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Four-Particle Condensate in Strongly Coupled Fermion Systems
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Four-particle correlations in fermion systems at finite temperatures are investigated with special
attention to the formation of a condensate. Instead of the instability of the normal state with respect to
the onset of pairing described by the Gorkov equation, a new equation is obtained which describes the
onset of “quartetting.” Applying to symmetric nuclear matter, below a critical density, the four-particle
condensation d-like quartetting) is found to be favored over deuteron condensation (triplet pairing).
This pairing-quartetting competition is expected to be a general feature of interacting fermion systems,
such as the exciton-biexciton system in excited semiconductors. Possible experimental consequences
are pointed out. [S0031-9007(98)05829-3]
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One of the most amazing phenomena in quantum manyg(1) = [exg{E(1)/T — w/T} + 117! is the Fermi distri-
particle systems is the formation of quantum condensatebsution function and “1” stands for momentum, spin, and
Of particular interest are strongly coupled fermion sys-isospin coordinates, whered&12,1'2’) is the antisym-
tems where bound states arise. In the low-density limitmetrized matrix element of the two-body interaction.
where even-number fermionic bound states can be con- Including medium modifications of two-particle states, a
sidered as bosons, Bose-Einstein condensation may lyeneralized Beth-Uhlenbeck formu/ Qg = n (T, u) +
expected to occur at low temperatures. At present, com... (T, u) has been derived [3,4], where the uncorrelated
densates are investigated in systems where the crossowdgnsityn (T, u) = Qg ' Y, (1) is given by the quasipar-
from Bardeen-Cooper-Schrieffer (BCS) pairing to Bose-ticle contribution (), being the normalization volume).
Einstein condensation (BEC) can be observed; see [1The correlated density... (T, x) is obtained from the two-
Among very different quantum systems such as theparticleT matrix. This approach has been widely applied
electron-hole exciton system in semiconductors, atoms ito ionic plasmas as well as to the electron-hole exciton sys-
traps at extremely low temperatures, etc., nuclear matter iem in excited semiconductors [5]. Taking into account the
particularly suited to study correlation effects in a quan-Mott effect, general features of the composition of nuclear
tum liquid. matter as a function of density and temperature are given

An indication of strong correlations in nuclear matterin [6].
is the formation of bound states. The interaction in the At low temperatures, it is well known that in nuclei,
singlet ¢ = 0) channel is not strong enough to form a nuclear matter, and neutron matter (neutron stars) super-
bound state, whereas in the neutraj<{proton (p) triplet  fluidity can arise in the singlet channel [7-9]. A theo-
(S = 1) channel a bound state, the deuteron, arises. Iretical description of this superfluidity can be achieved by
nuclear matter, with increasing density the bound states atéeating the Gorkov equatioth, = Ka(u1 + u2)i for
modified and will disappear at the so-called Mott densitythe critical temperaturd; as a function of the chemical
[2]. In particular, treating the two-particle Green function potential. It allows the determination &f or 7 for the
in ladder Hartree-Fock approximation, an effective wavesinglet and triplet channels, respectively.

equation (in matrix notation)y, = K»(E,) ¢, for the The solution of the Gorkov equation has been consid-
guantum state can be derived. Explicitly this reads ered by different authors using realistic nucleon-nucleon
interactions. It has been found that, in comparison with

P (12) = ZK2(12, 12/, E)) 4, (1'2'), (1) the singlet channel, in the triplet channel the transition to

12 superfluidity should arise at relatively high temperatures

[10,11]. This is a consequence of the stronger interac-
tion in the triplet channel which leads to the formation

1-71)—fQ2 of a bound state (deuteron) in the low-density limit where
K(12,172',2) = v(12,12) . — ]J;El; _ ];((2)) - @ f < 1. Estimates give a value of the critical tempera-

ture up to7f = 5 MeV at one third of the nuclear mat-

The influence of the medium is contained in the singleter density. At the same time, at zero temperature a large
particle energy E(1) = pi/2m + 3, V(12,12)f(2)  gap arises [11]. An interesting feature of the triplet pair-
and in the Pauli blocking terfil — f(1) — f(2)]. Here ing in symmetric nuclear matter is the crossover from

with
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Bose-Einstein condensation of deuterons at low densitigsarticle correlations are more dominant there. Obviously,
to BCS neutron-proton pairing at high densities [6]. at chemical equilibrium, in the low-density region at low
In spite of the relatively strong interaction, cf. cal- temperatures the dominant part of nuclear matter will be
culations with effective pairing forces by Goodman [12], found in a particles which are much stronger bound than
triplet pairing seems less apparent in nuclear structurthe deuteron. Therefore, the triplet pairing (Bose con-
systematics [13]. However, it should become importantlensation of deuterons) has to compete with “quartetting”
for heavierN = Z nuclei produced in the new radioactive (Bose condensation af particles).
beam facilities. The four-particle correlations are obtained from the
In this Letter we show that in the low-density region thefour-particle Green function (compare [14]) that is given
transition to triplet pairing is not realized, because fOer—in ladder Hartree-Fock approximation by the equation

