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Non-Abelian Dipole Radiation and the Heavy Quark Expansion
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Dipole radiation in QCD is derived to the second orderdpn A powerlike evolution of the
spin-singlet heavy quark operators is obtained to the same accuracy. We gi@dagi relation
between the short-distance low-scale running heavy quark mass and the mass in the modified minimal
subtraction scheme. We discuss the properties of an effective QCD couglii@) which governs
the dipole radiation. We argue that this coupling is advantageous for describing heavy quark physics.
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Theoretical description of heavy flavor decays beneoriginating at the momentum scale well belawy, for all
fits from a strong hierarchy between the mass of th@enuinely short-distance observables.
decaying quark and the typical scale of the strong inter- In this Letter we derive the non-Abelian dipole radiation
actions,my() > Aqcp. The current level of precision to (O(af) and use it to obtain the power evolution of
requires an accurate treatment of nonperturbative effec& number of spin-singlet heavy quark operators to this
even in beauty decays. A consistent genuinely QCD-basearder. In particular, a gauge-invariant relation between a
framework for this is provided by the heavy quark expan-short-distance low-scale running heavy quark mass and the
sion (HQE) which combines the Wilson operator productmodified minimal subtraction schem@$) massz ()
expansion (OPE) with the nonrelativistic expansion. lItis given, which is important since the two-loop accuracy
allows a simultaneous precise description of both perturin heavy quark processes is becoming a standard.
bative and nonperturbative effects. The radiation by a heavy charged particle when its ve-
An important class of applications of the HQE arelocity changes is well known from classical electrody-
semileptonic weak transitions betwekrandc¢ quarks, in  namics. It is obtained from the Liénard-Wiechert retarded
which both initial and final quarks are heavy. The mostin-potentialsA, (7, ¢) at7 — o and has the form

formative predictions can be made for the transition ampli- 1 dl(w) all 1+ |9 1
tudes in the so-called small velocity (SV) limit [1], when o do ;(m In - 15 2)3
the velocities of heavy hadrons in initial and final states 5 .

a v

are small. The heavy quark in this case plays a role of a - _2 + 0®@Y, (1)
slowly moving source of the color Coulomb field which 37 w
affects the light degrees of freedom in the hadrons. Thisvhere w is frequency,/(w) intensity, anda is the fine
physical picture is formalized in the Wilsonian approachstructure constant. We will be interested only in the
by integrating out high-momentum degrees of freedom oflipole termo22 in QCD, and do not consider multipole
full QCD and resorting to an effective low-energy theory. radiation proportional to higher powers of
A peculiarity of the effective theory for heavy fla- In QED the same relation holds, witf w dI/dw giv-
vor hadrons is its essentially Minkowskian nature. Anying the probability of radiating soft photon(s) with en-
process in which the velocity of the heavy quagdk ergy . Moreover, there are no higher-order corrections
changes involves gluon radiation with energy and momenin a., providledw <« m. The effects of the photon in-
tum in the whole range up to the quark masses. On thteraction with vacuum fluctuations are also suppressed, by
other hand, when the energy loss is small compared tpowers ofw/m,., and the soft radiation in QED is gov-
mg, the radiation off the heavy colored particles is al-erned by« (0).
most a classical effect, and therefore a universal process- Because of gluon self-interaction the dipole radiation
independent description is possible. In the small velocityn non-Abelian theory is different. Our main interest lies
limit it is the familiar dipole radiation, with some pecu- in the domain wherev is large compared td\ocp (the
liarities due to the non-Abelian nature of QCD. nonperturbative multipole expansion of the color-singlet
Even though the dipole radiation has the most obviousystems was discussed in [2]). In this regime perturbative
manifestation in the SV processes, it is relevant incalculations can be performed.
many other situations, from the zero-recoil transitions Below we introduce some standard notations used for
to inclusive decay widths. The reason is that the OPEheavy quarks. Let us consider a process of scattering of
ensures certain universality of the effects of soft physicsa color-singlet “weak” currenf with momentumg on a

