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Fragmentation Transition for Invasion Percolation in Hydraulic Gradients
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Air injected into a two-dimensional porous medium displaced aflowing defending fluid. At low
flow rates the invading air formed chains of fractal clusters similar to those observed in gra
percolation. The defending fluid was excluded from the invading region and moved around the inv
clusters. Above a critical flow rate the invaded region fragmented into a plumelike structure
permitted the defending fluid to flow through the invaded region. Invasion percolation simulat
modified to include fragmentation and pressure gradients due to flow, describe the observations
[S0031-9007(98)05728-7]

PACS numbers: 47.55.Mh, 47.55.Kf, 64.60.Ak
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Displacement of one fluid by another is the primar
mechanism by which hydrocarbons migrate and are reco
ered from porous underground reservoirs. Slow immi
cible fluid-fluid displacement processes are controlled b
capillary forces whereas fast displacements are govern
by viscous forces. On long length scales, buoyancy forc
due to different fluid densities dominate. The interplay be
tween viscous forces, capillary forces, and buoyancy lea
to a variety of fractal displacement front morphologies [1

Viscous forces may play an important role even in slo
displacements [2,3]. If a nonwetting fluid is displacing
flowing wetting fluid, the viscous pressure gradient driv
ing wetting fluid affects the displacement process. Suc
a scenario may be relevant to the secondary migration
hydrocarbon fluid through water-saturated porous roc
(or through fractures), or to the penetration of dense no
aqueous pollutants into water-saturated soils and rocks.
these cases, the flowing water can have a meteoric o
gin, or the flow may be generated by sediment compacti
[4,5].

Here we report an abrupt morphology transition of th
displacement front occurring in slow immiscible displace
ments in the presence of pressure gradients due to fl
of the defending fluid. For low pressure gradients, th
displacing fluid formed a connected fractal structure wit
many loops [see Fig. 1(a)], similar to those observed [6,
in invasion percolation (IP). Defending flowing fluid could
not enter such a structure. As the viscous pressure gradi
was increased, the structures thinned and elongated alo
the flow direction. However at high viscous pressure gr
dients, the invading fluid formed very small fragments dis
tributed over a broad plume shaped region [see Fig. 1(b
The displaced defending fluid could freely flow not only
around but also through the region containing the invadin
fluid, although with reduced velocity. The small invading
fluid fragments moved by disconnecting and reconnectin
thereby transporting fragments in the direction of pressu
gradients created by the flowing defending fluid.

The competition between viscous and capillary force
is described through the dimensionless capillary numb
Caw  mua2ysk, where m is the viscosity of the dis-
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placed flowing fluid,u is its microscopic pore velocity,
a is the size of a typical pore,s is the interfacial ten-
sion, andk is the permeability of the porous medium. N
et al. [8], Morrow [9,10], and Lenormand and Zarcon
[11] studied the mobilization of single blobs of nonwe
ting fluid blobs by flow of surrounding wetting fluid a

FIG. 1. Patterns obtained by injecting air (white) into a poro
medium saturated with wateryglycerol (black) flowing upward.
(a) Caw  15.2 3 1023; (b) Caw  112 3 1023.
© 1998 The American Physical Society 3065
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various values of Caw . Payatakes [12] considered the dy
namics of a population of blobs of oil trapped in a wate
saturated porous medium. Hinkleyet al. [13] performed
experiments in which blob migration velocities were mea
sured as a function of Caw , blob size, and viscosity ratio.
Birovljev [14] explored migration and fragmentation o
an air bubble in a porous medium saturated with initiall
quiescent water that started to flow during the experime
The conclusion from these studies is that nonwetting flu
blobs and fragments can become either mobilized or stu
in fluid-saturated porous matrices, depending on the bl
size, Caw , and the viscosity ratio. Blob fragmentation
and coalescence were observed but morphology tran
tions were not detected.

In capillary-dominated displacements of a wetting flui
by a nonwetting fluid, the nonwetting fluid forms self
similar structures that are well described by the invasio
percolation model [15,16]. Uniform fields of force, such
as buoyancy, induce characteristic length scales upon
structures. Displacement patterns can often be perceiv
as an assembly of blobs with an overall size ofj and
a self-similar structure on length scales, in the range
a , , , j [17]. Long-range forces such as buoyanc
govern the structure of the blob assembly on length sca
beyond j. If j is related to a parameter describing
the competition between capillary forces and long-rang
forces, properties of the displacement pattern such as
mass densitym can be expressed in terms of this paramete
In the presence of gravity, competition between capilla
forces and buoyancy is described by the dimensionle
Bond number Bo Drga2ys. Here,Dr is the density
difference between the fluids andg is the acceleration
due to gravity. In displacements restricted by capillar
forces but supported by buoyancy (destabilized invasi
[18–20]), invading nonwetting fluid forms a string of
fractal blobs that is oriented along the direction of th
hydrostatic pressure gradient. In quasi-two-dimension
porous media, the mass density of the string scales as [7,

