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Nonuniversal Critical Behavior at the Uniaxial-Biaxial Nematic Phase Transition
in a Lyotropic Mixture
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Measurements of the order-parameter critical exponentb at the uniaxial-biaxial nematic phase tran-
sition in a lyotropic mixture are reported. They reveal a strong dependence ofb on the concen-
tration of the mixture compounds with two distinct intervals of values separated by a discontinuit
This nonuniversal behavior is interpreted as the result of three different contributions, which e
press the micellar biaxiality and the distribution of the micellar population with respect to biaxiality
and volume. [S0031-9007(98)05806-2]
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In the spirit of the renormalization group theory of criti
cal points [1] it is generally believed that the asymptot
critical behavior of any non-ionic fluid binary mixture
should belong to the same universality class as ferrom
nets and pure fluids, irrespective of the self-associati
properties of the molecular aggregates forming the solu
or of the specific solute-solvent interactions. In contra
to this view, Corti, Degiorgio and co-workers [2] reporte
measurements in binary lyotropic mixtures of water an
non-ionic surfactants, showing continuously variable cri
cal exponentsg (susceptibility) andn (correlation length),
depending partly on the size of the micelles, and mo
essentially on the solvent-micelles interactions. Expe
mental evidence of nonuniversal values forg andn was
also obtained by Bellocqet al. [3] for a four-component
microemulsion. The measurements of Cortiet al. [2] on
C12E8 (dodecyloctaoxyethilene glycol monoether) in H2O
and D2O, were repeated by Dietler and Cannell [4] wh
found 3D Ising exponent values, consistent with curre
theory and universality. Further works [5] generally con
cluded that universality was not violated in non-ionic m
cellar fluids, but corrections to scaling could be necessa

In this Letter we report experimental results of th
order-parameter critical exponentb at the uniaxial-biaxial
nematic phase transition in a lyotropic mixture, whic
bring support to the idea of nonuniversality for th
critical behavior of micellar liquid crystals of non-ionic
surfactants. However, at variance with the conclusion
Corti et al. [2], our results show a strong dependence
b on theform andvolumeof the micelles. Furthermore,
while the preceding authors, as well as Bellocqet al. [3],
found critical values ofg and n below the mean-field
behavior, we find thatb takes valuesbelow or above
the mean-field prediction depending on the location
the critical point on the transition line. This crossover
explained in the framework of a phenomenological mod
recently proposed for describing the phase diagram
lyotropic nematics [6,7].

In 1980 Yu and Saupe [8] reported the first exper
mental phase diagram of a lyotropic liquid crystal whic
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presents three nematic phases. The mixture investiga
was potassium laurate, decanol, and water (D2O). Three
distinct nematic phases are stabilized: two uniaxial (de
noted ND and Nc) and one biaxial (NB), which merge
at a four-phase “Landau” point with the high-temperatur
isotropic phase (ISO 1). Another reentrant isotropic phas
(ISO 2) takes place at lower temperature. From x-ray an
neutron diffraction measurements theND andNc uniaxial
nematic phases have been first analyzed [9] to be ma
respectively, of oblate and prolate micellar aggregates d
persed in water. Further measurements [10] revealed
more subtle scheme.

(i) In the three nematic phases it was shown that withi
a large interval of temperature and concentration, th
micelles mainly preserve their biaxial symmetry, and hav
on average the form of curved platelets of dimension
1 3 2 3 3 (e.g., 26 3 55 3 85 Å in KL yDeOHyD2O).
Therefore, the differentiation between the phases w
shown to be the macroscopic consequence of differe
orientational spatial fluctuations of the platelets.

(ii) One has a continuous decrease of the micellar sha
anisotropy and orientational order when the temperatu
is lowered from approximately the middle of the nemati
region to the ISO 2 phase. This decrease also occu
on the left- and right-hand limits of the nematic region
The change in shape of the micelles from curved platele
to flattened spheres is clearly apparent when approach
the ISO 2 phase or close to the stability limits of the
biaxial phase.

