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Searching for Evolutions of Pure States into Mixed States in the Two-State SystemK0K̄0
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Oscillations between two quantum states may be a sensitive probe for a loss of quantum coherence
due to possible violations of quantum mechanics, e.g., caused by gravitation. We show, for the strange-
ness oscillations in the neutral kaon system, that there exist four experiments which uniquely determine
all nine non-quantum-mechanical parameters that occur in a density matrix description using the Pauli
matrix basis. [S0031-9007(98)05768-8]

PACS numbers: 03.65.Bz, 11.30.Er, 13.20.Eb
ot

d

.

g
ns
Gravitation might cause violations of quantum mechan
ics by influencing the coherence of the wave function
and thereby creating transitions from pure states to mix
states [1]. A decrease in coherence should manifest its
in sensitive interference experiments. A system with o
cillations between two quasistable states can be describ
by a2 3 2 density matrix, whose time development is de
termined by a linear system of differential equations wit
16 real parameters. Quantum mechanics requires tha
of them vanish [2].

This work shows, using theK0K̄0 system as an ex-
ample, that all of these 16 parameters are measura
in experiments which allow the identification of energy
states as well as states of another, not exactly co
served, quantity (flavor), and which, in addition, hav
the ability to act differently upon states of opposite
flavor quantum number. We also find a general pre
scription on the presentation of experimental resul
which allows one to express the full information on al
16 parameters.

This subject has been treated with restriction to thre
parameters violating quantum mechanics [2–6].

The time evolution of neutralK mesons is given by
the four elementsHik of the matrix H, with respect to
the basissK0K̄0d of the form ÙC  2iHC. C has two
components, the amplitudesCK and CK̄ , and describes
a pure state. Mixed states are described by the dens
matrix r, whose time evolution is given by theLiouville
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equation

Ùr  2isHr 2 rH1d .

For pure statesr  CC1, and, thus, detsrd  0. We
often represent2 3 2 matrices as linear combinations
of the Pauli matricessm, m  0, . . . , 3 (with s0 
unit matrix): H  Hmsm, (Hm complex), r  rmsm,
Ùr  Ùrmsm, (rm, Ùrm real). A summation over multiple
indices on the right-hand side of the equations that do n
appear on the left-hand side, is understood. TheLiouville
equation implies the linear relation

Ùrm  T mnrn , (1)

with the (real)4 3 4 matrix [2]

T  sTmnd  2 Im H01434

1 2

0BBB@
0 Im H1 Im H2 Im H3

Im H1 0 2ReH3 ReH2

Im H2 ReH3 0 2ReH1

Im H3 2ReH2 ReH1 0

1CCCA .

Here, the matrixT has seven parameters, and is compose
of a multiple of the unit matrix1434 and of a matrix
from the Lie algebra of the Lorentz transformations
This is typical for quantum mechanical time evolution
where the quadratic formrmrm  detsrd  0 is left
unchanged, implying pure states stay pure. The remainin
nine parameters may serve to express manifestatio
of violations of quantum mechanics. A deviation from
© 1998 The American Physical Society 2969
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the symmetryT0n  T n0, the asymmetryT mn  2Tnm

(m, n  1, 2, 3), or the equality of the diagonal element
would indicate such violations.

Equation (1) has the solutionrmstd  seTtdmnrns0d.
The time evolution of an observablekBl (represented by
the matrixB) is then calculated as a trace. LetBm be the
Pauli components ofB, Bm  TrsBsmdy2, then

kBl  TrsBrd  2Bmrmstd  2BmseTtdmnrns0d .

rns0d describes the preparation of the kaons,seTtdmn

describes the evolution from0 to t, and Bm describes
the measurement. According to the four independe
quadrupletssBmd andsssrns0dddd, there are 16 different types
of experiments.

We will now show that there is a choice of fou
experiments which uniquely determine all the values
the 16 parameters of a general matrixT . Let T  TQ 1

X, where TQ is known and obeys quantum mechanic
with H2  H3  0, and whereX  sXabd is small,
jXab j ø jH1j, and unknown. Then,kBl has as an
approximation

Bstd  2BmfseTQtdmn 1 XabD
mn
abgrns0d

 B0std 1 XabBabstd ,

where the derivativeD
mn
ab is calculated atXab  0 as

follows:

D
mn
ab ;

≠

≠Xab
sesTQ1Xdtdmn



µ
eTQ t

Z t

0
dt0e2TQ t0 ≠X

≠Xab
eTQt0

∂mn

.

DiagonalizingTQ  VdW , whereW  V 21, and where
d  sdtsd  sdtsLtd, we obtain

B0std  2BmV mtWtneLttrns0d ,

Babstd  2BmV mtWtaV b´W ´n

3 fseL´t 2 eLt tdysL´ 2 Ltdgrns0d ,

and Bstd  B0std 1 XabCk
abNkstd ,

where the sum overk runs from 1 to 8. We note that

N´11std  eL´t and N´15std  teL´t ,

´  0, . . . , 3 .

For t fi ´ we obtain

C´11
ab  2Bmrns0d sV mtWtaV b´W ´n

1 V m´W´aV btWtndysL´ 2 Ltd ,

otherwisest  ´d we obtain

C´15
ab  2Bmrns0dV m´W´aV b´W ´n .