m , jBoj2nsD21dysn11d , jBoj20.51, (1)

where D ø 1.82 is the fractal dimensionality of IP-like
clusters, measured on length scales in the rangea , , ,

j [6], and n  4y3 is the percolation correlation expo-
nent. The scaling exponentnsD 2 1dysn 1 1d in Eq. (1)
is independent of the nature of the long-range force. It
natural to ask whether the relation holds equally for di
placements in the presence of viscous pressure gradie
with Ca replacing Bo. In the experiments and simulation
reported here, we find that such a relation exists for lo
values of Caw . Above a critical flow rate of the flowing
defending fluid, the scaling relation breaks down as plum
like structures are formed in the displacements. Structu
widths and mass densities in this regime are limited b
system sizes. Structure morphology changes, from frac
blobs assembled to a string to a homogeneous “cloud”
fragments with a stretched-exponential size distribution.
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Experiments.—Monolayers of 1 mm diameter glass
beads sandwiched between layers of Plexiglas and gl
formed quasi-two-dimensional porous models. Th
models were similar to those described in Ref. [20] b
with ducts fitted at the boundaries to allow the defendin
fluid flowing through the model. Models of dimension
of 42 3 80 cm had approximately200 3 400 pores
and had a porosity off ø 0.62 and a permeability
of k  0.03 3 1023 cm2. Nonwetting fluid was air,
and defending wetting fluid was a dyed water-glycer
mixture with a viscositym  8.0 6 0.5 cP and a sur-
face tension ofs  64 dynycm with respect to air. A
peristaltic pump connected to a reservoir drove the wat
glycerol mixture at a constant rate through the mod
which initially was completely saturated with the mixture
At the highest flow rates ofQw ø 40 mlymin used, the
pressure difference across the model was of the order
2700 Pa.

Air was continuously injected into the model through a
inlet in the center of the model, using a low constant rate
Qnw  0.01 mlymin. In the early stages of an experimen
air formed a connected structure that resembled an
cluster. At later stages, the pattern was distorted and,
some cases, fragmented. Fresh air advanced episodic
from the inlet to the flanks or the tip of the structure
Each experiment was terminated when air reached
boundary of the model. Caw was varied from3.63 3 1023

to 112 3 1023, corresponding to flow ratesQw in the
range 1.3–40 mlymin.

Figure 2(a) shows the overall lengthlnw of nonwetting
fluid structures (in the flow direction) as a function o
air volumeMnw, measured in two experiments at Caw 
5.86 3 1023 and Caw  93.16 3 1023, respectively. At
low Caw , lnw increased stepwise, but linearly withMnw

on average. At high Caw, a plume-shaped structure wa
formed whenlnw had reached about 1y3 of the length of
the porous model. At this point, the rate of increase
length dropped significantly.

In Fig. 2(c), the mass densitym of the displacement
structures is plotted on a log-log scale as a function
Caw . m was measured by averaging the number of pixe
representing air in digitized images of the structures. F
Caw , 0.05, the data are consistent with a power law

m , Ca2x
w , (2)

with x  0.53 6 0.06, in agreement with the conjecture
that viscous pressure gradients and gravitational press
gradients lead to similar effects.

Simulations.—In the continuum approximation flow
in a porous medium is described by Darcy’s lawU 
2skymd=P, whereU is the fluid flux andP is the pres-
sure. For incompressible fluids in stationary flow th
pressure field satisfies the Laplace equation=2P  0.
Simulations of the experimental displacement proce
were carried out on a triangular lattice of bonds represe
ing the porous model fluid volume. The lattice had a rec
angular shape and contained approximately 80 000 bon
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FIG. 2. Parts (a) and (b) show plots of the lengthlnw of
structures of air as a function of the injected air volum
Mnw , measured in experiments (a) and in simulations (b
Capillary numbers are indicated. Part (c) shows a log-lo
plot of the linear mass densitym as a function of Caw ,
measured at the final stages in the experiments (±) and in the
simulations (≤). Error bars indicate the standard deviation
obtained from averaging the simulation data. Form measured
in experimental IP-like structures, a linear least-squares fit w
attempted (dotted line). In this regime, experimental data a
the simulation data are consistent with theoretical expectatio
(solid line).