A theoretical model of the phase diagram of lyotropic
liquid crystals in which the three nematic phases ar
present was proposed [6,7], relating the observed mod
fication of the micellar shape to the onset of the low
temperature ISO 2 phase, and to the typical dependen
on concentration and temperature of theND-NB and
NB-Nc second-order transition lines. In this model, the
ordering and deformation process of the micelles are tak
into account using two coupled order parameters [7
(i) a symmetry-breaking order parameter with two effec
tive components (r , u), wherer andu have, respectively,
© 1998 The American Physical Society 3093
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the meaning of the deviation of the micellar form from
sphere (r  0) and from a revolution ellipsoid (u  0),
and (ii) a nonsymmetry-breaking scalar order parametet

which represents the distribution of the micellar shape
each temperature and concentration.t also expresses the
change in volume of the micelles is what contributes
the specific shape of the boundaries of the biaxial pha
The effect oft is to produce a restructuring (a “topo
logical metamorphosis” [6,7]) of the phase diagram co
sisting in a symmetric folding of the phases and of th
singularities.

Using the notations of Ref. [7] [Eq. (10)] one can writ
the thermodynamic potential associated with the pha
diagrams of the lyotropic mixtures which present the thr
nematic phases as

Fsr , u, td  ãt 1 b̃t2 1 g̃r2 1 d̃r3 cos3u

1 m̃r4 1 ñr6 cos2 3u

1 l̃r2t 1 . . . (1)

where ã, b̃, g̃, d̃, m̃, ñ, and l̃ are phenomenological
coefficients depending on the numbern0 of micelles per
unit volume [7]. Minimization of F with respect to
r , u, and t give the equations of state of the system
Introducing the condition cosu  61 which defines the
boundaries of the biaxial phase, one gets the equations
theND-NB andNc-NB second-order transition lines:

ã 1 2b̃t 1 l̃r2  0 (2)

and

2g̃ 6 3d̃r 1 4m̃r2 1 6ñr4 1 2l̃t  0 . (3)

One can calculate from Eqs. (2) and (3) the critic
behavior of the order parameterst, r, and (r , u) across, let
us say, theND-NB transition in the three directions̃asg̃ 
d̃  0d, g̃sã  d̃  0d, and d̃sã  g̃  0d. Assuming
the usual linear dependence of these coefficients on (T 2

Tc), whereTc is the critical temperature at the precedin
transition, one finds

t . 2
ã

2b̃
 t0sTc 2 Td,

r .
µ

2g̃

2m̃

∂1y2

 a0sTc 2 Td1y2,

andru .
µ

2d̃

2ñ

∂1y3

 b0sTc 2 Td1y3, (4)

wheret0, a0, andb0 are positive constants.
Accordingly, the value of theb exponent across the

ND-NB transition is governed by the values ofthree dif-
ferent exponents:br ,u 

1
3 , br 

1
2 , andbt  1, which

represent three extreme tendencies associated with
respective influence of the three components of the (
ducible) order parameter (r , u, t). For a given thermo-
dynamic path corresponding to a curve on theND-NB

transition line, the actual critical value of theb expo-
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nent will reflect the mixed influence of ther , u, and t

variables, and will therefore take intermediate values b
tween the preceding three numbers. At the experimen
level theb exponent of the physical order parameter o
lyotropics, obtained from birefringence measurements
a temperature-concentration phase diagram,will also vary
between these numbers as a function of the molecular c
centrations of the mixture.

In order to verify this theoretical scheme, we have u
dertaken interferometric measurements of theb exponent
along theND-NB second-order transition line in a mixture
of potassium lauratey1-decanolywater (KLyDeOHyH2O)
with a fixed content in DeOH (7.10 wt %). Figure 1(a
shows the experimental phase diagram with the ten m
sured samples corresponding to an increase of water c
tent from 64.50 (in wt %) to 65.31%; i.e., they exten
from a region close to the lower-temperature Landa
point, to the region where the transition lines limiting th
biaxial phase inverse their curvature. A small quanti
(less then1 mg per m, of liquid crystal) of a water base
ferrofluid has been added to the samples in order to h
their orientation in the presence of a weak magnetic fie
(B , 200 G). After the mixture achieved a homogeneou
state, it is left at rest (atT , 22±C) for about four days,
before the measurements ofb are performed.

