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Pyrochlore Antiferromagnet: A Three-Dimensional Quantum Spin Liquid
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The quantum pyrochlore antiferromagnet is studied by perturbative expansions and exact dia
ization of small clusters. We find that the ground state is a spin-liquid state: The spin-spin corre
functions decay exponentially with distance and the correlation length never exceeds the intera
distance. The calculated magnetic neutron diffraction cross section is in very good agreemen
experiments performed on YsScdMn2. The low energy excitations are singlet-singlet ones, with a fin
spin gap. [S0031-9007(98)05650-6]
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Since Anderson proposed the resonant valence b
(RVB) wave function for the triangular lattice [1], ther
has been a lot of attention focused on frustrated lattic
because they might have a spin-liquid-like ground state
two- or three-dimensional lattices. The frustrated syste
can be classified into two different categories: structura
disordered systems and periodic lattices. Among the
one the ground state of theS ­ 1

2 quantum Heisenberg
antiferromagnet on the kagomé and pyrochlore lattice
expected to be a quantum spin liquid (QSL). The comm
point of these two lattices is the high degree of frustrati
as they both belong to the class of the “fully frustrat
lattices.” The classical mean field description indicate
pathological spectrum with an infinite number of zero e
ergy modes which prevents any magnetic phase transi
and produces an extensive zero temperature entropy [2
The classical critical properties are nonuniversal for bo
systems [5].

The pyrochlore lattice consists of a 3D arrangement
corner sharing tetrahedra (Fig. 1). All compounds whi
crystallize in the pyrochlore structure exhibit unusual ma
netic properties: Two of them, FeF3 and NH4Fe21Fe31F6
[6], are known to have a noncollinear long range orde
magnetic structure at low temperature; the other co
pounds do not undergo any phase transition, but man
them behave as spin glasses, although there is no struc
disorder at all. It is remarkable that frustration in a pe
odic lattice may give rise to ageing and irreversibility s
that a compound such as Y2Mo2O7 has been considered a
a “topological spin glass” [3,7].

The problem of ordering in the pyrochlore lattice wa
initiated by Anderson [8] who predicted that only lon
range interactions are able to stabilize a Néel-like grou
state. More recently, mean field studies [9] have confirm
these predictions; from classical Monte Carlo calculatio
[5,10,11] it was concluded that this system does not or
down to zero temperature, but any constraint will indu
magnetic ordering [12].

The only attempt to describe the quantumS ­ 1
2

Heisenberg antiferromagnet on the pyrochlore lattice
been done by Harriset al. [13] who studied the stability
of a dimer-type order parameter and showed that qu
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tum fluctuations play a crucial role. In this Letter, we
show that the ground state exhibits a QSL behavior: B
applying a perturbative approach to the density operato
we show that spin-spin correlations decay exponentiall
with distance at all temperatures with a correlation length
that never exceeds the interatomic distance. Fluctuation
select collinear modes, but the amplitude of these modes
extremely small. Exact diagonalization of small clusters
shows that the spectrum of the pyrochlore lattice look
like the kagomé one, with a singlet-triplet spin gap and
no gap for the singlet-singlet excitations. We also use
our development to calculate the neutron magnetic cros
section. The results are in very good agreement wit
previous experimental results on YsScdMn2 [14].

Model.—The Hamiltonian of the quantum Heisenberg
model on the pyrochlore lattice is

H ­ 2J
X
ki,jl

Si ? Sj , (1)

where the summation is taken over the nearest neighbo
(NN) sites. J is the negative exchange coupling. We de-
scribe the pyrochlore lattice as a fcc Bravais lattice with
a tetrahedral unit cell. Each cell is exactly diagonalized

FIG. 1. Description of the pyrochlore lattice as an fcc lattice
of tetrahedra. Solid lines connect sites interacting with ex
changeJ, dashed lines with exchangeJ 0.
© 1998 The American Physical Society 2933
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and coupling between cells is taken into account perturb
tively: We call J 0 the exchange interaction between NN
sites in different tetrahedra (Fig. 1) and we make an expa
sion in powers ofl ­ J 0yJ. The Hamiltonian is rewritten
asH ­ H0sJd 1 H1sJ 0d, whereH0 describes the NN in-
teractions within a tetrahedron andH1 the NN intertetrahe-
dra interactions. By using this trick we have transforme
the initialS ­ 1

2 pyrochlore lattice into a fcc lattice with 16
states per “site” (four spins12 ). All of the thermodynami-
cal quantities can be obtained from the density operat
which we calculate in perturbation with respect tol:

r ­ e2bH ­ r0 1 · · · 1 rn 1 Qslnd , (2)

where

rn ­ s21dn
Z b

0

Z b1

0
· · ·

Z bn21

0
db1 · · · dbne2sb2b1dH0

3 H1 · · · e2sbn212bndH0 H1e2bnH0 . (3)

In order to evaluate the different terms of the developme
we have derived a diagrammatic method which allows
systematic expansion. This method will be reported els
where. All of the following quantities have been evalu
atedanalyticallyto the second order inl by implementing
a formal program in Mathematica on a Silicon Graphic
For an indication, the evaluation of the spin-spin correl
tion functions from the first to the sixteenth neighbors too
1 1