For V (and W  V 21), we use the limitH2 ! 0 with
H3  0:
2970
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V  sV mtd 

0BBB@
1 1 0 0
1 21 0 0
0 0 i 2i
0 0 21 21

1CCCA .

The eigenvaluesL´ of TQ are expressed by those ofH as

L0  2 Im lS , L1  2 Im lL ,

L2  islp
L 2 lSd, and L3  islp

S 2 lLd  L2p,

where lS  mS 2 igSy2, and lL  mL 2 igLy2, are
the eigenvalues ofH.

A measurement ofBstd, for which B0std is an approx-
imation, is thus represented as a superposition of the
functions Nkstd: Bexpstd  B0std 1 bkNkstd, and leads
to the 8 equationsXabCk

ab  bk , k  1, . . . , 8, for the
16 unknownsXab . Then measurementsB1std, . . . , Bnstd
lead to8n equations

Mklxl  bk , k  1, . . . , 8n , (2)

where xl  Xab , l  lsa, bd  1, . . . , 16, are the 16
unknowns consecutively labeled, andM  sMkld is the
corresponding8n 3 16 matrix of the Ck

ab values. The
least squares solution of Eq. (2) for8n . 16, yields the
unique resultxl  sN21dlmsMkmbkp 1 Mkmpbkd, when
the determinant of the16 3 16 matrix N  M1M 1

sM1Mdp is finite.
Modern experiments [7,8] are able to produce neutra

kaons with definite and individually known strangeness in
great numbers asK0 with sssrns0dddd ; srK d  s 1

2 0 0 1
2 d

or as K̄0 with srK̄ d  s 1
2 0 0 2 1

2 d. A complete set of
four measurements is now obtained as follows: The
semileptonic decays identifyK0 and K̄0, i.e., sB1md 
s 1

2 0 0 1
2 d and sB2md  s 1

2 0 0 2
1
2 d, and the decay into

2p identifies K1, i.e., sB3md  s 1
2

1
2 0 0d. Additional

regeneration experiments enable one to obtain the da
corresponding to a measurement of the typesB4md 
s 1

2 0 2
1
2 0d, the important property beingB42 fi 0. See

appendix below.
The explicit calculation of the determinantjNj for the

set of four measurementsBistd, with sssrns0dddd  srK d and
sBmd  sBimd, i  1, . . . , 4, yields the general result

jNj 
K

sjDlj4DgDmd4
,

(with K  33 3 7y226s8  2.8 3 1026s8, Dl  lS 2

lL). This represents a finite value ifDg  gS 2 gL fi 0
and Dm  mL 2 mS fi 0, or for arbitrary values of the
L´, as long as they are pairwise different. Numerica
difficulties in calculatingN21 should not arise, as the
condition number ofN in a typical numerical example
is as low as 40.

These results show the possibility of the determination
of all the 16 elements of the matrixX, and thus of
T , starting from the measured amplitudesbk of the
four experiments mentioned. [A set of experiments
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where none is of the typesB4md is insufficient, as the
corresponding determinantjNj vanishes.]

From a purely phenomenological viewpoint, we ca
imagine nine experimentally distinguishable manifest
tions of quantum mechanics violations. The correspon
ing empirical information is contained in the values o
thebk.

A numerical study shows that the statistical significanc
of the resultingxl values is greatly enhanced by the us
of data from more than four experiments.

Present experimental bounds [5] for the three violatin
parameters, as proposed in Ref. [2], are in the ran
of model expectations [2,6] ofOs10219 GeVd. Similar
bounds for all nine violating parameters usingK0 and
K̄0 as initial states, would require only about 5 times th
number of events observed in Ref. [5].

Experiments at DAFNE [8] with correlated neutral
kaon pairs will open a new field where, e.g., uncon
ventional aspects of conservation of energy and angu
momentum (as pointed out in Ref. [4]) or irreducible two
particle parameters [6] arise. A treatment of the two-sta
systems using the complete set of the 16 parameters mi
provide more basic insight into the phenomenology of lo
of coherence.

Appendix on regeneration.—The observation ofK1
mesons behind a suitable regenerator constitutes an
periment described bysBmd having the elementB2 fi 0.
Let r

n
inc be the Pauli components of neutral kaons in fron

of an infinitely thin sheet of matter with an areal densit
of nuclein. The componentsr

m
r of the kaons having tra-
n
a-
d-
f

e
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versed the sheet are then given byr
m
r  Lmnr

n
inc with

sLmnd  exp

µ
2n

ss̄ 1 sd
2

∂ 0BBB@
C 0 0 S
0 c s 0
0 2s c 0
S 0 0 C

1CCCA ,

where C  coshsnDy2d, S  sinhsnDy2d, c  cossVnd,
s  sinsVnd with D  s̄ 2 s, and V 
2p h̄ Ref fs0d 2 f̄s0dgyp. Here, fs0d is the forward
scattering amplitude,s is the total cross section for
kaons, andp is the kaon momentum. The bar refers to
antikaons. Combining this matrix withsBmd  s 1

2
1
2 0 0d

givesBn
r  BmLmn which contains an elementB2

r fi 0 if
s fi 0.
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