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We present thermodynamic measurements of various physical observables of the two-dimen
S  1y2 isotropic quantum Heisenberg antiferromagnet on a square lattice, obtained by quantum M
Carlo methods. The results are in excellent agreement with field-theoretical predictions. The
of the existence of a crossover from quantum critical to renormalized classical regime is clar
[S0031-9007(98)05597-5]
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The square lattice quantum Heisenberg antiferroma
net (QHA) is important in condensed matter physic
since it describes the critical behavior of undoped in
sulating parent compounds of the high-Tc superconduc-
tors. Some materials believed to be well described
these models are La2CuO4 [1], Sr2CuO2Cl [2], La2NiO4

[3] and K2NiF4 [2]. Most existing theoretical treat-
ments of the long wavelength, low energy behavior of th
QHA are actually based on an effective field theory, th
s2 1 1dD Os3d nonlinears model (NLsM) [4–6].

Although the mapping from the QHA to the NLsM
may be justified on the general grounds of universalit
it is rigorous only for sufficiently large values of the
magnitude of the quantum spinsSd. There is also a subtle
problem due to the existence of Berry phase terms, whi
are present in the effective field theory of the QHA [7]
but not in the NLsM. This term is not believed to be
relevant [6,8], but this is still a matter of debate [9].

The results of previous experimental and numeric
studies on theS  1y2 QHA show a leading exponential
temperature dependence of the correlation length, in agr
ment with the prediction of the theories [4–6]. There, nev
ertheless exist some systematic discrepancies between
observed values and theoretical predictions: The two-lo
order formula of the correlation length deviates from bot
measurements [2,3] and numerical simulations [10,11
The deviation becomes worse as the value ofS increases
[11], in contrast to naive expectations. Recent neutro
scattering experiments on Sr2CuO2Cl2 [2] show system-
atic deviations from the theoretical prediction for the pea
value of the static structure factor.

On the theoretical side a crossover from renormalize
classical (RC) behavior at very low temperaturesT to
quantum critical (QC) behavior at intermediate temper
tures was predicted for a planar antiferromagnet near
quantum critical point. In the RC regime whereT ø

2prs (rs is the spin stiffness), the QHA maps to a clas
sical antiferromagnet with renormalized couplings. A
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higher temperatures,T , 2prs a crossover to QC behav-
ior, controlled by the properties of the quantum critica
point wherers  0 is expected. It was proposed theo
retically [4,6] that this crossover can even be observed
the spin-1y2 square lattice QHA, although it is not very
close to the quantum critical point. The presence of th
crossover remains controversial with differing claims re
ported in the literature [2,10,12].

In this Letter we present results of a very large sca
quantum Monte Carlo (QMC) study on theS  1y2
square lattice QHA up to the linear size of the latticeL 
1000. Our study confirms the validity of the theory [4–6
and resolves the issue of the existence of a crossover fr
RC to QC behavior.

Using the continuous time version [13] of the loop algo
rithm [14] that eliminates the systematic error due to fini
Suzuki-Trotter number, we measure the thermodynam
values (infinite volume limit values) of various physi
cal observables such as the uniform susceptibilitysxud,
staggered susceptibilitysxstd, second moment correlation
length sjd, peak value of the staggered structure fact
SQ at Q  sp , pd, and internal energysE d. For eachT
and L we performed106 107 single-loop updates after
thermalization. Despite the large system sizes of up
L  1000 no critical slowing down was observed in the
simulations using the loop algorithm. The autocorrelatio
times always remained shorter than1. Computer memory
imposed the only limitation on the system size.

In order to monitor finite size effects in our measure
ments, we repeated the measurements at each temper
with varying lattice size and found that the measured va
ues ofj, xst, andSQ become size independent under th
condition Lyj * 7, within the typical relative statistical
errors of0.3% or better. This condition is very restrictive
for the measurements of the infinite volume value of tho
quantities. It turns out, however, thatxu and E can be
measured reliably on much smaller lattices. The unifor
susceptibility could be measured up tob ; JyT  40,
© 1998 The American Physical Society 2705
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wherej is of orderO s1020d. Varying L from 20 to 120,
we found that the data are already size independent
L $ 80 within our statistical error.

A selection of our data is shown in Table I. The
complete results will be published in more detail in
forthcoming paper [15]. In the following we discuss ou
results and compare them to theoretical predictions.

Uniform susceptibility.—Chiral perturbation theory [5],
for xu as T ! 0, predicts for the RC regime (with
conventionJ  h̄  gmB  kB  1 hereafter)

xHN
u 

2
3

x'

241 1
T

2prs
1

√
T

2prs

!2
35 , (1)

wherex'  rsyc2. It turns out that the fit of our data to
Eq. (1) becomes stable only for data withb $ 4.5. The
estimated values of the parameters from the fit are
x'  0.06549s2d, rs  0.178s2d, c  1.65s1d .

(2)
These values are in agreement with QMC results bas
on finite size scaling formulas [13,16] and are also i
remarkably good agreement with spin wave theory [17].

