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We presentO sa2
s d corrections to the cross section fore1e2 ! gp ! QQ̄ close to threshold. We

assume that the energy of the reaction is such that both the perturbative expansion in the stron
coupling constantas and expansion in the velocityb of the heavy quarks can be used. We obtain
termsO sa2

s yb2, a2
s yb, a2

s d in the relative correction. We demonstrate how an expansion of Feynman
diagrams in the threshold region is constructed. We obtain a matching relation between the vecto
current in full QCD and in nonrelativistic QCD. [S0031-9007(98)05637-3]

PACS numbers: 13.65.+ i, 12.38.Bx, 12.39.Jh
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Theoretical predictions for the cross section of the re
actione1e2 ! QQ̄ in the energy region close to theQQ̄
threshold are of considerable interest for various pheno
ena. They are important for determinations of theb and
c quark masses, as well as the value of the QCD coupli
constantassmd, with m , 1 2 GeV, if one uses the sum
rule approach forY and Jyc hadrons proposed in [1];
achievement of theO sa2

s d accuracy is considered very
important for these quantities. One should also mentio
the ongoing efforts to determine the decay rates of th
heavy quarkonia to leptons with theO sa2

s d accuracy [2].
Also, for the futuree1e2 or m1m2 colliders one is con-
sidering precision measurements of the top quark prop
ties by studying its threshold production region. It is we
known that for these and other applications, where th
threshold region is of interest, the fixed order perturbativ
calculations break down and a resummation of the term
singular at threshold is mandatory. In the leading orde
such resummation yields the well known Sommerfeld
Sakharov factor for the threshold production cross sectio
Aiming at theO sa2

s d accuracy for the threshold cross sec
tion, the first thing to be calculated is the perturbative ex
pression for the cross section at the orderO sa2

s d in the
energy region whereas ø b ø 1, whereb denotes the
quark velocity,b 

p
1 2 4m2ys, ands is the total en-

ergy squared [3,4].
From the technical point of view, the problem of per

turbative calculations in the threshold region has never r
ceived much attention. On the one hand, it is clear th
a small parameter in which a useful expansion could
principle be constructed—b —is there; on the other hand,
it has not been quite clear how to use this parameter s
tematically in order to obtain a significant simplification
of the Feynman integrals which should be calculated. O
the conceptual level, the recognition of the existence
small and large scales in the threshold problems was fo
mulated as the nonrelativistic QCD (NRQCD), an effec
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tive field theory which should be used to describe physi
in the threshold region [2]. In this framework the correc
tions which originate from the scalesk , m can be incor-
porated through the so-called matching procedure. T
requires calculations in the full QCD, in order to provid
the matching conditions. It is expected that, since the
frared behaviors of both QCD and NRQCD are the sam
the matching calculations could be considerably simp
fied. To the best of our knowledge, however, it has n
yet been demonstrated how the matching calculations
QCDyNRQCD should be organized in order to achiev
such simplification in practice.

For practical reasons it is useful to be able to u
the smallness of the relative velocity of the quark
on the level of individual Feynman diagrams, i.e., t
formulate a prescription which operates with diagram
and subgraphs, rather than with composite operat
and effective field theories. The advantages of such
approach are its transparency and better control over
calculation. Indeed, similar approaches in other kinema
situations have recently permitted the completion of ma
previously impossible calculations, both in QCD and
the electroweak theory (see, for example, [5–7]).

In this paper we consider a variant of the asymptot
expansions which can be used in the threshold regi
It allows one to construct an expansion inb of a
given Feynman diagram. For the resulting Feynm
integrals one can construct algorithms which permit the
calculation in any order inb, and can be encoded in a
symbolic manipulation language.

An approach of this type has recently been discuss
in [8]. Although its correctness has not been prove
its construction is analogous to the well establishe
asymptotic expansions [9–11].

