, in whi
significant inhibition of transmission surfaces, indicatin
that the energy mostly remains in a region of space in t
neighborhood of the emission. In other words, under ce
tain conditions, the wave can be trapped in a finite spat
domain. While the weak localization, regarded as a pr
cursor to the strong localization, has been well studied a
observed experimentally [18], the phenomenon of stro
localization in three dimensions still lacks experimenta
confirmation and remains a subject of much debate [1
Ruseket al. [13] pointed out that “. . . despite remarkable
efforts no deeper insight into localization . . . can be foun
in the literature.”

In this Letter, we report a simulation study of low-
frequency acoustic propagation in liquid media containin
many air-filled bubbles. The approach is based on a gen
ine self-consistent scheme bearing similarities to the pr
cedure of Twersky [4] reviewed in Ref. [20], and has bee
detailed in Refs. [21]. In the approach, the wave prop
gation is represented by a set of coupled equations, an
solved rigorously. The wave transmission and backscatt
ing are thus obtained. In particular, we consider the bu
bly water. Moreover, all bubbles are taken as the sing
size for simplicity, yet without losing generality. The nu
merical results indicate the existence of both weak a
strong localization in the range of frequency considered

There are several advantages of studying sound in bu
bly water. (1) The air-filled bubbles are strong acoust
scatterer. At low frequencies, aboutka , 0.0136, it ap-
pears the resonant scattering and the scattering strengt
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greatly enhanced at resonance, making it an ideal system
study strong scattering. Herek is the acoustic wave num-
ber in water, anda is the radius of the bubbles. (2) The
scattering function of a single bubble has been well studi
and has a simple form. The scattering function of a sphe
cal bubble can be found in many textbooks [22], wherea
the scattering function of a deformed bubble, such as
ellipsoidal bubble, has also been analytically derived r
cently [23]. (3) It is found that the scattering of bubble
is isotropic in the range of frequency considered, perm
ting many simplifications. Furthermore, perhaps more im
portant, such an isotropic scattering feature remains va
even as the bubbles are subject to significant deformati
commonly seen in actual experiments [23]. (4) The prop
gation of waves in bubbly water may serve as a toy mod
for many more complicated situations. There are als
many practical reasons for studying the sound propag
tion through bubbly liquids, because of the prominent ro
played by bubbles in a variety of situations of great interes
The bubbles generated by breaking waves at ocean s
faces are a good agent for probing upper-ocean dynami
including shear turbulence, Langmuir circulation, fronts
and internal waves [24]. They are also useful in medic
echocardiography [25].

Indeed, considerable efforts from both theoretical an
experimental points of view have been devoted to prop
gation of acoustic waves in bubbly liquids. A review on
general aspects of the subject may be found in the mono
raphy [26]. Strong localization of acoustic waves in bub
bly liquids was first suggested by Sornette and Souilla
[27]. But no detailed results were given. Later, Ye an
Ding studied acoustic wave propagation in bubbly wate
using the perturbative diagrammatic method [28]. Includ
ing a higher order correction representing the mutual inte
action between two bubbles, their results show that wh
the concentration of the bubbles reaches a certain val
the wave phase speed can become negative; one of th
suggestions is the appearance of wave trapping. An ob
ous shortcoming of the diagrammatic approach, howev
is that it cannot exclude the possibility of the breakdown o
the perturbative calculation, and how many and what typ
© 1998 The American Physical Society 3503
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of perturbation terms should be included are unknown.
order to gain a definite insight into the problem, it is there
fore highly desirable that one can study the problem
a rigorous or an effectively exact manner. Although th
is virtually impossible for systems containing an infinit
number of scatterers, the rigorous results can be obtai
for systems consisting of a finite number of scatterers. T
Letter presents one of such studies.