We can also observe a crossover to the QC behavior

xu 
1
c2 fAuT 1 Busrsdg (3)

at higher temperatures. The constantAu  0.26 6 0.01
[8] is universal [6]. As shown in Fig. 1,xu is linear
in T with the universal slopeAu in a reasonably broad
range0.3 & T & 0.5. The offsetBu ø 0.47rs, reason-
ably close to the leading order estimate of a1yN expan-
sion Bu ø 0.57rs [6].

Internal energy.—The energyE becomes size inde-
pendent under the conditionLyj * 3, allowing us to
measure it forb # 5.5. At low temperatures the en-
ergy is theT 3 bosonic contribution of the two magnon
branches with first corrections appearing only in fifth
order inT [5]:

E sT d  E0 1
2z s3d
pc2 T3 1 E5T 5. (4)

Because of considerable uncertainties in three parame
fits, we here fix thec to the value obtained in the above
fit of xu, i.e, c  1.652, rather than treating it as a
fitting parameter. It turns out that only data forb * 4.25
fit reasonably well to Eq. (4) withx2yNNF . 1.0. We
observe, however, that the fit is still slightly unstable i
the sense that the values of the fitting parameters chan
)
7)
(1)

)

TABLE I. A selection of thermodynamic data for the 2D QHA in the range0.25 # b # 4.95.

b 0.25 1.75 2.25 2.75 3.25 3.75 4.25 4.75 4.95

j 0.289(2) 2.37(1) 4.46(1) 8.38(1) 15.7(1) 29.0(1) 52.8(2) 95.7(3) 120.5(4
xst 0.0811(2) 4.185(7) 12.54(3) 38.2(1) 117.3(3) 357.5(9) 1082(3) 3230(10) 4980(1
xu 0.0487(1) 0.0840(1) 0.0735(1) 0.0656(1) 0.0604(1) 0.0572(1) 0.0550(1) 0.0535(1) 0.0531
E 20.0986s1d 20.5609s1d 20.6162s1d 20.6432s1d 20.6559s1d 20.6618s1d 20.6648s1d 20.6663s1d 20.6676s1d
SQ 0.329(1) 2.63(1) 5.96(1) 14.40(2) 36.91(5) 95.7(2) 254.8(5) 682(2) 1007(5
2706
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mildly with the range ofT selected for the fit. The ground
state energy we have extracted,

E0  20.66953s4d , (5)

should thus be regarded as a weak lower bound of t
correct value. It may be compared withE0  20.6693 ,
20.6694 obtained from the ground state properties o
QHA [18,19].

Correlation length.—At low temperatures,j diverges
exponentially, similar to a classical antiferromagnet bu
with renormalized parameters (thus “renormalized class
cal” behavior) [5]

jHN 
e
8

c
2prs

exp

µ
2prs

T

∂ "
1 2

T
4prs

#
. (6)

We measured the infinite volume limitj over the in-
verse temperature range0.25 # b # 4.95, corresponding
to 0.289s2d # j # 120.5s4d, and fitted it to Eq. (6) in
various temperature ranges. We find that the fits are u
stable, i.e., the value ofrs fcg decreases [increases] sys
tematically as the data at higherT are removed in the fit.
Considering only data withj $ 39.2s1d in the fit, we find

rs  0.185s1d, c  1.442s3d . (7)

Because of the systematic tendency, this value ofrs fcg
should be regarded as the upper [lower] bound of th
correct value.

Although these bounds are consistent with other es
mates, our correlation length data strongly deviate fro
the asymptotic expression (Fig. 2) in our temperatu
rangeb # 4.95. However, we wish to note that both our
data and the experimental measurements [2] can be fit
quite well by Eq. (6) with the correctrs if one leaves the
prefactor a free fitting parameter.

We can also resolve the controversy about a crossov
to QC behavior, given bycyjsT d  AQCrs 1 BQCT . A
previous Monte Carlo study [10] claimed that allj fit
a simple exponential form even forb as low as0.25,
which is inconsistent with our higher precision data. The
thus concluded that there is no crossover. On the oth
hand a series expansion study forj & 10 claimed to
see a crossover [12]. We indeed observe that1yj is
linear in T over a small range1.273s6d # j # 3.25,
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FIG. 1. The uniform susceptibilityxu versusT . The inset
shows the low-T region enlarged. The fit to the low-T
prediction [Eq. (1)] is drawn as a solid line, and the fit to th
quantum critical linear behavior is shown as a dashed line.
the latter fit the slope is determined completely by the value
c, extracted from the first fit.

but the measured values ofAQC and BQC are definitely
inconsistent with the universal theoretical prediction
[4,6]. Moreover, we observe such a linearity even i
the 2D classical Heisenberg model, where there should
no such crossover. Our data are not consistent with t
one-loop order equations for the crossover regime [4,6
either. Thus we conclude that no QC behavior can
observed in the correlation length.