The samples were encapsulated inside microslides
0.1 mm thickness, placed in a INSTEC HS1-i hot stag
system, and positioned in a Leitz orthoplan-pol micro
scope. The smallest temperature steps used were 0.0±C
and the temperature was kept constant to about 0.005±C.
The samples were aligned by the combination of a sm
magnetic field and the walls of the microslide. With thi
procedure a homogeneous pseudoisotropic texture was
tained in theND phase, with the director parallel to the
light propagation direction. After the transition to theNB

phase, a homogeneous planar texture was achieved.
The birefringence was measured with a Berek tilt com

pensator. The experimental setup is presented in de
in Ref. [11]. The magnetic fieldB is at 45± from the
polarizer and the analyzer, in the plane perpendicular
the light propagation direction. Special care was taken
reach an equilibrium state before each measurement. A
temperature being changed between each point there
a waiting period of about 20 mn. Four measurements
the birefringenceDn were made at each temperature an
a mean value ofDn, adjusted by least-squares statistic
was obtained. Figure 1(b) gives the typical logsDnd 
fhlogsT 2 TcdyTcj curves, for three concentrations of wa
ter. The experimental results ofDn obtained range from
about 0.01±C to about 0.1±C from Tc. The errors inDn
present in Fig. 1(b) were calculated from the usual prop
gation procedure and took into account the reproducibil
of the experiment.

From logarithmic plots of the birefringence data as
function of reduced temperature for samples with variab
water quantities, we have determined the exponentb
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FIG. 1. (a) Experimental phase diagram with the critical points on theND-NB transition line at which theb exponent has been
measured. [H2O] represents the concentration of water in the mixture (KLyDeOHyH2O) with fDeOHg  7.10%. The solid and
dashed lines are only guides for the eyes. (b) Typical dependence of logsDnd on loghsT 2 TcdyTcj for three concentrations listed
in Table I (first column). The solid lines are the best fits obtained with a least-squares statistics. (c) Variation ofb as a function
of [H2O]. (d) Theoretical curve showing the thermodynamic path followed in the experiment in the (ã, g̃, d̃) space. The measured
values ofb are indicated on the curve (here,c  fH2Og).
-

s

and Tc, by means of a least-squares statistics, for ea
sample. Table I and Fig. 1(c) summarize the value
obtained for b. The errors inb present in Table I
were obtained taking into account the fit qualityand the
reproducibility of the experiment. The third column of
Table I presents the fit quality, defined here as the squar
sum of the differences between the experimental valu
and the calculated value (from the fitting), divided by
the number of experimental points used. These valu
suggest the following comments and interpretation.

(i) Two distinct intervals of values ofb can be dis-
tinguished: Values between 0.27 and 0.40 (region I) a
measured for the lower concentrations of water and corr
spond to a narrow width of stability in temperature for the
NB phase. Values comprised between 0.52 and 0.7 (r
gion II) are obtained for the larger concentrations of wate
where the biaxial region is enlarged. A discontinuity ap
pears between the two regions.

(ii) In the framework of our approach the influence o
the order parametert seems to be negligible in region I,
ch
s
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where the measuredb exponents take values below 0.40,
and are thus principally determined by the (r , u) order
parameter. In contrast, in region II the influence oft be-
comes predominant, with values ofb above 0.52. In our
interpretation it expresses the fact that the population of
micelles having a strong biaxiality is in minority in re-
gion I, whereas it dominates in region II. This is con-
sistent with the large increase in the width in temperature
of the NB phase in region II, shown in the temperature-
concentration phase diagram of Fig. 1(a). The influence
of the volumetric change of the micelles can be less eas
ily distinguished in the two regions. The discontinuity
observed in the measured values ofb for water concen-
trations between 64.8% and 64.9% reflects a sharp cros
over between the two regimes.