Different from the common approach which derive
approximately a diffusion equation for the ensembl
averaged energy, our method is to solve rigorously t
wave propagation from the fundamental wave equatio
Consider a unit point source in bubbly water, emitting
monochromatic acoustic wave of angular frequencyv.
For simplicity while not losing generality, we consider
simple model. The source is assumed to be at the orig
There areN spherical air bubbles randomly located at$ri

(i  1, 2, . . . , N), surrounding the emission point. Fo
simplicity, all the bubbles are assumed to be of the sa
size and randomly distributed within a spatial domai
which is taken as the spherical shape. No bubble
located at the source, and no two bubbles can occupy
same spot, i.e., the hard sphere approximation. In ot
words, the point source is placed at the center of a sph
cal bubble cloud; such a model describes the acous
noise naturally generated inside the bubble clouds in t
upper-ocean processes. The radius of the bubbles isa.
The void fraction, the fraction of volume occupied by th
bubbles per unit volume, isb. Therefore the numerical
density of the bubble isn  3by4pa3, and the radius
of the bubble cloud isR  sNybd1y3a. The radiated
wave from the source is subject to multiple scatterin
by the surrounding bubbles. The wave equation can
generically written as

s=2 1 k2dps$rd  24pds$rd 1 JfN, pg , (1)

wherek is the wave number of the pure water, the sour
is represented by the delta function, and the second te
on the right-hand side refers to the interaction between
waves and theN scatterers. Without the interaction, th
propagating wave isp0s$rd  eikr yr. When the scatterers
are present, the solution can be composed as

ps$rd  p0s$rd 1

NX
i1

pss$r; id , (2)

wherepss$r; id is the scattered wave from theith bubble in
response to the direct incident wave and also all the sc
tered waves from other bubbles. Owing to the simplici
in sound scattering by air bubbles, the scattered wave
be written as

pss$r; id  f

√
p0s$rid 1

NX
j1,jfii

pss$ri ; jd

!
eikj$r2$ri j

j$r 2 $rij
, (3)

wheref is the isotropic scattering function of the singl
bubble, and in the resonant scattering regime it can
3504
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written as [22]

f 
a

v
2
0yv2 2 1 2 id

, (4)

in which v0 is the resonant frequency, andd is the damp-
ing factor. Although the damping factor can incorpo
rate the radiation, thermal, and viscosity effects, it c
be adjusted manually to check various concepts. For
ample, when the thermal and viscosity damping are turn
off, the acoustic absorption diminishes, allowing study
the situation without acoustic absorption. The formula
Eq. (4) is valid forka , 0.4 [29].

When setting$r in Eq. (3) at another scatterer, we arriv
at the following self-consistent equations:

pss$rl ; id  f

√
p0s$rid 1

NX
j1,jfii

pss$ri ; jd

!
eikj$rl 2$ri j

j $rl 2 $rij
,

si, j  1, 2 . . . , N , but i fi ld . (5)

These equations can be rewritten in the form ofN 3 N
matrices, and then solved exactly for an arbitrary co
figuration of the bubble distribution. The result can then
averaged over many configurations to obtain proper qua
ties. For example, for the quantityA, the averaged value is
kAl 

1
M

PM
i Ai, whereAi is the quantity value for theith

realization, and the total realization number isM. This en-
semble average is consistent with what has been descr
by Foldy [1] and Ishimaru [20]. The number of realiza
tion M is taken such that the results become stable.
this Letter, we consider the averaged wave referring to
coherent portion, as well as the averaged squared mo
lus of the wave function which includes both the cohere
and diffusive portions. We defineI  kjpj2l to repre-
sent the squared modulus of the total wave correspond
to the total energy,IC  jkplj2 to the coherent portion,
and the diffusive part is thereforeID  I 2 IC. The
backscattering situation is simply obtained by replacingp
with

PN
i1 pss0; id. Here we note that it is the ensemble

averaged total intensity in long propagation range rat
than mere coherent or diffusive portion which determin
the localization phenomenon. The approach describ
here corresponds to taking the modulation frequency
wards zero in the previous theories [17].