Initially, all bonds were labeled to represent pores fille
with wetting fluid, and a random numberpi was assigned
to each bondi. These random numbers represented t
contribution of capillary forces to the pressure differenc
across the represented pore if part of the fluid-fluid inte
face spanned across the pore. A Gaussian distribution
random numbers with a mean value ofp  1.0 and stan-
dard deviation of 0.5 was used in all of the simulation
The wetting fluid was assumed to flow from one end
the lattice to the other, driven by a constant pressure d
DP across the system. At each stage in the simulatio
the Laplace equation was solved [21] to obtain the visco
pressure field,P, on the lattice nodes that were not adja
cent to nonwetting fluid bonds (see Fig. 3). Bond pre
sures were obtained by interpolation. For bonds inside
fragmented nonwetting fluid structure,P was calculated
iteratively, by averaging the pressure at nearest-neigh
bonds with well-defined pressure values. The bounda
conditions used wereP  P0 1 DP at the inlet,P  P0
at the outlet, andn ? =P  0 at all other boundaries (lat-
tice edges parallel to the flow direction, and interfac
with regions filled with nonwetting fluid), wheren is a
unit vector normal to the boundary or interface. Thre
bonds in the center of the lattice represented the air inle

Simulations were based on the IP model with trappin
[16] and proceeded viainvasion and migration steps.
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FIG. 3. In simulations the viscous pressureP due to flow
of wetting fluid was calculated on wetting fluid nodes in a
triangular lattice. For wetting fluid bonds connecting wetting
fluid nodes (solid lines),P was interpolated. For wetting fluid
bonds connecting a wetting fluid node to a nonwetting flui
node (dotted lines),P was equal to the pressure at the wettin
fluid node. For wetting fluid bonds connecting two nonwettin
fluid nodes (dashed lines),P was calculated using an iterative
procedure. In the example,PsAd  fPsa1d 1 Psa2dgy2 and
PsBd  PsAd.

In each invasion step, nonwetting fluid bonds at th
perimeter adjacent to the invaded region that include
the inlet were examined. The bondi with the lowest
invasion thresholdpi  pi 1 Pi was invaded, wherePi

is the viscous pressure associated to bondi. After each
invasion step, migration steps in which nonwetting flui
withdrew from a bondj and invaded another bondi could
occur. Migration occurred if the viscous pressure dro
was sufficient to drive the invasion of theith bond,

Pj 2 Pi . pi . (3)

Migration could lead to fragmentation of the nonwetting
fluidstructure. Among all possible migration steps, th
one yielding the highest excess pressure,Pj 2 Pi 2

pi, was executed; only migration in the flow direction
was allowed. Then=2P  0 was solved for the new
configuration, and a new migration step was attempte
If, however, the inequality (3) was violated for all bonds
then an invasion step was executed.

In simulations, the capillary number Caw was given by
the mean viscous pressure dropDP across a bond, since
p  1.0. The mass densitym was defined as the average
number of invaded bonds in rows in the central thir
of the lattice. At low Caw , migration and fragmentation
was not possible. At high Caw , extensive fragmentation
occurred, and plumelike structures were formed, simil
to those observed in the experiments. Figure 4 shows tw
structures obtained at Caw  2 3 1023 and Caw  5 3

1022, respectively, and Fig. 2(b) shows the dependen
of the overall lengthlnw of these two structures on the
“mass” Mnw (the number of invaded bonds). The figure
is in qualitative agreement with Fig. 2(a). In Fig. 2(c)
measurements ofm as a function of Caw are included.
The simulation data compares well to the experiment
data, with a scaling regime according to Eq. (1) a
low Caw , and a roughly constant mass density at hig
3067
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FIG. 4. Patterns obtained in simulations using a modifie
bond IP model. Part (a) shows a structure observed
Caw  2 3 1023 on a triangular lattice with220 3 128 nodes,
and part (b) shows a structure observed at50 3 1023 on
a 350 3 88 nodes lattice. Dotted lines represent isopressu
curves and a cross indicates the inlet.

Caw . The transition occurs at a lower Caw than in
the experiments. This inconsistency is attributed to th
simple way in which the withdrawal of the nonwetting
fluid from pores was modeled, ignoring any capillar
effects. As in the experiments, the scaling region
limited from above by the morphology transition (at abou
Caw ø 1022), and from below by finite-size effects.

The effects of gravitational pressure gradients on th
invasion percolationlike invasion fronts are fundamental
different from the effects of viscous pressure gradien
Buoyancy is a body force that acts uniformly wherea
viscous forces are concentrated onto the most expos
external parts of the air structure. Despite this differenc
small viscous pressure gradients were found to affect slo
capillary-dominated displacement processes in the sa
way as hydrostatic pressure gradients.

The fragmentation transition observed in experimen
and simulations at high viscous pressure gradients is co
nected to rupturing of the nonwetting fluid structures
Rupturing led to changes in the flow pattern of the de
fending water-glycerol mixture, and hence to chang
in the viscous pressure field. At low and intermedia
Caw , rupturing occurred occasionally, but viscous pre
sure changes were insignificant, compared to (stationa
capillary forces. At high Caw, rupturing generated immo-
3068
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bile air fragments and caused significant local changes
P. If changes were sufficient to cause migrating air
circumvent the obstacles, even at the price of passing l
permeable regions (high capillary forces), the air structu
broadened. In contrast, in the presence of body forc
such as gravity, obstacles cannot distort the pressure fi
and no morphology transition is observed.
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