2 months of CPU time. The method was tested on t
spin-12 chain for which the unit cell was two NN sites and
the development was made to fourth order inl. Using
the analytical density operator and fixingl ­ 1, we ob-
tained quite satisfactory results, the difference with tho
of Bonner and Fisher [15] being less than 2% at low tem
perature. Furthermore, our method is more efficient wh
the characteristic length of the ground state is short,
expected in a spin liquid. Thus, the deduced charact
istic length will be a control parameter of our calculation
Moreover, contrary to usual high temperature expansio
our method yields to a nondivergent expansion wh
T ! 0.

Spin-spin correlations.—Let us consider a reference
site S0 on the lattice. We definekS0 ? Sdl ­ Cd as the
correlation function between this site and a site at a d
tanced in the lattice. This function is easily evaluated a

Cd ­
1
Z

SpfS0 ? Sd exps2bHdg , (4)

whereZ is the partition function. The development wa
made up to second order inl, which allows us to cal-
culateCd up to the 16th neighbors. At any temperatur
betweenT ­ 10jJj andT ­ jJjy100, we find that these
correlations oscillate in sign and decay exponentially wi
the distance [Fig. 2(a)]. From these curves, we can extr
a correlation lengthj defined asjCdj ~ exps2dyjd. This
length is temperature dependent and never exceeds on
teratomic distance down to zero temperature [Fig. 2(b
the broad feature atT ø J shows the limitations of the
2934
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FIG. 2. (a) Absolute value of the spin-spin correlation func
tions as a function of distance atT ­ 2jJj. (b) Correlation
length deduced from the analysis of the (a)-type graphs at
temperatures.

method in this energy scale. Assuming thatj could be
underevaluated forT # J by our method, we extrapolated
jsT d from theT $ J regime to the lowT regime. What-
ever the law we used (algebraic, exponential, stretched e
ponential), we found a saturation of the correlation leng
around the interatomic distance. Thus, our calculations a
self-consistently controlled as the value ofj at T ­ 0 K
is much smaller than the real spatial extension of our d
velopment (five interatomic distances).

The total spin can be obtained from the spin-spi
correlation functions as*√

NX
i­1

Si

!2+
­ NSsS 1 1d 1 6NC1 1 12NC2 1 · · · .

(5)

Since we have shown that these correlation functions a
rapidly decreasing with distance, we can retain only
few terms in this expansion. Cutting the summation t
the second neighbors, we verify that the ground state is
singlet:

1
N

*√
NX

i­1

Si

!2+
sT ­ 0d > 0.02 . (6)

This result shows that our method is satisfactory even a
very low temperature, essentially because the correlatio
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inside each unit cell are calculated exactly, and in a QS
only short range correlations are important.

Static structure factor.—For classical spins, the spec
trum of the pyrochlore lattice is very peculiar [9]: It pos
sesses two branches of zero energy modes. In orde
study the effect of quantum and thermal fluctuations o
these modes, we evaluated the structure factor,

Sm,nsqd ­
X
d

Cdeiq?Rm,n
d , (7)

wherem and n are the indices of a site in a tetrahedra
unit cell fsm, nd [ h1, 2, 3, 4j2g. Cd is defined in Eq. (4),
q is a vector of the first Brillouin zone (BZ), andRm,n

d
is the vector of lengthd which links the sites of types
m and n. For eachq, this structure factor is a4 3 4
matrix whose eigenvalues give the fluctuation modes
the system, the lowest energy mode corresponding to
largest eigenvaluevM sqd. To the first order inl, vMsqd
remains nondispersive over the entire BZ, and the degen
acy is not lifted. To the second order, a maximum appea
on the axisD of the BZ (Fig. 3). This maximum corre-
sponds to a collinear phase where the total spin vanish
on each tetrahedron (see the inset of Fig. 3), and the ph
between two neighboring tetrahedra is equal top . This
confirms the results obtained for classical spins by prev
ous authors [11,16]. We note that the degeneracy is ve
weakly lifted (1y106 of the width of the spectrum), but this
is not a numerical artifact since, in our method, the prec
sion can be as small as we want. A similar behavior w
also observed in the kagomé lattice [17].