Figure 1(d) shows the thermodynamic path followed
in the experiment, in the (̃a, g̃, d̃) space. In region I
the thermodynamic path almost remains in the (g̃, d̃)
plane. Between 64.5% and 64.8% of water contentb

decreases continuously deviating from the bisector of
3095
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TABLE I. Measured values ofb (second column) for ten dif-
ferent concentrations of water (in weight percent) (first column
at the uniaxialsNDd-biaxialsNBd nematic phase transition. The
third column present the fit quality defined in the text.

fH2Og swt %d b Fit quality

64.5 0.40 6 0.02 1.4 3 1024

64.6 0.37 6 0.02 0.7 3 1024

64.71 0.40 6 0.02 2.8 3 1024

64.80 0.27 6 0.03 3.3 3 1024

64.89 0.52 6 0.04 7.4 3 1024

64.90 0.52 6 0.04 10 3 1024

65.00 0.7 6 0.2 70 3 1024

65.10 0.62 6 0.08 24 3 1024

65.19 0.57 6 0.08 25 3 1024

65.31 0.58 6 0.03 4.7 3 1024

this plane versus thẽd axis, and goesbelow the limit
theoretical valuebr,u 

1
3 . Above 64.9% one has a

drastic reorientation of the concentration axis with respe
to the fixed theoretical axes. The maximal experiment
value b  0.7 is reached for a water concentration o
65%, thenb decreases to 0.58 close to theg̃ axis, when
the limit of stability of theNB phase is approached. In
Fig. 1 the thermodynamic path is constructed as to b
always tangent to the temperature axis.

(iii) Previous measurements of theb exponent at the
ND-NB transition [12] found values comprised between
0.35 and 0.38. This was interpreted as a confirmatio
of the 3D-XY model, close to the theoretical number
b  0.346 predicted by the renormalization group ap
proach [13]. Following our results such values ofb can
be found in a narrow region of theND-NB transition line,
between 64.6% and 64.7% water content. When explo
ing a larger portion of theND-NB line in a mixture of
KLyDeOHywater, doped with a few percent of the poly-
ethylene-glycol polymer, values ofb comprised between
0.38 and 0.53 were found [14].

In summary, we have reported measurements of th
b exponent along the uniaxial-biaxial lyotropic nematic
transition, which reveal a strong dependence ofb on
the concentrations of the molecules of the mixture
and two distinct intervals of values separated by
discontinuity. These measurements have been interpre
in the framework of a phenomenological model describin
the phase diagram of lyotropic nematics [6,7]. Thi
model allows us to relate the measured values ofb to
three different contributions expressing the biaxiality o
the micelles and the evolution of the distribution of the
micellar population with respect to biaxiality and volume

The nonuniversal behavior reflected by our experimen
tal data does not contradict the previous measureme
confirming a 3D-XY regime [12], but exploring only a
narrow region of theND-NB transition line. The possibil-
ity that our measurements should correspond to a noncr
cal regime is not excluded although the same precisio
3096
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(,0.01 K close to the critical line) as in the previous ex-
periments was realized. Furthermore, the strong devi
tions below and above mean-field values, which have
been found with a very good reproducibility, would re-
main to be explained. The fact thatb reaches values
(b  0.27) which arebelow the lowest theoretical limit
(bru 

1
3 ) shows that corrections to the numbers deduce

from our model are necessary. A more surprising resu
is the increaseof b when getting closer to the Landau
point, in contrast to thedecreaseusually expected when
approaching this point.

Various measurements are required to confirm our r
sults and their interpretation. Measurement of theb ex-
ponent along theupper ND-NB transition line should,
a priori, provide analogous results, since the model o
Refs. [6] and [7] predicts a symmetric situation for the up
per and lower parts of the phase diagram. Measureme
of the critical exponentsg andn should also give values
depending on the micellar concentration, and varying b
tween limits which can be calculated from the model.
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