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Symmetries of LargeNc Matrix Models for Closed Strings
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We obtain the symmetry algebra of multimatrix models in the planar largeNc limit. We use
this algebra to associate these matrix models with quantum spin chains. In particular, ce
multimatrix models are exactly solved by using known results of solvable spin chain systems. [S0
9007(98)05585-9]
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Quantum systems whose degrees of freedom are ma
ces appear in several areas of mathematics and phys
for example, Yang-Mills theory [1–4], string theory [5,6],
and M-theory [7,8]. Of particular interest is the limit as
the dimensionNc of the matrices goes to infinity. In this
limit the dynamics is expected to simplify; for example
the quantum fluctuations of the invariants are of the o
der 1yNc. The algebra of invariant observables become
a Poisson algebra discovered in [9]. For the general lar
Nc limit, these Poisson brackets are very nonlinear. Th
planar large Nc limit is equivalent to a further approxi-
mation that replaces this Poisson algebra by a Lie algeb
In this paper we will describe this Lie algebra of observ
ables of the matrix model in the planar limit, by a direc
argument.

As an illustration of the power of this new symmetry
algebra, we will use it to solve some matrix models i
the largeNc limit. More precisely, we will map certain
matrix models to quantum spin chains and use resu
from the theory of spin chains to solve them. This i
reminiscent of the work [5] that connects some integra
over finite chains of matrices withclassical integrable
systems. From this point of view, our result is tha
certainpath integralsover matrices can be mapped into
quantum integrable systems. However, we will mostly
use the canonical formulation rather than the path integ
formulation of these systems.

We will study a class of matrix models whose de
grees of freedom are a set of matrix-valued boson
variablesa

m
n sid, a

ym
n sid satisfying the canonical commuta-

tion relationsfam
n sid, a

r
ssjdg ­ faym

n sid, a
yr
s sjdg ­ 0 and

fam
n sid, a

yr
s sjdg ­ dsi, jddm

s d
r
n . Here,m, n ­ 1, 2, . . . or

Nc. The position of the indices indicates the transforma
tion properties underUsNcd: a

m
n ! g

m
r gps

n a
r
s , etc. The

degree of freedom labeled by the indicesm, n, etc., will be
called “color” in analogy with quantum chromodynamics
(QCD). Indeed our matrix model can be thought of as
regularized version of pure QCD, with the variablesa, ay

representing gluons. The indicesi ­ 1, . . . , M describe
the degrees of freedom (other than color) of the syste
The Hamiltonian (along with all other observables) wil
be required to be color invariant: i.e., invariant under th
adjoint action ofUsNcd on a anday.
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The path integral over matrix valued functions of time,
P

m
n s j, td, Q

m
n sj, td with Lagrangian

LsP, Qd ­
MX

j­1

Pm
n sj, td

d
dt

Qn
msj, td 2 HsssPstd, Qstdddd

gives an equivalent theory, with the identifications
a

m
n sjd ­ Q

m
n sjd 1 iP

m
n sjd, a

my
n sjd ­ Q

m
n sjd 2 iP

m
n sjd;

but the canonical formulation is more convenient for our
purposes.

Define the vacuum state of the representation of thes
relations byaj0l ­ 0. In the limit of largeNc the color
invariant states of the system are the “closed string” (or
“glueball”) states such as

CsKd ­ N2cy2
c aym1

m2
sk1daym2

m3
sk2d · · · aymc

m1
skcdj0l .

Here strings of indices are denoted by capital letters
For example, K stands for k1, . . . , kc. The state is
invariant under cyclic permutations; the equivalence class
of permutations related toK by cyclic permutations is
denoted bysKd.

The operators that dominate the largeNc limit are

gI
J ; N2sa1b22dy2

c aym1
m2

si1daym2
m3

si2d · · · ayma
nb

siad

3 anb
nb21

sjbdanb21
nb22

sjb21d · · · an1
m1

sj1d .

(Notice the reversal of order in the indices in the string
J; this definition serves to simplify some later equations.)
All observables of a matrix model which survive in the
large Nc limit—the Hamiltonian of regularized QCD,
for example—are linear combinations of such operators
These states and operators were previously studied i
Ref. [2], where an elegant application to largeNc QCD
is described.

