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The physical reality of light-induced states in atoms has remained uncertain, ever since their disco
by Floquet theory. We now show that their existence is confirmed by time-dependent wave pa
theory, and should manifest itself experimentally. By applying a realistic pulse to the atomic sys
and calculating the energy spectrum of the ionized electrons, we find signals at the energies pre
by Floquet theory for the light-induced states, sometimes with towering intensity. Choosing the in
states such as to connect to the light-induced states via diabatic Floquet paths substantially enhan
yield. [S0031-9007(98)05747-0]
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The possibility that intense laser fields induce ne
states in atomic systems had been predicted some ti
ago for 1D models for both the high-frequency Floque
approximation [Bhattet al. [1(a)] ] and the full theory
[Bardsley et al. [1(b)] ]. However, it was the work of
Potvliege, Shakeshaft, and collaborators on 3D mode
[2] that has clarified the circumstances of materializatio
of the light-induced Floquet states (LIS) from unphysica
shadow states at energy thresholdsnv sn ­ integerd.
Concerning physical systems, LIS were found for atom
hydrogen from full Floquet theory by Dörret al. [3] and
for H2 from the high-frequency approximation (including
electron correlation) by Muller and Gavrila [4].

The class of Floquet solutions, to which the LIS
belong, satisfies Gamow-Siegert boundary condition
[5]. Such solutions give an idealized description of th
physics, as they have exponential asymptotic growth an
hence, do not belong to the quantum-mechanical Hilbe
space. A number of conditions need to be satisfied f
these solutions to represent physical situations [e.g., s
[5(b),5(c)] ]. Besides, they are calculated at consta
field amplitude, and adiabaticity must be invoked in
order to apply the results to laser pulses. With all o
its limitations, Floquet theory has achieved impressiv
success over the years.

The physical significance of the LIS has remained
nevertheless, uncertain. This may be due to the fa
that the general difficulties in interpretation of Floque
theory are now compounded with new ones, such as t
evolution of the LIS cannot be followed from a field-free
limit. Furthermore, they can manifest bizarre intensit
dependence; for example, for the short-range potent
models studied, the LIS can have transient existenc
with materialization followed by disappearance, only t
reappear after an intensity gap [2(c)]. Such behavi
would be hard to accept as physical on the basis of Floqu
theory only, unless firmly substantiated otherwise.

Yet, the physical reality of the LIS is an essentia
issue for the structure of the atom in the field, an
0031-9007y98y80(16)y3479(4)$15.00
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the credibility of Floquet theory. The confirmation o
the physical reality of the LIS can come only from
the study of wave packets obeying the time-depende
Schrödinger equation, which is the proper framework f
the application of quantum-mechanical laws, and direc
reflects experiment. The simplest way of searching f
them is to analyze the excess-photon ionization/abov
threshold ionization (EPI/ATI) spectra of the ejecte
electrons, as the peaks in the spectra are located
multiples ofv from the energy level of origin. Whereas
considerable information on LIS has been derived fro
Floquet theory, none has been extracted from the wa
packet approach. We show here, for the first time, th
wave-packet evolution confirms the physical reality of th
LIS, by detecting their signature in the EPI/ATI spectra o
the ejected electrons.

Our analysis is carried out on a 1D atomic model. Su
models have proven to be valuable tools for understan
ing and predicting intense laser-physics phenomena (e
the case of “dynamic” stabilization [6], or high-harmoni
generation with ultrashort pulses [7]). The atomic pote
tial we use has the “soft-core” Coulomb form:

V sxd ­ 2fa2e2sxyad2

1 x2g21y2. (1)
It is finite at the origin, and its Coulomb tail supports
Rydberg series of states. We have chosena ­ 1.6, such
that the ground state energy isW0 ­ 20.500 [8]; atomic
units are used.