A set of numerical experiments has been carried out
various bubble sizes, numbers, and concentrations.
locations of the bubbles are randomly generated in
hard-sphere approximation within the prescribed sph
by the computer, to simulate the random configurations
the bubble cloud. More details have been documented
Ref. [21]. Figure 1 presents one of the typical results
the forward and backscattering as a function of frequen
in terms ofka. Also plotted are the results of the cohere
portion. The void fraction is taken as1023, and the
hydrophone is placed at a distance away from the bub
cloud to receive the forward transmission. Here it is sho
in Fig. 1(a) that the transmission is greatly reduc
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FIG. 1. Transmission and backscattering as a function ofka.
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between 0.01 and 0.02 inka, indicating the acoustic local-
ization. At these frequencies, the Ioffe-Regel criterion [17
is satisfied. The greatest inhibition occurs at aboutka 
0.0176. Since the sample size is finite, the transmissio
is not completely diminished, as expected. The result al
shows that the coherent part dominates the transmission
most frequencies. We also notice that, before the localiz
tion region, there appear two resonant transmission pea
The first peak at aboutka  0.007 may be attributed to the
collective mode of the bubble cloud, whereas the seco
peak corresponds to the resonant peak of a single bubb
Because of the multiple scattering, the resonance peak
a single bubble is shifted slightly towards a lower fre
quency, in agreement with the previous results [21,30
Figure 1(b) shows the backscattering situation, in which
(c) the
FIG. 2. Transmission as a function of the distance away from the source. (a) The total intensity, (b) the coherent portion,
diffusive portion with the scaling of distance squared, and (d) the diffusive portion with the linear scaling of distance.
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hydrophone is put at the origin to receive the backscattere
wave. The coherent contribution is represented by the do
ted line. Here we observe the enhancement of backsc
tering, as compared to the transmission, particularly in th
localization regime, where the diffusive wave dominate
and is considered being trapped. The error analysis h
also been conducted with respect to the number of e
semble averaging. We find that deviations are uniforml
less than 0.5% for the number of realizations exceedin
1000. More detailed analysis is presented in Ref. [31].

Figure 2 plots the transmission as a function of the dis
tance from the acoustic source for three frequencies
terms of ka, denoted by the numbers in the plots. The
results are scaled by the geometric factors. This figu
shows the following. (1) Outside the bubble cloud, the
3505
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transmission falls off as1yr2 for large r, as expected.
(2) Inside the cloud, the energy is localized in certain d
mains forka  0.0136, and 0.0176; only a small portion
of energy will be transmitted out of the cloud. The lo
calization is mostly clear in the case ofka  0.0176. At
the higher frequencyka  0.3, the localization disappears
though at this frequency the enhanced backscattering s
remains according to Fig. 1. Therefore in this situatio
only weak localization can be observed. (3) Both cohe
ent and diffusive portions are localized spatially, when th
localization occurs. The diffusive part inka  0.3 ap-
pears to follow the prediction of a diffusion equation. I
however, remains an open question how the observat
for the strong localization can be fitted by the existing di
fusion theory.

The localization may be understood as follows. Whe
the source starts to transmit, the coherent energy will
lost due to multiple scattering by the random scattere
partially transferring into diffusion energy. As a resul
the diffusion energy will start to build up, and perhap
will reach a peak at a certain point [20]. Without localiza
tion, according to the transport theory the diffusion ener
will propagate and reach a certain value (e.g., Sect. 14
in Ref. [20]). This is exactly the situation forka  0.3.
Here we note that the geometry effect has been factoriz
out. When the localization occurs, although the diffusio
energy can still be built up near the source, both the coh
ent and the diffusion energy transports will be blocked a
remain in the neighborhood of the emission. Little energ
is transmitted out of the cloud, indicated by the curtailme
in the cases ofka  0.0176 andka  0.0136.

The above localization phenomena are supported
further investigations [31]. (1) The localization is no
due to the dissipation. This is verified by turning off o
adjusting the dissipation terms involved in the scattering
bubbles, as aforementioned. (2) By increasing the bub
number while keeping the void fraction constant, it
shown that the localization is not due to the boundary of t
bubble cloud either. (3) The localization is also insensitiv
to the size of bubbles. (4) However, it is shown tha
the localization disappears when the bubble concentrat
reaches a sufficiently low level. (5) When the bubb
concentration is decreased, the window for the localizati
is narrowed, tending to disappear.