0031-900798/80(15)/3189(4)$15.00 © 1998 The American Physical Society 3189



VOLUME 80, NUMBER 15 PHYSICAL REVIEW LETTERS 13 ARIL 1998

heavy quarkQ in the SV kinematics. For simplicity, the the ratio only by O (3?). In this way, the inelastic
initial quark is assumed to rest. The initi@ and final SV structure function determines the effective QCD
stateQ quarks can have arbitrary masses; however, bothunning coupling driving the dipole radiation of gluons.
masses must be large, so that the nonrelativistic expansi@gBrodsky suggested calling it “radiation charge.” A more
can be applied. The SV limil = g/mg, |v] < 1, is  precise term could also be a “dipole radiation charge,” to
kept by adjustingg appropriately. For simplicity we distinguish from soft radiation in the ultrarelativistic case.)
consider the case of equal masseg, = my, although It is a dimensionless function of the ratioycp /.
nothing depends on this assumption. The curdentust The OPE and factorization of the infrared effects ensure
have a nonvanishing tree level nonrelativistic limit (e.g.,that «?(w) is universal: it does not depend on the
J& = 0y00 orJi = 00); otherwise it can be arbitrary. choice of the weak currenf or on the ratio of the
Inclusive processes of the scattering of heavy quarkguark masses. Also, there is no dependence on the type
are described by an appropriate structure functio®f the initial heavy hadron as soon as the onset of the
W (g0, ) which is a sum of all transition probabilities quark-hadron duality is passed. This property always
induced byJ into final states with momenturg and holds perturbatively. The coupling!® obeys the usual
energymg + qo. The optical theorem relates it to the renormalization group (RG) equation with the standard

discontinuity of the forward transition amplitud&gq,,g)  first two terms in theg function. Because of its physical
at physical values ofy, definition, the evolution ofx(®) is properly defined when

. heavy flavor thresholds are passed.
T(q0,q) = % f d*x e 70| TI (x)J1(0)]0), In practice one needs the relation betwegf! and the

standardai‘“_s. We calculated it ta («2) using methods
(d) MS
a2 _ P Kg _ ,n2>ﬁo

T T 3 7;

In the heavy quark limit the spin degrees of freedom be-
come irrelevant, and we assume averaging over spin states ) 5
(also color, for perturbative calculations). The structure _ CA<7T Eﬂ < as >

functions have a thresholgh™ = /3% + mp — mg ~ 6 12/1\m
mo©?/2 corresponding to elastic transitions. The vari- ()
ablew = gy — ¢i"™ measures the hadron excitation en_\{\{here Ca = Ne for the SU(N,) gauge group ang, =
ergy in the final state. 5Cx — 3ny. Theterm~C, in Eq. (5) represents the gen-
The nonrelativistic expansion and the perturbative treatuine (non-BLM) second-order effect; it has a purely non-
ment are both justified ifgcp < @ << mg, and this hi-  Abelian origin.  The BLM (Brodsky-Lepage-MacKenzie)
erarchy is assumed in what follows. The nonperturbativéerms [4] which account for the leading effect @f run-
aspects will be addressed later. In perturbative calculationding are readily computed to any order in this case (see
we can use quark states instead of actual heavy hadror§)). The termBje? and the expression for the case of
as was tacitly assumed above. The structure fundlion massive flavors are given in [6]. Even in the Abelian the-
takes the following form in the heavy quark limit: ory with light flavors,a(?(u) deviates from thé-scheme
252 d(w) couplinga ") (u) [4]; their commensurate scales are some-
W(w,9) = Né(w) + — —= + O(1*. (3) whatdifferent. This is a purely kinematic effect{) (1)
3w incorporates integration over the invariant mass of the light
At & = 0 only the elastic peak is present. The dipoleférmion pair in the interval frond to u, while in o) the
radiation is described by/(w), and N is a (velocity- ~fermion loop enters at a fixed spacelike momentum.
dependent) factor depending on the current. A similar effective coupling for emission of soft

Motivated by the dipole radiation in QED, we define gluons in the ultrarelativistiq cagd| — 1 .hg_s also been
the dipole couplinga‘gd) by projecting Eq. (3) on its calculated to two loops [7]; its exact definition, however,

second term. is less direct. It differs from§d> in the second-order
terms, although the difference is not significant.

) 3 W(w, D) Construction of the HQE requires a precise defini-

Cr o ,I;ILno mlérﬂx 252 [ W(w,v)do' (4)  tion of the basic objects of the effective theory, such
as the heavy quark mass, kinetic operator, and all other
Here w is assumed to be positive. The denominatorcomposite operators. For consistency, an explicit sepa-

in the last ratio eliminates the overall nhormalization ofration scalex between the low- and high-momentum
the currentJ. In this form the heavy quark limit domains is introduced. All operators then depend on
mg — o yields a finite result. The normalization integral x. A normalization-point—independent pole mass of the
includes the elastic peak, which makes it infrared safe ateavy quark, although appearing in purely perturbative
arbitrary o. On the other hand, the exact upper limit calculations at a given order, cannot be completely de-
does not matter in the SV kinematics, since it affectdined when nonperturbative effects are addressed. This
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applies also to the parametéy measuring the differ- the same physical way [9] based on the Bjorken sum rule,
ence between the heavy hadron mégg, andm, in the l 4

heavy quark limit. Instead, in the OPE one must use the P e (u ! _ zas (@) ®)
short-distance massy (u) andA(w) = lim,,,— My, — du 3 37

mo(u) With Agep < u << mg [8]. The low-scale short-
distance mass can be defined in different ways. Howeve

using theMS mass ifu < m, is unnatural and should be

avoided [9]' . . . suppression due to gluon radiation, to yield the effective

A physmally appropriate gauge-invariant scheme ngaependent IW functiog (v?; u). Inanalogy with Egs. (6)
gested in [5,9,10] is based on the SV sum rules reIatln% is convenient to defing’(;zz- ) for smallv as '
the moments of the SV structure functions to the local M

