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Enhancement of Coherent Emission by Energy-Phase Correlation in a Bunched Electron Beam
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A radio-frequency (rf) modulated electron beam passing through a magnetic undulator emits coherent
radiation at harmonics of the rf with a phase which depends on the electron drift velocity. Treating the
bunches as ensembles of electrons, each with its energy and phase, the radiated field is calculated as a
sum over the particle distribution in the phase space. At long wavelengths a proper correlation between
the energy and phase distributions of the electrons in the bunch can be exploited to lock the radiated field
in phase, resulting in a significant enhancement of the coherent emission. [S0031-9007(98)05672-5]

PACS numbers: 41.60.Cr

In recent years the coherent emission from a radioequation leading to an amplitude of the normalized radiated
frequency (rf) modulated electron beam at wavelengthsield coefficient in a given Tf, waveguide mode [1]:
comparable to the.electron bunch Iength has 'been the Zo C K L _sin6,/2)
object of renewed interest because of its practical rele- 4,,, = ——1,— — e L e P
vance in the design of compact free electron generators Bs "2 By Nab (61/2)
of coherent radiation [1-4]. Issues like the dependencgvr1ere
of the emitted radiation on the bunch shape [5], the ob-
servation of emission at discrete frequencies which are 9 — ( DL )L )
harmonics of the fundamental rf, and the limits on the Po\ep, T O
ultimate linewidth achievable on the individual harmon-
ics [6] have been addressed both theoretically and expeﬁs the usual definition of the phase shift parameter describ-
mentally. Most physical models and calculations assum#g the free electron laser (FEL) resonance condition in a
monoenergetic electron bunches with a given longitudiwaveguide [7].Z, = 377 Q is the free space impedance,
nal charge density distribution, or a distribution in elec-I, is the peak current in the buncB, is the normalized
tron energy independent of the longitudinal position in thegroup velocity of the waveguide mode at the frequency
bunch. In reality the longitudinal phase-space distributiore: With wave vectork,, F is a form factor describing
of the electron bunches generated in rf accelerators showe overlapping between thebeam transverse distribu-
in most cases [3], a strong correlation between energy ariéPn and the waveguide mode, aod is the coefficient of
phase, which has to be taken into account when calculathe Fourier expansion of the normalized bunch profile at
ing the field radiated in a magnetic undulator or in anotheghe /th harmonic as defined in [1]. Radiation is emitted
suitable coupling structure. at harmonics of the fundamental rf in a frequency band

In Ref. [1] the physical model utilized to calculate defined by the line-shape function &ipy/2)/(6,/2). The
the coherent emission is based upon the following asPhase factoe”/?in (1) is of fundamental nature since, like
sumptions: (i) A monoenergetic beam of normalizedthe line-shape function, it does not depend on the specific
energy y is assumed. (i) Electron bunches, regularlyphysical model but directly derives from the integration of
spaced at the rf period,;, move alongz with average theJ - E product over the interaction volume= %, - L,
drift velocity 8, = /1 — (1 + K2)/y?2 through a purely ~Wwhich represents the rate of energy exchange between the
sinusoidal undulator magnetic field = B, codk,z)y, beam current and the radiation field. It has the important
wherek, = 27/, A, is the undulator period ang =  Physical meaning of showing that the external driving cur-
eBo,/(2\2mmyc?) is the so-called undulator parame- rent and the radiated field are no longer in phase when the
ter governing the amplitude of the electron oscillationsélectron drift velocity does not match the resonance condi-
in the plane perpendicular ®. (iii) The transverse mo- tioné = 0. Ifeach electron bunch is treated as a collection
tion of the electron bunches can be described by a tran§f Ve particles of chargg, each with its energy; and po-
verse current density;, which is localized inside the Sition or phasaj; alongz, the total radiated field can be

undulator of length. in a rectangular waveguide of cross simply calculated as a sum over the particle distribution:

1)

section3 = ab, and has a temporal profile which can Zo g KL
be expanded in a series of harmonics of the fundamental Aton = — 7 T Jah
. . . ,Bg rf ab
w; = 27l /Ty, wherel is a positive integer. N, (0. /2
Each harmonic current source plays the role of an ex- X 1 Miei[(eﬁ)ﬂwj]’ 3)
ternal driving term in the inhomogeneous Maxwell's wave =B (0;/2)
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where the Fourier componentgC; of regularly spaced inverse square of the energy:

charges represented by a train of delta functions are L 1+ K2
independent of the harmonic numbkrand have been Ay/(Ay/y) = 71— —5 (7
calculated as2q/T, 60; = [(w;/cB;j) — ku — konlL At B2y

describes the dependence of the phase shift from resqne yseful range ofy over which Egs. (5) and (6)
nance on the electron drift velocity, afld = wrs7;isthe  can pe satisfied to generate coherent radiation with
phase at the fundamental frequenay of the jth charge  constructive interference is given by the interval of energy

injected at the time; with respect to a reference charge corresponding to the main lobe in the line-shape function
injected atr = 0 with velocity 8,0. The radiated power of the FEL resonance:

at the/th rf harmonic is then calculated as

_ @ |A1,0,n|2, (4) (8)

P, =
27y
and the total power of the coherent SpONtaNEous emisFrom (5) one observes that such an intervay gesults in
X il powe . b a phase intervdl# /I corresponding to one wavelength at
sion (CSE) is obtained by summing (4) over the num- .
o ; the operating frequency;.

ber of harmonics in the FEL band. Although this model g o

. . . . The longitudinal phase-space distribution plays a cru-
is essentially one dimensional, the effect of transverse.

) ! . : ¢ial role in the enhancement or suppression of CSE.
beam emittance can be taken into account, in a first ap; .
o . N . : e have calculated the effect of phase matching for the
proximation, by expressing the longitudinal drift velocity

5 . n experimental parameters of the ENEA millimeter-wave
as B = \/1 — (1 + K2 + yj0;)/vj, with 67 = x;” +  FEL facility in Frascati [8]. Electron energy, waveguide
v/, whered; is the average angle between the electrordimensions, and undulator parameters in this device are
trajectory and the undulator axis, which can be writtenchosen to operate at the so-called “zero slippage” con-
in terms of the angular deviationg = dx/dz andy; =  dition which provides a broad-band emission in the fre-
dy/dz. Similarly the form factorF can be calculated as quency range between 60 and 150 GHz. In Fig. 1(a)
the integral of the mode profile over the particle distribu-we show an ensemble of 1250 macroparticles, each with
tion in the transverse phase space. chargeq = 0.1 pC, distributed according to (6) in the
It is evident from (3) that constructive interference is phase-space region bounded by a phase shift- af4

achieved when the electrons are distributed in the phasground the upper frequency of 150 GHz, within which the
space(y, ) as close as possible to the “phase-matchingradiated field keeps the same sign to generate construc-

0
1<y <y suchthatyr>M>—7r

curve given by tive interference. The corresponding bunch profile, given
0,(y) by the histogram as a function of phase of the above dis-
(T) + 1l =, (5) tribution, is shown in Fig. 1(c). The dramatic effect of

where the dependence érand vy is explicitly indicated
for clarity, and®, is a constant phase at the harmonic 3 ' 2 ' o 150
[. Substituting (2) into (5) and remembering that= ¥ o n,
0 for B, = B0, the phase-matching relation can be
reformulated as 4sr N

L ) ) - 100

9// m )\rf (:82(7) Bz(]) ’ Where/\rf CTrf . 4
(6) Y

This relation is of general validity since it is independent 7130
of the harmonic number and explicitly shows the i
dependence on the drift velocity. An angular spredaf
the electrons around the undulator axis will imply a spread \ | | | 0
in the drift velocity and, hence, a spread in phase around 5 0 5 .10 0 10

the phase-matching curve. Constructive interference will

not be affected by the beam emittance as long as the W (deg)

phase spread is much less than half a period of the waveyg. 1. (a) Distribution of 1250 particles in the phase space
which from (6) leads to the conditioho’2/B, < A/2, (i, y) showing a correlation between energy and phase accord-
in agreement with the usual requirement that the bearing to (6) with g0 = 0.95. (b) Phase-space distribution of
emittance be smaller than the FEL operating Wavelengtiﬂart'des having the same longitudinal profile as in case (a), but

