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Numerical Simulations of String Networks in the Abelian-Higgs Model
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We present the results of a field theory simulation of networks of strings in the Abelian-Higgs model.
From a random initial configuration the resulting vortex tangle approaches a self-similar regime in
which the length density of lines of zeros ¢freduces as 2. The network loses energy directly into
scalar and gauge radiations supporting a recent claim that particle production, not gravitational radiation,
is the dominant energy loss mechanism for cosmic strings. This means that cosmic strings in grand
unified theories are severely constrained by high energy cosmic ray fluxes: Either they are ruled out, or
an implausibly small fraction of their energy ends up in quarks and leptons. [S0031-9007(98)05496-9]

PACS numbers: 98.80.Cq, 11.27.+d

In recent years, a sustained effort has gone into under- This picture has some support from a detailed analytical
standing the formation and evolution of networks of cos-study by Austin, Copeland, and Kibble [5] (ACK) which
mic string, principally to provide a mechanism for seedingdeals in part with length scales,, &,, and a scale,
gravitational collapse [1,2]. which can be interpreted as an angle-weighted average

The picture that emerges from lattice simulations ofdistance between kinks on the string. However, the ACK
string formation is a network consisting of a small numberanalysis relies on a number of unknown parameters,
of horizons crossing self-avoiding random walks, togetheand for some parameter ranges small-scale structure is
with a scale invariant distribution of loops [3]. The absent.
subsequent evolution is driven by a tension in the strings In [6], Vincent, Hindmarsh, and Sakellariadou (VHS)
causing them to straighten out. When two lengths okuggested a different picture based on results from
string pass through each other, they matercommute, Minkowski space Nambu-Goto simulations using the
that is exchange partners. This allows the production oSmith-Vilenkin algorithm [7]. This algorithm is exact for
loops which can decay through gravitational radiation orstring points defined on a lattice, allowing easy detection
particle production, depending on their size. of intercommutation events. When loop production

A number of numerical studies of network evolution is unrestricted (up to the lattice spacing) they found
have been carried out using the Nambu-Goto approximahat small-scale structure disappeared, although loop
tion of the string as a one-dimensional object with a tenproduction continued to occur at the lattice spacing.
sion w. In particular we will refer later to work by Allen They could only recover the small-scale structure seen
and Shellard (AS) and Bennett and Bouchet (BB), bottin [4] by artificially restricting loop production with a
reported in [4]. A consensus emerged from these studieminimum loop size greater than the lattice spacing. The
that the network will relax into &caling regime, where suggestion is that the small-scale structure seen in other
the large-scale features of the network (the inter-stringimulations is an artifact of a minimum loop size and that
distance¢, and the step lengtlf,) grow with the hori- loop production will occur at the smallest physical scale:
zon in proportion tar. On scales less thaf),, there was  the string width.
evidence for a fractal substructure covering a range from This has interesting consequences for energy loss from
the resolution scale tg,, which seems to be the result string networks. Loops formed at this size will decay into
of kinks left behind by the production of loops. The loop particles rather than gravitational radiation and could give
production function itself dichot scale: The distribution a detectable flux [8]. If particle production provides the
of loop sizes reported by BB is peaked around a cutofflominant energy loss channel, then grand unified theories
introduced by hand into the simulation to ensure that evefGUTS) theories with strings are heavily constrained.
the smallest loops are approximated by a reasonable num-In this Letter, we present the results of a series of field
ber of points. theory simulations of networks of Abelian-Higgs vortices.