In summary, we have studied wave propagatio
through liquid media containing air-filled bubbles. A
self-consistent method is employed to calculate the wa
propagation in an exact manner. The results from t
numerical experiments are reported. A narrow regime
strong localization is predicted. The results show that t
weak localization can occur in a wider range of frequenc

The useful communications with Professor Ping She
are greatly appreciated. Dr. David Farmer is also thank
for very useful comments. The work received suppo
from National Science Council of ROC (Grant No. NSC
87-2112-M008-008) and also from the National Centr
University and the Spanish Ministry of Education.
3506
o-

-

,
till

n,
r-
e

t,
ion
f-

n
be
rs,
t,
s
-

gy
-3

ed
n
er-
nd
y

nt

by
t
r
by
ble
is
he
e
t

ion
le
on

n

ve
he
of
he
y.
ng
ed
rt

al

[1] L. O. Foldy, Phys. Rev.67, 107 (1945).
[2] M. Lax, Rev. Mod. Phys.23, 287 (1951).
[3] P. C. Waterman and R. Truell, J. Math. Phys. (N.Y.)2,

512 (1961).
[4] V. Twersky, J. Math. Phys. (N.Y.)3, 700 (1962).
[5] U. Frisch, inProbabilities Methods in Applied Mathemat-

ics, edited by A. T. Barucha-Reid (Academic, New York,
1968).

[6] J. H. Page, P. Sheng, H. P. Schriemer, I. Jones, X. Jin
and D. A. Weitz, Science271, 634 (1996).

[7] T. R. Kirkpatrick, Phys. Rev. B31, 5746 (1985).
[8] C. A. Condat, J. Acoust. Soc. Am.83, 441 (1988).
[9] D. Sornette and B. Souillard, Europhys. Lett.7, 269

(1988).
[10] P. Sheng and M. Y. Zhou, Science253, 539 (1991).
[11] A. Z. Genack and N. Garcia, Phys. Rev. Lett.66, 2064

(1991).
[12] R. Dalichaouch, J. P. Armstrong, S. Schultz, P. M

Platzman, and S. L. McCall, Nature (London)354, 53
(1991).

[13] M. Rusek, A. Orlowski, and J. Mostowski, Phys. Rev. E
53, 4122 (1996).

[14] H. P. Schriemer, M. L. Cowan, J. H. Page, P. Shen
Z. Liu, and D. A. Weitz, Phys. Rev. Lett.79, 3166
(1997).

[15] A. Lagendijk and B. A. van Tiggelen, Phys. Rep.270, 143
(1996).

[16] S. John, Phys. Today44, No. 5, 32 (1991).
[17] P. Sheng,Introduction to Wave Scattering, Localization

and Mesoscopic Phenomena(Academic Press, New York,
1995).

[18] Y. Kuga and A. Ishimaru, J. Opt. Soc. Am. A1, 831
(1984); M. van Albada and A. Lagendijk, Phys. Rev. Lett
55, 2692 (1985); P. E. Wolf and G. Maret, Phys. Rev
Lett. 55, 2696 (1985); A. Tourinet al., Phys. Rev. Lett.
79, 3637 (1997).

[19] P. Sheng (private communication).
[20] A. Ishimaru,Wave Propagation and Scattering in Random

Media (Academic Press, New York, 1978).
[21] Z. Ye, J. Acoust. Soc. Am.102, 1239 (1997); Z. Ye and

C. Feuillade, J. Acoust. Soc. Am.102, 798 (1997); Z. Ye
and A. Alvarez, J. Acoust. Soc. Am. (to be published).

[22] P. M. Morse and H. Feshbach,Methods of Theoretical
Physics(McGraw-Hill, New York, 1953), Vol. II, p. 1498;
C. S. Clay and H. Medwin,Acoustical Oceanography
(John Wiley & Sons, New York, 1977).

[23] Z. Ye, Phys. Rev. E56, 2318 (1997).
[24] S. A. Thorpe, Proc. R. Soc. London, Ser. A304, 155

(1982); Prog. Oceanogr.35, 315 (1995).
[25] N. de Jong and L. Hoff, Ultrasonics31, 175 (1993);

Z. Ye, J. Acoust. Soc. Am.100, 2011 (1996).
[26] T. G. Leighton, The Acoustic Bubble(Academic Press,

New York, 1994).
[27] D. Sornette and B. Souillard, Europhys. Lett.7, 269

(1988).
[28] Z. Ye and L. Ding, J. Acoust. Soc. Am.98, 1629

(1995).
[29] Z. Ye, J. Acoust. Soc. Am.101, 1945 (1997).
[30] I. Tolstoy, J. Acoust. Soc. Am. 80, 282–294

(1986).
[31] Z. Ye and A. Alvarez (to be published).