DfQ2)f(3)f(4) 811622633 84a

Gi(1234, 1234, 2) = L T K4(1234,1"2"3"4" 7)G,4(1"2"3"4",1'2'3'4' 7),

. 2 (58 - B0 2, K 2)Ga{ 2)
3)

where we use the abbreviatioB,(12---n) = E(1) + | four-particle condensate. This is obtained by solving the
EQ2)+---+ E(n),andg,(12---n)={exdE,(12---n) — equation
nu]/T — 1}! being the Bose distribution function.

The instantaneous part of interaction kernel is obtained $a(1234) = Z K4(1234,12'3'4" 4 ) (1'2/3'4) .

by using the technique of Matsubara Green functions as 3
(6)
1LY U /lf(l)f(z)
Kall238, 1234,2) = V(12 12) £2(12) In the low-density limit, where the distribution functions
P occurring inK, are small compared with 1, this equation
— 20 L perm  (4) coincides with the Schrédinger equation for the four-
z — E4(1234) particle bound state, i.e., the particle in free space.
where the terms obtained by renumbering are not given TO discuss the competition between two-particle pairing
explicitly. We have used the identiff(1)7(2)--- 7(n) —  and the condensation of four-particle states, we perform
fOFQ)---f(n) = g 7' A2---n)f()f(2)--- f(n)  with an_explorato_ry calculation _for a simple model system
f=1-f. which contains the formation of a two-particle bound
Near a pole the Green functio64 can be factor- State in the triplet channel and a singlet four-particle
ized, G4 (1234,1'2/3'4/ ) =~ ,(1234)¢7(1'2/3'4") /(z — bound state. We use a separable interaction of Gauss-

E,). The eigenvalueg, and eigenstates, (1234) follow  ian form  V,/,(12,12') = = A,/ Qg ' exp(— pia/b?) X
from the solution of the four-particle Schrodinger-like €Xp(—pi3/6%)8(q12 — qi,) with the relative mo-
wave equation, = K4+(E,),. The eigenvalu&y(T,x) mentum pip = (py — p2)/2 and the center-of-mass
of the lowest bound statex(particle) depends on tem- momentumg;> = p; + p>. At given range parameter
perature7 and chemical potentiap and also on its b = 1.54 fm~!, the interaction strengths are adopted as
center-of-mass momentum due to the medium-dependent = 1213.8 MeVfm? and A, = 536 MeV fm? to repro-
self-energy, as well as the phase space occupation factofice the free deuteron binding enedgy= —2.225 MeV
From the four-particle Green function, the four-particlein the neutron-proton triplet channel, as well as the free

density matrix is obtained as binding energyE, = —28.29 MeV for the four-particle
R ground state (see below). In principle, it is possible to
(a ay a3 a, avayayay) extend the calculations to more realistic nucleon-nucleon

dw il o) . potentials as given in [15].
= [ — g4(@)ImG4(1234,12'3'4' 0 — i0). (5) We begin with the discussion of neutron-proton triplet
pairing. The critical temperatur&’ obtained from the
Obviously, the four-particle density (5) diverges when, atsolution of the Gorkov equation is presented as a function
a given temperaturd, the chemical potential takes the of the reduced chemical potentigt* in Fig. 1 and
value u. = Eo(T, u.)/4. Then, the delta function pro- as a function of the uncorrelated density (7, u) =
duced by the pole of5, coincides with the singularity Qg 'Y, (1) in Fig. 2 (dotted lines). For the sake of
of the Bose function. Values for the chemical potentialsimplicity the self-energy shift is taken to be a constant
n exceeding the value of the lowest bound state energthat is incorporated into a shift of the chemical potential,
Eo(T, u)/4 are not admissible because the diagonal elex” = u — >, V(12,12) f(2), at p; = 0.
ments of the four-particle density are positive definite. The four-particle wave equation (6) is solved within a
The main objective of this Letter is to give an estimatevariational ansatz where the four-particle wave function
of the critical temperaturel;(u) for the onset of a with zero total momentum is given as a product of two
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10 The Gorkov equation, which predicts a normal state for
temperaturesl” > T, is not applicable in that region,
sl Tfc(deuteron pairing) | because already at a higher temperatfifethe normal
< — T, (a-quartetting) state was removed due to the onset of quartetting.
2 A simple argument for the behavior @, 7¢ as a func-
= 67 tion of n; in the limit of low densities can be given from
2 the law of mass action. Neglecting medium corrections
g 4| b the critical temperatureg andT as functions of:; are
g . found as solutions of; = 4(mT¢ /2 h?)*? explE,/2T¢}
2 N andn; = 4(mTj /2w h%)*2 explEy/ATS}, respectively.
2r , With increasing density the critical temperatufg
! approachesTy from above at a critigal density) =
:- . A -3 oo % ¥
0_20 - > ” o 0.03 fm™ (ng = 10 MeV). Forn; < ny (u* < ,u,o() the