The factors ofNc have been chosen to obtain the
“planar” limit; it is so called because in perturbation
theory, the Feynman diagrams that survive can be draw
on a plane. There are other ways of taking the largeNc

limit, but the planar limit is the simplest.
In the limit asNc ! ` these operators will map single

closed string states to linear combinations of single closed
string states (“glueballs”):

gI
JCsKd ­ d

K
sJdC

sId 1
X

K1K2­sKd
d

K1
J CsIK2d.
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This is the key simplification of the planar limit. (To
higher orders in the1yNc expansion, there will be terms
that correspond to splitting a glueball into several glu
balls.) Here,dK

sJd is equal to the number of different cyclic
permutations ofJ such that each permuted sequence
identical toK. Also, in the second term we sum over a
ways of splitting the sequencesKd into nonemptysubse-
quencesK1 andK2. A graphical representation of (1) is
given in Fig. 1.

The operatorsgI
J are like matrices except that they

operate on the space of cyclically symmetric tensors. W
will call them “cyclix” operators. The productgI

JgK
L

of two of the above operators is not a finite linea
combination of theg’s themselves. But the commutato
is indeed such a finite linear combination:finite linear
combinations of the operatorsgI

J form a Lie algebra.
(By finite linear combinations we mean a sum over a
sequences of indicesI and J, of the form

P
cJ

I gI
J , such
2286
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that only a finite number of the coefficientscJ
I is nonzero.)

The discovery of this Lie algebra is our main result. W
will see that it has powerful consequences: For examp
we can solve some matrix models exactly using this new
discovered dynamical symmetry.

Before we describe the commutation relations betwe
two gI

J ’s, it is convenient to introduce another kind of op
eratorf̃

sId
sJd on closed string states. The defining equatio

for these operators is̃f
sId
sJdC

sKd ­ d
K
sJdC

sId. These are thus
the Weyl matrices in the basisCsId of closed string states
up to constant multiples. Rather than being independ
operators, they are in fact just linear combinations ofgI

J :
f̃

sId
sJd ­ gI

J 2
PM

k­1 gIk
Jk and f̃

sId
sJd ­ gI

J 2
PM

k­1 gkI
kJ . The

two different ways of writingf̃
sId
sJd imply that the operators

gI
J are not linearly independent.
Now we can state the commutation relations of our L

algebra:
fgI
J , gK

L g ­ dK
J gI

L 1
X

J1J2­J

dK
J2

gI
J1L 1

X
K1K2­K

d
K1
J g

IK2
L 1

X
J1J2­J

K1K2­K

d
K1
J2

g
IK2
J1L 1

X
J1J2­J

dK
J1

gI
LJ2

1
X

K1K2­J

d
K2
J g

K1I
L

1
X

J1J2­J

K1K2­K

d
K2
J1

g
K1I
LJ2

1
X

J1J2J3­J

dK
J2

gI
J1LJ3

X
K1K2K3­K

d
K2
J g

K1IK3
L 1

X
J1J2­J

K1K2­K

d
K1
J2

d
K2
J1

f̃
sId
sLd 1

X
J1J2J3­J

K1K2­K

d
K1
J3

d
K2
J1

f̃
sId
sJ2Ld

1
X

J1J2­J

K1K2K3­K

d
K1
J2

d
K3
J1

f̃
sIK2d
sLd 1

X
J1J2J3­J

K1K2K3­K

d
K1
J3

d
K3
J1

f̃
sIK2d
sJ2Ld 2 sI $ K, J $ Ld .
s

t
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e
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Although it appears complicated when written this wa
these commutation relations have a rather natural grap
cal interpretation which we will describe in a longer pape
[10]. We will call the Lie algebra defined by these com
mutation relations the “cyclix Lie algebra” or̂CM .

The above defined̃f
sId
sJd span an ideal of this algebra

isomorphic to the inductive limit of linear algebrasgl`.

FIG. 1. The action of a gluonic operator on a single glueba
state. The gluonic operatorgI

J searches for a substring ofK
that agrees withJ. If found, it replaces each such substring b
I; otherwise, we get zero. Here,Jp denotes the reverse of the
sequenceJ.
y,
hi-
r
-
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(gl` can also be defined as the Lie algebra of matrice
with only a finite number of nonzero entries.)

We can quotientĈM by this ideal to get another Lie
algebraCM , which is the essentially new object we have
discovered. However, it is only the extensionĈM that has
a representation on the space of closed string states.