Using this approach we calculate theO sa2
s d correction

to the cross section of the reactione1e2 ! QQ̄, up to
terms of orderO sb0d relative to the Born cross section
© 1998 The American Physical Society 2531
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In the result the terms with a color factorC2
F , as well as

the corrections induced by vacuum polarization insertio
due to heavy and light fermions, are identical to th
previously obtained results in the Abelian gauge theo
[4,12]. This provides a nontrivial test of the asymptot
expansion method applied in the threshold region. T
non-Abelian terms presented below are a new result.

We begin with introducing some notations. The cro
section of the reactione1e2 ! gp ! Q̄Q is written as

se1e2!Q̄Q  ss0d
∑

1 1 CF

µ
as

p

∂
Ds1d

1 CF

µ
as

p

∂2

Ds2d
∏

, (1)

where

ss0dssd 
4p

3
a2

s
Nce2

Q
bs3 2 b2d

2
,

b 

s
1 2

4m2

s
,

(2)

s is the total energy squared of the reaction,m is the mass
of the heavy quarkQ, Nc  3 is the number of colors,
andeQ is the charge of the quarkQ in units of the electric
charge. We also always useas ; assmd in the modified
minimal subtraction scheme (MS scheme) and the on-
shell renormalization for the heavy quark propagators.

The termsDs1d and Ds2d represent, respectively, the
one- and two-loop corrections. Vertex corrections whic
contribute at these orders are shown in Fig. 1. T
term Ds1d is known in exact form as a function ofb.
Near the threshold we are interested in the expressi
for both Ds1,2d up to and including termsO sb0d. (The
term O sbd in Ds1d can also be used for the matchin
on nonrelativistic resummed cross section. This te
represents a kinematical correction and leads, essentia
to the replacementp2ys2bd ! p2s1 1 b2dys2bd; see
[3,4].) We note that up to this order inb there is no
need to consider radiation of real gluons in the process
interest. With this restriction the expression forDs1d reads

Ds1d 
p2

2b
2 4 1 O sbd . (3)

The two terms in this expression are known to be of rath
different origins. The term proportional to the invers
power of b is the so-called Coulomb correction, while
the second term is known to be a hard correction. L
us demonstrate how these corrections could be calcula
using asymptotic expansions.

In this approach for each diagram one has to ident
those regions of the integration momenta which can g
nonvanishing contributions at the given order inb. In
the calculations close to threshold, one should distingu
four different regions (the following description applies t
the center of mass frame of theQQ̄ pair) [8]: (1) Hard
region, where the momenta of the quanta are of t
order of k , m; (2) soft region, wherek0 , jkj , mb;
2532
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FIG. 1. Two-loop QCD corrections to the quark pair produc
tion; (a) is the one-loop vertex correction; (b)–(i) are the two
loop gluonic and fermionic corrections.

(3) potential region, wherek0 , mb2 andjkj , mb; and
(4) ultrasoft regionk , mb2. One should construct all
possible subgraphs of a given graph assigning the ab
labels to the lines in all possible combinations. Afte
such assignment, the routing of the momenta should sat
the “scale conservation.” Namely, two ultrasoft lines, fo
instance, cannot produce a potential line. On the contra
two potential lines can produce an ultrasoft line and so o

To calculateDs1d to necessary order inb, one has
to consider the real part of the one-loop correctio
to the vertex gpQQ̄. In this diagram only potential
and hard regions contribute. The other two regio
generate massless tadpoles which vanish in dimensio
regularization, which we use throughout this calculatio
The potential subgraph gives rise to a finite contributio
p2y2b. The hard subgraph [which to the orderO sb0d
is obtained by simply considering the vertex correctio
at the points  4m2 in dimensional regularization] gives
the constant term24, if combined with the ultraviolet
renormalization of the Born cross section.