four-particle condensate arises, whereasipr> n; the
system goes over to a BCS pairing state.

FIG. 1. Critical temperatures for the onset of quantum con- The fact that at higher densitiesparticle condensation
densation in symmetric nuclear matter, model calculation. Thelisappears faster than deuteron Cooper pairing is at first

critical temperature of the onset of two-particle pairifiif is  sight quite astonishing because of the very strong binding
compared withT; for the onset of a four-particle condensate

as a function of the chemical potential 'of a’s in free space. This feature, one of the main re-
P ' sults of our work, can, however, be explained qualitatively

_ _ _ _ with simple arguments and is generic for any Fermi system
wave functions for the relative motion (quasideuteronsjyhere pairing and quartetting may interfere. Indeed, the

¢(p) and the center-of-mass wave functigfy), competition between pair and quartet condensation in at-
tractive Fermi liquids is also known from the field of semi-
$4(1234) = ¢(p12)(P30)¢(q12)8gp+4u0-  (7)  conductors, where both exciton and biexciton condensates
. . . . have been suggested. The qualitative features of that com-
The_ wave function for the r_elatlve mqtl_C)rqS(p) 1S etition are easily understood. Since they do not depend
Opl“".“zef mha spacef of functl;)nhs gontalg!ng t(?e exa rucially on the triplet nature of the condensate, we discuss
F‘é uSt'O(g) (;rnt d e(ﬁl)vavihgrecgg?o? tth: g;?:r gcmmaigt(xg\?the simpler case of singlet pairing as a function of density.
f q t /3 le G ian f is adooted ?n the W_eak coupling limit (high density), the_ground state
unction#(¢) a simple >aussian form Is adopted. is described by the standard BCS wave function. However
The result_s for the c_r|t|cial temperaturg as a functlor} weak the attraction is, a pairing amplitudeq) appears
of the Cr:fm'lcal %o'gentlgdb and tr:je uncorrelatt_ed Idens'tlyddue to the finite density of states at Fermi level for pairs
|’71 are |spr?ye| in Figs. 1 an I'Z" resp(;ct!vey (S.O' with zero total momentung (the two-particle kernel has
mes)._ In the ow-temperature fimit, with increasing , logarithmic singularity). In contrast, a quartet conden-
ch_em|cal pote'n't|al the Fr_ansmon' tq quartetting occurs ate{aaaa) # 0 does not exist on its own. Because of the
'f)hneorfatgt t?heatp?rllrelngatlﬁéfn:}io?dr Egsf(')ifp;?{i‘;iqgiﬂﬁz Olexclusion principle the corresponding density of states for

: . g = 0vanishes at the Fermi level, and it takes a minimum
state lies below the valug, /2 of the triplet bound state. attraction to develop a Cooper pole.

In the opposite limit of dilute systems with attraction

chemical potential u* [MeV]

10 strong enough to bind individual pairs and quartets, an
. y atomic regime prevails. Single paifgéa) may be viewed
sl T T, (deuteron pairing) as bosong®) and the quartet as a bound pair of two
— T, (a—quartetting)

bosons. The competition between particle and pair con-
densation in Bose liquids was discussed in [16]. In the

] dilute limit we expect “molecular” Bose condensation of
bound bosons, as described long ago by Valatin and Butler
] [17]. Inthe dense limit the quartets dissociate, and single

| boson condensation takes over. As the density decreases,
i a variational ansatz [16] shows that the condensate fraction
) \ ] ny = [(®)|> goes down, vanishing at a critical beyond

_____ - which only(® ®) survives . also marks the appearance

of a gap).

Altogether, we expect a quartet atomic condensate for
very low densities and a BCS pair condensate for very
FIG. 2. The same as Fig. 1 but as a function of the uncorrehigh densities. In between, the interpolation depends on
lated densityn; . the pair and quartet binding energids, and2E, + Eq,

temperature T [MeV]

107 107 107 107 10°
density n, [fm™]
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