We consider Floquet solutionsCsFd of the time-
dependent Schrödinger equation in the space-transla
version [see [5(c)], Eq. (18)], which is unitarily equivalen
to its more familiar forms in the velocity or length gauge
For monochromatic radiation, the electric field can b
takenE std ­ E0 sinvt, whereE0 is constant. Inserting
in the Schrödinger equation

CsFdsx, td ­ e2iEt
1X̀

n­2`

Fnsxde2invt (2)

yields a system of coupled equations forFnsxd [see [5(c)],
Eqs. (28), (29)]. The natural parameters entering t
© 1998 The American Physical Society 3479
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FIG. 1. Floquet quasienergiesEn ; Wn 2 siy2dGn, at v ­
0.24 a.u.; Gn is represented by the length of the vertica
segment (shading) associated withWn. The statesn ­ 0 and
9–12 are given in the inset.

theory are nowv and a0 ; E0v22 (a0 is the classical
quiver amplitude of the electron in the field). We impos
Gamow-Siegert boundary conditions on theFnsxd [see
[5(c)], Sect. III.A, or [9], Eqs. (6), (7)]:

Fnsxd !

Ω
fn expsiund, for x ! ` ,
s21dP1nfn exps2iund, for x ! 2` ,

(3)

where un ; knx 2 sknd21 ln 2knx, with kn ­ 6f2sE 1

nvdg1y2, and P is the parity of the Floquet solution.
This leads to a complex eigenvalue problem yielding th
“quasienergies”E ; W 2 isGy2d. If the signs of the
square roots ofkn are chosen such that there are outgoin
fluxes in the “open channels” [i.e.,sReE 1 nvd . 0],
but none in the “closed channels” [i.e.,sReE 1 nvd ,

0], the Floquet solution is physical. Otherwise, th
Floquet solution is unphysical, and is called a “shadow
[2]. In the physical case,W is interpreted as the average
energy (modulov) of the decaying state in the field, and
G as its total ionization rate. By varyinga0 (or E0)
continuously, at some critical value a physical solutio
can go over into a shadow; the reverse can also occ
which is the materialization of a LIS. We recall that
if a solution CsFd is represented by the sethE, Fnsxdj,
it can be represented just as well by the family of se
hE0 ; E 1 pv, F0

n ; Fn1psxdj, wherep is an integer
3480
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[see Eq. (2)]. Nevertheless, observable results, such
the values of the EPI/ATI energies, are not affected by th
ambiguity.

Further, to substantiate the existence of the LIS, w
propagate solutions of the time-dependent Schröding
equation in the length gauge, evolving from a
field-free initial state (for t , 0), under the influ-
ence of a laser pulseE std ­ E0std sinvt, where
E0std ­ E0 sin2sptytd, where t is the length of the
pulse. Fort . t, the atom is again free, and the proba
bility density for the EPI/ATI spectrum is given by

dPydW ­
X

P
jsusPd

W , CLdj2, (4)

whereCL is the length-gauge wave packet, andu
sPd
W is a

continuum energy eigenfunction of the field-free Hamil
tonian, with parity P. As wave packets can be ex-
panded in Floquet states [characterized in the prese
case by a time-dependenta0std] (e.g., see [10]), the cal-
culated EPI/ATI spectrum has sharp peaks located
sReEn 1 nvd, whereEn are the discrete quasienergies
of the states present. Several Floquet states are po
lated in general (“shakeup”), because the variation of th
pulse is never fully adiabatic. The coefficients of thes
states evolve rather smoothly (for our pulse choice) un
til an avoided crossing of two ReEnsssa0stdddd curves is
reached, where the corresponding coefficients can ha

FIG. 2. Floquet quasienergiesEn at v ­ 0.12 a.u. Gn is
represented as in Fig. 1.
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FIG. 3. EPI/ATI spectra atv ­ 0.24 a.u., with initial state
n ­ 0, for the peak values ofa0 given. t ­ 31 cycles,
except for (c), wheret ­ 61 cycles. The markings give the
energies of electrons originating from statesn labeled as in the
corresponding Floquet diagram.

a rapid variation due to diabatic transitions; see the d
cussion by Potvliege and Shakeshaft [11]. Thus, duri
the pulse, the atomic population evolves mainly via Flo
quet states with ReEnsssa0stdddd forming a (discontinuous)
sequence of small-curvature segments [“diabatic path
(DP)]. The energies and widths of the peaks appe
ing in the EPI/ATI spectrum will reflect these paths
with due weight given to the magnitude ofGsssa0stdddd
along them.

The complex Floquet eigenvalue problem was solv
by the method described in [9], extended here in the ca
of a Coulomb-tail potential, such as Eq. (1). The wav
packets were propagated on a spatial grid by the meth
described in [10].