A final point that has to be mentioned is that the the
oretical prediction, Eq. (6), is actually for the correlatio
length obtained from the real space decay of the corre
tion function, while the second moment correlation leng
is obtained from the second moment of the structure fa
tor. However, the deviations of the structure factor from
a Lorentzian are small [6,20], leading to a difference b
tween the two definitions of abouts1 2d%. These small
differences are thus not the reason for the discrepancie

FIG. 2. Ratio of the measured and predicted correlatio
length, i.e.,jyjHNsrs , cd with the values ofrs and c chosen
as the mean of our values in Eq. (2) and those of Ref. [13].
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The peak value of the static structure factor.—Theory
[4,6,21] predicts, for lowT ,

SQsT d
j2sT d

 2pAM2

√
T

2prs

!2√
1 1 C

T
2prs

!
, (8)

with a universal constantA. M ø 0.307 [19] is the
ground state magnetization. However, the experime
tal data suggested [2,3] thatSQsTdyj2sT d is tempera-
ture independent over the temperature range accessible
the experiment.

We find that the data withb $ 2.75 fit with a
correction ofC  20.5s1d. For the universal prefactor,
we obtain the estimateA ø 4.0. A series expansion
study [11] obtainedAs

1y2 ø 3.2 for spin S  1y2 and
As

` ø 6.6 for spin S  `. Our result clearly shows that,
as conjectured in Ref. [11], these values do not agre
because the models are not yet in the low-T scaling
regime. As even our fits at lower temperatures ar
unstable in the sense thatA increases as we leave out
data at higherT in the fit we view our estimate as a lower
bound for this universal number.

Our data are definitely in agreement with the theory bu
not with the analysis from experiment [2]. In our opinion
the deviations are caused by problems in the fits of th
experimental measurements.

The staggered susceptibility.—In the classical high-T ,
as well as in the low-T , renormalized classical regime the
staggered susceptibility is expected to be related to t
staggered structure factor as [4,6]

SQ

Txst
 1 , (9)

because in both limits the spins are perfectly correlate
along the imaginary timesbd axis. In the QC regime this
ratio is expected to also be constant but, due to quantu
fluctuations, with a different value of [6,12]

SQ

Txst
. 1.09 . (10)

Our data, shown in Fig. 3, are in complete agreement wi
previous results by Sandviket al. [22]. At high and low
temperatures, this ratio tends to 1. However, instead
an expected plateau with a value of1.09 in the QC regime
the data shows only a broad peak with a maximum
aboutT , 0.8 [22].

While the peak value is close to the predicted quantu
critical value, no plateau of constant value could be see
and the temperature is outside the range where quant
critical behavior is observed in the uniform susceptibility
Thus we conclude that, although the behavior is not ve
different from the expected QC behavior also in thi
quantity, no QC regime can be found.

Conclusion and discussion.—We have presented, for a
set of thermodynamic data which displays the asymptot
behavior predicted by field-theoretical approaches a va
ety of observables. Our estimates ofrs and c from the
2707
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FIG. 3. Ratio of the staggered structure factor and suscep
bility

SQ

Txst
versusb  JyT . This ratio should be1 (dashed

line) both in the renormalized classicalsT ! 0d and high tem-
perature regimessT ! `d. In the quantum critical regime it is
expected to be1.09.

analysis ofxu may be compared with previous estimate
based on the size dependence formula near the grou
state, i.e.,rs  0.185s2d and c  1.68s1d [13,16]. The
values also agree well with those given by the spin wav
theory of the QHA. Our results thus strongly confirm th
validity of the mapping from the QHA to the NLsM in
describing the long distance behavior of the former.

The fact that the asymptote ofxu manifests itself
only at very low temperatures may account for previou
puzzles raised in studies of the correlation length. Th
deviation ofj from Eq. (6) is reduced to approximately
few percent atb . 4.9 from the 20% deviation seen
previously at b  2.5. In fact, this is similar to the
2D classical Heisenberg model as demonstrated by rec
numerical studies [23,24]. Our data ofSQ and xu also
indicate that one needs to probe data with much lowerT
for the correction term to be safely ignored.

We also clarify the issue of the existence of th
crossover. As suggested in Ref. [6] the uniform suscep
bility, where all logarithmic corrections in the theory can
cel, shows a clear crossover from a quantum critical
the renormalized classical regime at aboutT , Jy3. In
other quantities, e.g., inj, no evidence for the crossover
could be found. It was, however, noted in Ref. [6] tha
the crossovers for different observables, though govern
by the variation of the same ratioTyrs, do not necessarily
occur at the same temperature. It is then possible that
width of the QC region is too small to be unambiguousl
detected from the data.

Finally, in comparison with experiments, we wish to
note that experimental measurements of the uniform su
ceptibility in La2CuO4 [25] also show QC behavior above
the Néel temperature and agree perfectly with QMC dat
2708
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After completing our simulations, we became awar
of a recent related preprint [26] that also addresses t
correlation length at low temperatures and comes
similar conclusions regarding that quantity.

The simulations were performed in 250 000 hours o
CPU time on the 1024-node Hitachi SR2201 massive
parallel computer of the Computer Center of the Univer
sity of Tokyo. M. T. wishes to acknowledge the Aspen
Center for Physics that enabled helpful discussions wi
S. Chakravarty, A. Chubukov, S. Sachdev, and R. Singh
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