In the simplest special case of a matrix model with jus
one degree of freedomsM ­ 1d, the algebraC1 is just the
algebra of (polynomial) vector fields on the circle.̂C1 is
then the extension of this algebra by the algebra of fini
rank matrices [11]. Perhaps, then,CM can be realized
as the Lie algebra of vector fields on a noncommutativ
manifold.

We will now show how some largeNc matrix models
can be solved by using this new symmetry algebra
Suppose the Hamiltonian of a matrix model is a linea
combinationH ­

P
IJ hJ

I gI
J wherehJ

I ­ 0 unlessI and
J have the same number of indices. (This means th
the “gluon number” is a conserved quantity: regularize
QCD is not of this type.) Such linear combinations form
a subalgebra; let us call it̂C

0
M .

There is an isomorphism between multimatrix mode
whose Hamiltonians are in̂C

0
M and quantum spin chains.

Now, there are some well-known examples of exactl
solved quantum spin chains; they yield exactly solve
matrix models.
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More explicitly, consider a spin chain withn sites: at
any sitea ­ 1, . . . , or n, there is a variableia (called
“spin” for historical reasons) that can take the value1, . . . ,
or M. We will impose the periodic boundary condition
A basis of states is given byjk1 · · · knl.

Define the operator

Xi
jsadjk1 · · · knl ­ d

ka
j jk1 · · · ka21ika11 · · · knl .

This is just the Weyl matrix at sitea. Now we can check
that if I andJ have the same lengthb # n,

rnsgI
Jd ;

n2b11X
a­1

X
i1
j1

sadXi2
j2

sa 1 1d · · · X
ib
jb

sa 1 b 2 1d

satisfies the commutation relations of the algebraĈ
0
M .

If we also setrnsgI
Jd ­ 0 for b . n, we will have a

representationrn of Ĉ
0
M . The states of the periodic spin

chain with zero total momentum correspond to cyclical
symmetric tensors which are the states of the mat
model.

To each matrix model whose HamiltonianH ­P
IJ hJ

I gI
J is in Ĉ

0
M , we can associate a quantum spi

chain with Hamiltonian
h
a
g

n

.

ly
rix

n

Hspin ­
X
IJ

hJ
I

n2b11X
a­1

X
i1
j1

sadXi2
j2

sa 1 1d

· · · X
ib
jb

sa 1 b 2 1d .

Thus matrix models conserving the gluon number corre
spond to quantum spin systems with interactions involv
ing neighborhoods of spinsha, a 1 1, a 1 2, . . . , a 1

b 2 1j.
Let us look at some examples of solvable spin mode

and their associated matrix models. The simplest solvab
quantum spin chain is perhaps the Ising model [12,13]:

H
spin
Ising ­

nX
a­1

tzsad 1 l

nX
a­1

txsadtxsa 1 1d .

Here t
x,y,z
a are Pauli matrices at sitea. Using the fact

that tz
a ­ X1

1 sad 2 X2
2 sad and tx

a 1 it
y
a ­ 2X1

2 sjd, we
get the corresponding element inĈ

0
2:

Hmatrix
Ising ­ g1

1 2 g2
2 1 lfg22

11 1 g21
12 1 g12

21 1 g11
22g .

This is the largeNc limit of the matrix model with
Hamiltonian
Hmatrix
Ising ­ trfays1das1d 2 ays2das2dg

1
l

Nc
trfays2days2das1das1d 1 ays2days1das2das1d 1 ays1days2das1das2d 1 ays1days1das2das2dg .
a
l
a

o

a
r

re

i-
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le
Our results, along with known results on the Ising sp
chain [13] give the spectrum of this matrix model in th
largeNc limit:

Esnp , nd ­ 22
nX

p­2n

3

∑
1 1 2l cos

µ
2pp

2n 1 1

∂
1 l2

∏1y2

np ,

wheren is any positive integer andnp ­ 0 or 1. Also,
we must impose the condition

Pn
p­2n npp ­ 0 to get

cyclically symmetric states. In particular, we see th
the valuel ­ 1 is the critical value of the matrix mode
at which the spectrum (in the planar limit) is that of
massless free fermion field on a lattice.