To see the importance of this classification we reca
the following fact. The above result forDs1d is valid in
the regionb ¿ as, where perturbative calculations ar
still justified. When one approaches the region of sm
b, one should perform a resummation of all terms
the form an

s ybn. Such resummation results in the we
known Sommerfeld-Sakharov factor, which is the modul
square of the fermion wave function at the origin, whe
the Coulomb interaction between nonrelativisticQ and
Q̄ is taken into account exactly. It is also believed th
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part of the subleading terms of the forman11
s ybn can be

resummed by multiplying the Sommerfeld-Sakharov fact
by the so-called hard correction,

s  ss0d

√
1 2 4CF

as

p

!
jCs0dj2,

jCs0dj2 
z

1 2 exps2zd
, z 

CFasp

b
.

(4)

It is interesting that this hard renormalization constant fo
the Sommerfeld-Sakharov factor, which has been know
already for a long time, is the same as the contributio
of the hard subgraph of the one-loop vertex correctio
and the ultraviolet renormalization. This is, of course
not accidental. If the approach based on asympto
expansions in the threshold calculations is to be truste
it is fairly clear that the above formula is correct an
the one-loop hard correction does indeed provide t
renormalization of the Coulomb ladder to all orders i
the coupling constant. The simplest way to see this is
say that the contribution of the hard subgraph provides
renormalization of the NRQCD vector current in order t
match it on the complete vector current in QCD (see a mo
detailed discussion below).

One can hope that the knowledge of the contributio
coming from hard subgraphs at orderO sa2

s d would permit
a determination of the two-loop renormalization of th
Coulomb ladder.

We now turn to the consideration of the second ord
correction, described by the termDs2d. It is convenient
to decompose it into terms proportional to various SU(3
color factors [in SU(3)CF  4y3, CA  3, TR  1y2,
andNL,H are the numbers of quark flavors of mass 0 an
m, respectively],

Ds2d  CFD
s2d
A 1 CAD

s2d
NA 1 NLTRD

s2d
L 1 NHTRD

s2d
H .

(5)

The only unknown term in this expression isD
s2d
NA, which

arises in the non-Abelian theory.D
s2d
A,H,L are the same in

the Abelian and non-Abelian theory. In the framewor
of QED D

s2d
A was obtained in [4] in the threshold

region. The terms which describe the contribution o
both massless and massive fermionsD

s2d
L,H were calculated

in an analytical form for arbitraryb in [12]. Also, we
would like to mention that the leadingO sa2

s ybd terms
in D

s2d
NA were predicted in [13] using the observation

that similar terms inD
s2d
L are directly related to the

contribution of light fermions to the Coulomb-like QCD
interaction potential between heavy quark and antiqua
These terms can also be extracted from the express
for the cross section fore1e2 ! QQ̄, which includes
the resummation of the termsasn11d

s ybn. Our calculation
confirms these results and allows a determination of t
O sb0d terms inD

s2d
NA, which is the main new result of the

present paper.
or

r
n
n
n
,

tic
d,

d
he
n
to
a

o
re

ns

e

er

)

d

k

f

rk.
ion

he

Various contributions toDs2d are

D
s2d
A 

p4

12b2 2 2
p2

b
1

p4

6

1 p2

µ
2

35
18

2
2
3

ln b 1
4
3

ln 2

∂
1

39
4

2 z3 ,

(6)

D
s2d
NA 

p2

b

µ
31
72

2
11
12

ln 2b

∂
1 p2

µ
179
72

2 ln b 2
8
3

ln 2

∂
2

151
36

2
13
2

z3 ,

(7)

D
s2d
L 

p2

b

µ
1
3

ln 2b 2
5

18

∂
1

11
9

, (8)

D
s2d
H 

44
9

2
4p2

9
. (9)

The terms D
s2d
A,L,H coincide with the results obtained

in QED. The non-Abelian pieceD
s2d
NA was studied

numerically in [13], where Padé approximation was use
to obtainD

s2d
NA as a function ofb. A comparison of our

result for D
s2d
NA with the results for the similar quantity

presented in [13] shows that forb ø 1 there is a
reasonable agreement.