In Fig. 1, we present the quasienergy spectra f
v ­ 0.24 (6.53 eV) anda0 , 4.2 sE0 , 0.24d, and in
Fig. 2, for v ­ 0.12 (3.26 eV) and a0 , 4.2 sE0 ,

0.06d. Using the Floquet ambiguity, all energiesWsa0d ;
ReEsa0d have been placed in the energy bands2v, 0d.
Each of the spectra shown contains one LIS, denoted
LIS1 (there are more at highera0 values). Note that LIS1
in Fig. 2 has a transient existence.

LIS1 in Fig. 1 can be reached (modulov) by a DP
starting from the ground staten ­ 0, and passing through
the Rydberg statesn ­ 10, 12, etc. (see inset of Fig. 1).
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It is remarkable that there are two DP leading to LIS1
Fig. 2. One of them starts fromn ­ 0, passes through
n ­ 6, 4, and accesses thedescendingbranch of the LIS1
curve. The other starts fromn ­ 2 and passes through
the Rydberg statesn ­ 9, 11, etc., to access (modulov)
theascendingbranch of the LIS1 curve. Thus, the initia
states considered should be best suited to access the
of Figs. 1 and 2 [12].

Figures 3–5 display the EPI/ATI spectra (for kineti
energy,2v only), calculated with a pulse lengtht ­ 31
cycles, unless otherwise stated. Figure 3 correspond
v ­ 0.24 and initial staten ­ 0. At a0 ­ 0.4, for which
W sa0d is located on then ­ 12 segment of the DP iden-
tified in Fig. 1, we see, indeed, the signal fromn ­ 12,
along with the signature ofn ­ 6, populated by shakeup
At a0 ­ 1, the signal from the just-materialized LIS1
dominates that fromn ­ 4, populated by shakeup [13]
The spectrum ata0 ­ 2 (recorded witht ­ 61 cycles)
shows interference fringes associated with the LIS sign
this interference effect was discussed (for regular stat
by Bardsleyet al. [1b], Reed and Burnett [14], Telnov
and Chu [15]; [16]. The peaksn ­ 6, 4, 1 are present
due to shakeup [13]. Ata0 ­ 4.1, there is displacement
of LIS1 and a distortion of its interference pattern. Fig
ure 4, atv ­ 0.12, with n ­ 2 as the initial condition,
illustrates the materialization of LIS1 (ascending branc
of Fig. 2.

FIG. 4. EPI/ATI spectra atv ­ 0.12 a.u., initial staten ­ 2,
t ­ 31 cycles.
3481
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FIG. 5. EPI/ATI spectra atv ­ 0.12 a.u., initial staten ­ 0,
t ­ 31 cycles.

Figure 5 displays the EPI/ATI spectrum forv ­ 0.12
and initial staten ­ 0. At a0 ­ 1, W sa0d is on the
n ­ 0 fragment of the DP; besides the signature o
n ­ 0, there is a smaller signal fromn ­ 6, excited by
shakeup. Ata0 ­ 2.4, Wsa0d is on then ­ 6 segment
of the DP; the large signature fromn ­ 6 is accompanied
by one of n ­ 4, excited by shakeup (note thatn ­ 4
has a relatively large rate). Ata0 ­ 3.3, we are at the
diabatic passage fromn ­ 4 to the descending branch
of LIS1; see Fig. 2. The presence of LIS1 is clea
along with the signals fromn ­ 4 (with interference
fringes [16]) and n ­ 0. At a0 ­ 3.8, besides the
dominant presence of LIS1, we have signals fromn ­ 6
(shakeup fromn ­ 4, with diabatic transfer ton ­ 6)
andn ­ 0 (shakeup fromn ­ 6, with diabatic transfer to
n ­ 0).

To conclude, we have shown that the LIS have a
the properties that can be ascribed to the other Floqu
states, e.g., can be constituents of diabatic paths, and
give dominant, well resolved peaks in EPI/ATI spectr
obtained with single-pulse laser excitation. As the puls
parameters considered (frequency, peak field streng
duration) are realistic, the LIS should manifest themselv
experimentally, and, in fact, this may already have be
the case [17].
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