Because of short-distance effects, the observable transition
form factors do not have a literal heavy quark limitat:
0 but vanish, and require factoring out the perturbative

heavy quark operators [11]. The normalization point is in- W% p) = Fv)
. : - s m, 12°
troduced as an upper cutoff in the integral over excitation ’" - [27, fo W(w,?)dw]
energy. For example, for a heavy hadidp one defines o) = dé(w?; dEWw )
E— 2 9
) = im (M, = mo(w)] G
2 [ oW(o,0)do whereF is the form factor, say, of the vector curradi,Q
= lm m':)rﬂw 52 [ W(w,0)dw andW is the corresponding structure function. This is the
5 0 ’ scheme suggested in [9] for which Eqg. (8) holds.
2 () = <HQ|Q(£)) QlHo)u The RG equations (7) are proportionald¢”. Hence,
(HplQQ|Hp), the OPE shows that the first-order running is not renor-
3 [* 0’W(w, D) do malized in the Abelian theory without light fermions to

= lim Ilim

, (6 all ordersin the coupling [5], since in such a theomf?)
I, 5 T Ww, 0 de O pling [5] oa

identically coincides withx (0).

etc. These operator relations suggest that the perturbat|vc?1ACC0r|d'ng to [10], one <|:an cal<|:u|ate perturbatively a
evolution is described by one and the same functionP ysical (gauge-invariant) low-scale running mags(,.)
2@ () of Eq. (4), with u < mg by subtracting, order by order, the infrared

_ art given by the SV sum rules, from the pole ma% ,
dRp) 4 V(W) dpl(w) | al()  PATOVENDY P

= — CF . = CF .
du 3 T du? T

pole

]pert - [K(M)]pert - % [M%T(M)]pert .

(7) mo(p) =[mg 2mg (i

The samea? running of 42 was obtained in [12] from

the zero-recoil transitions. This mass determines the nonrelativistic kinetic energy
A similar u dependence holds for the renormalizedterm in the renormalized heavy quark Hamiltonian. The

slope of the Isgur-Wise (IW) function when it is defined i|n two-loop relation between thia, () and theMS mass is

mQ(M)=W{1+%@<1 4 p ,u2>

T 3 m 2m
—\\2 2 2
(Tt E (e 3 BB T R o
T 3 m\ 9 9 9 3 3 18
where ! necessary. The next-order BLM correction to Eq. (9) has
been calculated [6].
2
K = Po <7T— + ﬂ) + 665 The nonperturbative effects in the dipole radiation are
216 48 144 suppressed by powers ofqcp/w. In particular, the
772 19 1 structure functions in Eqgs. (2) refer to a heavy hadron
T <2In2 - 7) - 540, and not an isolated heavy quark. The effective coupling
a'@, like any other effective charge [14], acquires power-
2u 8 2u 13 suppressed nonperturbative contributions; they differ, for
In; — 3 K= In% R example, inB and A, even in the heavy quark limit.

One can quantify the nonperturbative effectsif (w) by
andm = m(m) is the MS mass normalized at the scale constructing itsl/w expansion; the methods of the OPE
m. The O(a?) relation between the pole mass and theare applicable here [6].

MS mass [13] was used here. We neglected small terms The nonperturbative effects i@ are expressed
~,uﬁ/mQ which can be incorporated in the same way, ifthrough the expectation values of local heavy quark
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operatorsQ0O,Q. The first nontrivial operator is the cays, a!? determines the gluon bremsstrahlung and thus
kinetic operato@(iﬁ)zQ, giving, by dimension counting, sums the lowest-momentum component of the corrections,
1/w? effects. However, it does not contribute a;éd)_ where the effects of higher orders in a differently defined
Indeed, we can consider the initial heavy quark movinge, could be large.
with the spacelike momentudp| < «. The structure To summarize, we derived the non-Abelian dipole
function for such a state is directly related to the one atadiation by a nonrelativistic color particle to the second
rest, and is modified only in terms p 204 which can be order ina; and the two-loop relation between the short-
neglected. Since the kinetic expectation value for sucldlistance low-scale heavy quark masg(u) suitable for
a state is nonzero, the corresponding coefficient functioghe OPE andng ®(m,). We discussed the properties of
must vanish. the effective dipole radiation coupling(@, useful for
There is one spin-singlet, so-called Darwin operatoheavy quark physics. )
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