It is interesting to ask whether the symmetries of t
Ising spin chain can be understood within our form
ism. Recall that [12,14] the solvability of the Isin
model is due to the existence of an infinite number
conserved quantities. They form an infinite dimensio
Lie algebra, the Onsager algebra. This is the Lie
gebra generated by iterating commutators of two ope
tors H0 andV satisfyingfH0, fffH0, fH0, V ggggg ­ 16fH0, V g
in
e

t

e
l-

f
al
l-
a-

and fV , fffV , fV , H0ggggg ­ 16fV , H0g. For the Ising model,
H0 ­ H ­ g1

1 2 g2
2 and V ­ g22

11 1 g21
12 1 g12

21 1 g11
22.

Clearly, the Onsager algebra is a sub-algebra ofC0
M . In

particular, all conserved quantities of the Ising model a
contained in our cyclix Lie algebra. It is not known
whether this Ising matrix model is solvable for an arb
trary finite value ofNc.

To every solved spin chain there is thus a correspond
solved matrix model. Instead of a comprehensive list, w
are just going to give a few illustrative examples.

The generalization of the Ising model with Hamiltonia
[15]

H
spin
GI ­

nX
a­1

tz
a 1 l

nX
a­1

ftx
atx

a11 1 yhtx
at

y
a11 2 ty

atx
a11jg

also has the Onsager algebra as a dynamical symmetry
corresponds to the element

Hmatrix
GI ­ g1

1 2 g2
2 1 lf g22

11 1 s1 2 2iydg21
12

1 s1 1 2iydg12
21 1 g11

22g

of the cyclix Lie algebra, and hence to the exactly solvab
matrix model
Hmatrix
GI ­ trfays1das1d 2 ays2das2dg 1

l

Nc
trfays2days2das1das1d 1 s1 2 2iydays2days1das2das1d

1 s1 1 2iydays1days2das1das2d 1 ays1days1das2das2dg .
2287
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TheXYZ model [16] with the Hamiltonian

H
spin
XYZ ­

nX
a­1

tz
atz

a11 1 l

nX
a­1

ftx
atx

a11 1 yty
at

y
a11g

is a generalization of the Ising model in another direction
The corresponding element in the cyclix algebra is

Hmatrix
XYZ ­ g11

11 2 g12
12 2 g21

21 1 g22
22

2 lfs1 2 yd s g22
11 1 g11

22d

1 s1 1 yd s g21
12 1 g12

21dg .

A special case of this, the equivalence of a matrix mod
to theXXZ model, was found in [17].

The above correspondence between spin chains a
matrix models is not restricted to the caseM ­ 2. The
chiral Potts model [18] has the Hamiltonian

H
spin
CP ­

nX
a­1

M21X
k­1

fãkQk
a 1 lakPk

aPM2k
a11 g ,

where ak , ãk are constants. Also,Pa and Qa are
generalized spin matrices at sitea: Q ­ diag 3

s1, v, v2, . . . , vM21d, andP is defined byPQ ­ vQP.
Here, v ­ e2piyM . This model is exactly solvable and
corresponds to the element

Hmatrix
CP ­

M21X
k­1

∑
ãk

MX
j­1

vksj21dg
j
j

1 lak

MX
j1,j2­1

g
j11k,j21M2k
j1j2

∏
wherej1 1 k should be replaced byj1 1 k 2 M if j1 1

k . M andj2 1 M 2 k should be replaced byj2 2 k if
j2 2 k . 0 in g

j11k,j21M2k
j1j2

of the cyclix algebra.
The problem of finding the partition function of the

spectrum of a HamiltonianH is equivalent to evaluating
the path integral over paths of periodT : Tr e2iHT ­R

DfPgDfQgei
RT

0
f
P

j
trPs jd ÙQs jd2HsssPs jd,Qs jddddgdt

, where
HsP, Qd is obtained by substitutinga ­ Q 1 iP, ay ­
Q 2 iP into H as described previously. By applying this
transcription to the above systems, we can obtain pa
integrals over matrices which can be evaluated exact
in the planar largeNc limit. We will not give explicit
expressions, in order to keep the paper short.

In addition to integrable matrix models associated wit
quantum spin chain models, we have also formulate
models for QCD in terms of elements of the cyclix algebr
[10]. We have also found the analog of the cyclix algebr
suitable for studying open strings (“meson states”) [19
the supersymmetric extension has also been construc
[20]. The former is of interest in spin chains with open
2288
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boundary conditions and QCD with quarks, and the latte
in M-theory.
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