The details of the derivation of the above result
cannot be presented here for lack of space. We on
briefly explain how they are obtained using the asymptot
expansion in the threshold region. The contributions o
all momenta regions, relevant for this calculation, ar
separated according to a classification given above, a
the integrands of the loop integrations are expanded
the respective small parameters (which vary from on
momentum region to another). All divergences whic
arise in the course of this procedure are regulated usi
dimensional regularization. The calculation of the har
contribution is done by solving a system of recurrenc
relations which allows one to reduce any hard integr
to a limited set of master integrals. All integrals, wher
only potential lines are involved, are similar in their form
to the integrals which one encounters in the nonrelativist
perturbation theory and can be done easily. When som
lines of a given diagram are either soft or ultrasoft, th
calculation can be performed loop by loop. For this, th
results for the one-loop eikonal integrals [14] are usef
as well as some results obtained in [15].

Let us elucidate the origin of various terms in the
above expressions forD

s2d
A andD

s2d
NA. The most interesting

contributions come from the hard subgraphs, because th
contributions could be used to discuss the renormalizati
of the Sommerfeld-Sakharov factor at the next-to-leadin
order as well as a matching of the NRQCD quark-antiqua
2533
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vector current on the full QCD vector current at orde
O sa2

s d and the leading order in1ym.

We note the following: in bothD
s2d
A,NA the terms

which are not accompanied by powers ofp come from
hard subgraphs. These are39y4 2 z3 and 2151y36 2

13z3y2, respectively, forD
s2d
A andD

s2d
NA. The terms of the

order O sb0d, which are multiplied by a single power of
p2, are more tricky. First, one sees that there is a lnb

contribution in these pieces. This implies that these term
get contributions from both hard and (all possible) so
scales, and these contributions are not finite separate
This in turn means that at theO sa2

s d order the matching
coefficient of the NRQCD vector quark-antiquark curren
is not finite any longer. Removing this divergence b
using theMS renormalization of the low energy effective
field theory, we arrive at finite (but scale dependen
matching coefficients.

We write

c̄gic 

"
1 2 2CF

as

p
1 c2smdCF

√
as

p

!2#
3 fc1

h sixhgm , (10)

where the operator at the left-hand side of the above eq
tion is the quark–antiquark current in the full QCD, while
the right-hand side represents the quark-antiquark curr
in the effective field theory (withch and xh being two-
component spinors), multiplied by a Wilson (matching
coefficient. We note that to the orderO sas, 1ym2d the
matching condition for the quark-antiquark vector curren
has been obtained in [16].

The knowledge of contributions coming from hard
subgraphs allows us to obtain this matching coefficie
directly,

c2smd  CFcA 1 CAcNA 1 NLTRcL 1 NHTRcH , (11)

cAsmd  p2

∑
2

79
36

2
1
3

ln

µ
m

m

∂
1 ln 2

∏
1

23
8

2
1
2

z3 , (12)

cNAsmd  p2

∑
89

144
2

1
2

ln

µ
m

m

∂
2

5
6

ln 2

∏
2

151
72

2
13
4

z3 , (13)

cLsmd 
11
18

, (14)

cH smd  2
2
9

p2 1
22
9

. (15)

We note finally that within the present approach it i
also possible to calculate the higher order terms in t
expansion inb. However, for the terms of orderb1

in Ds2d one should already incorporate the real gluo
radiation. The expansion of the real radiation and th
phase space in this case can be obtained as a sl
2534
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generalization of a similar expansion, discussed in [1
in the context of heavy quark decays.

In conclusion, we have calculated theO sa2
s d correction

to the heavy quark production cross section ine1e2 anni-
hilation in the threshold region, assumingas ø b ø 1.
A method of systematic expansion of the Feynman d
grams near thresholds in powers and logarithms of t
quark velocity b enabled for the first time an evalu-
ation of the non-Abelian terms. At the same time, com
parison of the Abelian terms with previously obtaine
results gives us confidence in the correctness of t
method. The results of the present paper can be furt
used for matchinglike calculations, to arrive at the predi
tions for the threshold cross section at the energy regi
whereb , as. We have also given a matching relatio
between full QCD and NRQCD effective currents to lead
ing order in1ym and second order in the strong couplin
constant.
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