. . random distribution of energy in the interJal,, defined
It is also clear that the energy-phase correlation methoay (8). (c) Histogram of the r%mber of pargzﬁa;é]s a func-

is most effective at low energy. The phase interval pefjon of phase (longitudinal bunch profile) of both distributions
unit relative energy variation is indeed proportional to the(a) and (b).
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FIG. 3. PARMELA simulation of the phase-space distribution
0 \ | : (a) and longitudinal bunch profile (b) at the linac output.
600 ! ! J J the amplitude of the Fourier coefficients in (1). Further
P, (W) b) investigations on th_e two-dimgnsipnal distribution of the
bunched electrons in the longitudinal phase space would
400 | - certainly help to clarify whether interference effects re-
lated to the phase-matching condition also occurred in the
reported experiments.
The manipulation of the particle distribution in the
200 - T phase space can provide an extremely powerful tool for
the realization of high efficiency generators of coherent
radiation in the mm-wave and far-infrared regions and
0 1 ] I at even shorter wavelengths. To test the feasibility

20 30 40 50 60 70 of a device suitable for a systematic investigation of
] energy-phase correlation effects, we have run a computer
simulation based omARMELA code [11] to describe an
accelerating structure composed of3at % cell beta-
raded self-focusing rf linac operating at 3 GHz. The
inac is injected by a 13 kV, 1 A electron gun and is
followed by a “phase-matching section” (PMS) placed
2.5 cm downstream of the linac output. The PMS is made
of two coupled cavities, each 5 cm long, operating in the

energy-phase correlation becomes evident by comparing mode. The distribution of the bunched electrons in the
the total radiated power by this distribution of chargesphase space at the output of the PMS can be changed by
with that of a bunch with the same longitudinal profile varying the phase and amplitude of the rf field driving the
as in the correlated case, but a random distribution of elPMS with respect to the linac. The calculation utilizes
ergy in the interva[yi, y.] [see Fig. 1(b)]. The spectral 3000 particles leaving the gun with a charge per particle
distribution of power for the correlated and uncorrelatedof 0.1 pC and accounts for space charge effects. About
cases is shown in Figs. 2(a) and 2(b), respectively. Col250 particles reach the linac output with a maximum
herent spontaneous emission occurs in both cases duekietic energy of 1.82 MeV, a total average current of
the short bunch duration. However, in spite of the iden0.4 A, and an rms emittance 6fr mm mrad. To obtain
tical histograms as a function of phase of the two disthe positive slope of the phase-matching curve in the
tributions, the correlated case shows an enhancement Bhase space shown in Fig. 1(a), the drift space and the
the high frequency components in the spectrum, with dhase shift of the PMS are set so as to have the reference
total radiated power of 36 kW compared to the 3.6 kW

of the uncorrelated case. The error on the total radiated 5 ;
power due to the small number of particles ugé#50) v |?
compared to the actual number of electrons in the bunch
(about10°) has been estimated to be 1% and 5% for the 45|
correlated and uncorrelated cases, respectively.

A strong sensitivity of the CSE power to the rf settings
in the accelerator components was reported in several ex- 4 ! I L 0 L
periments [2,9,10]. Off peak acceleration and bunchcom- -0 -5 0 5 10 -0 0 10
pression were exploited in [2] to enhance CSE of about v (deg) W (deg)

2 orders of magnitude. Bunch compression and the pres:G. 4. paRMELA simulation of the phase-space distribution
ence of a structure in the bunch profile do indeed affecta) and longitudinal bunch profile (b) at the PMS output.

FIG. 2. CSE power as a function of the harmonic number
of the fundamental frequency,; = 3 GHz for the correlated
(a) and uncorrelated (b) energy-phase distributions of Fig. 1
respectively. Operating parameters; = 2.5 cm, N = 16,
K =1, TEy; mode in rectangular waveguid® = 1.067 X
0.432 cn?.

b)
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in phase induced by the beam emittance does not affect
the CSE spectrum and total radiated power.

By a simple analytical approach we have shown that
energy-phase correlation in a bunched beam can signifi-
cantly increase CSE. The design of a device suitable
for the investigation of this effect has been studied
- and supported by numerical simulations. The suggested
technique is particularly useful in broad-band millimeter-
wave radiators like waveguide FELs operating at zero
slippage, but can, in principle, be extended to shorter
wavelength devices.

We would like to thank our colleagues G. Dattoli
and A. Renieri for many stimulating discussions on this
subject.
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