Neutron cross section.—The neutron magnetic cross
section can be expressed in terms of the correlation fun
tions as

d2s

dV dv
­

h1,2,3,4j2X
m,n

e2ik?sTm2TndUm,nsQ, vd , (8)

FIG. 3. The two largest eigenvalues of the structure fact
along theD axis. The maximum corresponds to the collinea
phase shown in the inset.
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Um,nsQ, vd ­
X
i,j

e2iq?sRi2Rjde2iq?sTm2Tnd

3
Z 1`

2`

kSi,ms0dSj,nstdle2ivt dt . (9)

Tm andRi are the translations that define the position of
site of typem in the unit celli of the space groupFd3̄m;
Q ­ k 1 q, wherek is a vector of the reciprocal lattice
andq belongs to the first BZ. From the static correlatio
functions calculated above, we obtain the total magne
cross sectiondsydV. We report the results as a contou
plot in the reciprocalsf00hg, fhh0gd plane (Fig. 4). The
absence of a signal in the first BZ indicates that the grou
state is a singlet. The intensity is maximum at abo
Q1 ­ f220g 6 f 3

4
3
4 0g or Q0

1 ­ f002g 6 f 3
4

3
4 0g (Fig. 4).

These maxima are associated with long range correlatio
describing a structure where consecutive tetrahedra ar
phase. This is different from the result obtained abo
from the structure factor. In fact, we have also calculat
the cross section in thesfh00g, f0h0gd plane and found
another maximum atQ2 ­ f210g which corresponds to a
phasep between tetrahedra as expected. Comparison
the intensities of the peaks atQ1 andQ2 favors the second
structure, but the difference is small. So we conclude th
there are two characteristic modes in this system, ap-
dephased one and an in-phase one, with a larger we
for the first mode.

It is interesting to compare our results (Fig. 4) with th
measurements made on YsScdMn2 by Ballou et al. [14]:
The experimental results correspond exactly to our r
sult (Fig. 4). In fact, the measurements were made fo

FIG. 4. Map of the neutron cross section in the plan
sf00hg, fhh0gd. The white regions indicate the maximum o
intensity in theq space.
2935
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given energyv, but the shape of the neutron cross se
tion in reciprocal space was found to be nearly indepe
dent of the energy [14], as ifxsq, vd ­ fsqdgsvd. Thus,
integrating the experimental results over the energy do
not change theq dependence and we can make a dire
comparison between our calculations and the measu
map. First, we reproduce all the main features prev
ously obtained, i.e., the absence of a signal in the fi
BZ associated with the singlet ground state and the ma
ima atQ1 andQ0

1. Second, we find ap-dephased mode
in the sfh00g, f0h0gd plane that was also observed in th
same compound [18]. The existence of these two mod
could explain the first order character of the transition o
served in the pure YMn2 compound [19,20] associated
with the freezing of the mode mixture in thep-dephased
one. Finally, the half-width of each peak provides info
mation on the correlation length: It is found to be of on
interatomic distance in experiments as well as in our c
culations. All these results indicate that a large part of t
physics of YsScdMn2 is related to quantum fluctuations in
this highly frustrated structure, although the magnetism
Mn is not localized but itinerant.

Low energy part of the spectrum.—We performed ex-
act diagonalization of small clusters, up to 12 spins1

2 .
These sizes are not large enough to give quantitative c
clusions, but allow a first characterization of the spectru
We find that the ground state is a singlet with a spin g
between this singlet and the lowest tripletsD > 0.7jJjd.
Inserted in this gap, there are several singlet states wh
number is growing with the cluster size. This indicate
that the lowest energy excitations are singlet-singlet-lik
A similar property was also observed in exact diagonaliz
tions performed on the kagomé lattice [21]. It seems th
both systems belong to the same class of QSL while the
integer spin chains, for which the lowest energy excitatio
are spin excitations (singlet-triplet), are different. In ou
case, the relevant parameter is the topological frustrati
while in 1D Heisenberg spin liquids the low dimensiona
ity plays a crucial role.

In conclusion, we have studied the quantum Heisenbe
spin-12 Hamiltonian on the pyrochlore lattice. It appear
from the spin-spin correlations and the low energy spe
trum that the ground state of this system is a QSL simil
to the kagomé lattice ground state. Using our results
calculated the magnetic neutron cross section, and rep
duced almost exactly the map experimentally observed
YsScdMn2. This confirms that this compound is a 3D QSL

The pyrochlore antiferromagnet is certainly the first e
ample of a 3D QSL. For this class of QSL the dimensio
ality of the lattice seems to play a minor role, but we ca
expect that any perturbation will deeply modify the low en
ergy spectrum. Thus, such a disordered magnetic grou
state should be extremely sensitive to chemical disord
2936
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In fact, in several compounds, such as Al-doped YsScdMn2
[22], Y2Mo2O7 [23], and Al-dopedb-Mn [24], disorder,
even nondetectable, transforms a QSL into a quantum s
glass state. All of these compounds have in commo
unconventional behaviors (i.e., the susceptibility is spin
glass-like, while the lowT specific heat increases asT2

and strong fluctuations of the local magnetization are o
served in the “frozen” state). A quantitative understandin
of disorder effects in QSL requires more studies, both e
perimental and theoretical.

We are grateful to R. Ballou, C. Lhuillier, and F. Mila
for helpful discussions and comments.
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