It has been thought that the buildup of small-scaleThey support the results of Vinceat al. If loops form,
structure will be stopped only by backreaction from thethey form at the string width scale and promptly collapse.
string’s own gravitational field when the intermediate However, most of the string energy goes directly into
fractal extends to scales of ord€tué,, where G is  oscillations of the field radiation. We measure little small-
Newton's constant. Then the small-scale structure andcale structure in the network. Furthermore, we find that
loop production will scale with the horizon. Although the network scales with a scaling density consistent with
much smaller thag,, loops produced at this scale are still the Smith-Vilenkin simulations, implying that the latter
vastly bigger than the string core, and will decay throughsimulations do not unduly exaggerate energy loss as a
gravitational radiation. lattice effect, a possibility suggested in [9].
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The simplest gauge strings are contained in the A reasonable resolution of the string core is obviously
Abelian-Higgs model, which has a Lagrangian an important requirement of the simulation. Traditionally
B tonp 1 v A 5 o the core is defined by the inverse masses of the field,
L = Dud) (D*¢) = FurF*" = 2 (181 = o). 5o for e =1, A =2 string, d. = 1. However, the
fields depart appreciably from the vacuum over a larger
@) distance, about 4 units
where ¢ is a complex scalar field, gauged by a U(1) We have performed a series of simulations on lattices
vector potential with a covariant derivative, = a,, —  of 2243, 3043, and336° points, lattice spacings of between
ieA,. F,, is the field strength tensoy, A, — 9,A,.  0.25and0.75, and withr = 0.15. We vary the parameter
To model the system described by Eq. (1) we use techw in the variance of the field distribution to control initial
niques from Hamiltonian lattice gauge theory [10] (anddefect density. In this Letter we kegg2¢? = 1.
references therein). Because of the size of the simulations we are unable to
An attractive feature of this formalism is that the achieve the same level of statistical significance obtained
Hamiltonian respects the discrete version of the U(1using Nambu-Goto codes, although there are some reveal-
gauge transformations and, consequently, if Gauss’s laiwmg qualitative results.
is true initially, then it is true for all later times. Signifi-  The gauge-invariant zero of the field provides a
cant violations of Gauss’s law are obtained if, instead, ongimple way of analyzing the network of vortices. A
uses a numerical scheme based on finite differencing thetring passes through a lattice cell face if the winding
Euler-Lagrange equations fgr andA;. around the four corners is nonzero. By starting in any
The equations of motion derived from the Hamiltonianlattice cell with a string in it, the string can be followed
are evolved by discretizing time withr = ra (r < 1)  around the lattice until it returns to the starting point. The
and using the “leapfrog” method of updating field valuesdistribution of box-crossing string and loops can then be
on even time steps and the conjugate momentum oanalyzed in much the same way as for Nambu-Goto strings
odd time steps. In keeping with the systems we arg4,6]. In particular, we are interested in the behavior
trying to model, we create initial conditions by allowing of the length scalet,, roughly the interstring distance,
an energetic configuration of fields to dissipate energylefined as¢, = V/Lép, whereL, is the totalphysical
until ¢ is close to the vacuum everywhere except neafength of string above lengtl, (not the more usual
the string cores. We are not attempting to model thénvariant length). In practice, we calculate the length
formation process, rather we wish to create a reasonabt§f string by smoothing over the string core width.
random network of flux vortices for subsequent evolution.Scaling occurs if¢, grows with ¢, although the actual
The simulation proceeds as follows: We generate &alue ofx, in the scaling density;, = u/é2 = u/x21%,
Gaussian randort-space configuration of each compo- depends on the efficiency of the energy loss mechanism.
nent of ¢ with a k-dependent Gaussian probability dis- Figure 1 shows the functiorf, for a sample set of
tribution with variancery = +/mb/(k> + m?). Samples runs with different simulation parameters. Although with
drawn from this distribution are then Fourier transformedsmall dynamic ranges, one can never be sure ghais
to x space to generate a starting configuration, which willapproaching scaling or just on a slow transient, the scaling
be uncorrelated on scales greater than'. By vary- values forx all appear to be in the rang@27-0.34,
ing the two parameters andb it is possible to control which is in agreement with Smith-Vilenkin simulations
both the average amplitude and the correlation length ofvith maximum loop production where, = 0.27 + 0.05.
the initial configuration (this is in turn related to the ini- This value is obtained by converting the invariant length
tial defect density after the dissipation period). This thenz, used to defing in [6] to physical lengthL , if X'(o)
forms the initial conditions to be dissipated along withis the string tangent vector, then the physical length is just
¢ = 60' = E' = 0. Our dissipation scheme is to add the L;, = [do|X'|. Inthe latter half of the simulation runs,
gauge invariant termg s, and nE’ to the equations of these plots are extremely linear: The exponent ah
motion for ¢ and #’. This ensures that Gauss’s law & « ¢? is p = 1.002 = 0.03.
is preserved by the dissipation, but changes the charge- In [6], VHS argued that the string network is dominated
current continuity equation so that + V- j = —np. by processes on the smallest physical scale, either radia-
We have found that the most efficient dissipation is whertion or the production of loops at the string width. In all
the charge grows fromd to e during the dissipation our runs performed so far, we find that this is true. When
process. This allows the early formation of essentiallyanalyzing the distribution of string formed by zerosdbf
global vortices, into which the magnetic flux relaxeseas we consider three classes: long stridg*% &), interme-
is increased. diate loops frd. < L < £,), and core loopsl( < m7d.).
Once the network has formed witfi¢p|) = 1, we  Figure 2 shows a typical run with a proportionate break-
evolve the network with the dissipation turned off for half down into types of loop over time.
the box light-crossing time. During the evolution energy Over the first part of the simulation we see an overall
is conserved to withir=0.3%. decrease in the percentage of string in loops of both
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80 To back up our claim that radiative processes are key
to network evolution, we examined sinusoidal standing
70 waves with wavelengthA and initial amplitudeA where
60" A = A/2. The necessary scaling behavior for the energy
density in a network can be seen in the radiation from
50t this system (incidentally one without intercommutation).
gp Consider that a string network can be thought of as a

length¢ in a volume¢?, giving a densityp = w/£* and
p = —2ué/&E3. For ascaling networky &* = constant.
We studied a series of standing waves with increasing
wavelengthA and measured the energy density) in a
, _ subvolumeV, ~ A around the string. We found that
100 50 40 60 : 80 100 120 140 decays fairly linearly as the radiation from the string begins
to leaveV,, and then tails off ad decreases significantly.
FIG. 1. Plots of£, for a series of336° simulations with We measurg during the linear region whea =~ /2.
different lattice spacings. From top to bottom = 0.75, We find thatp A3 is constant to within 10% over a range

0.65, 0.75, 0.4, 0.5, 0.45, and 0.25. In the initial Gaussia . .
distribution the parametem is varied to give the different 'bf standing waves with from 20 to 180, 2 orders of

initial correlation lengths. £ is given in units of the inverse Magnitude bigger than the string width. We also note
scalar massz, ! that the pattern of oscillations around the standing wave

remains substantially unchanged by an increase in the
lattice spacing: We believe that any differences can be
types. Over the latter part of the simulation we see thre@ccounted for by the resulting decrease in resolution. The
sharp increases ife of intermediate loops at = 37, act that the scaling de'nS|ty in the n_etwork S|_mulat|on does
not depend on the lattice spacing is also evidence that the
radiative process is not a lattice artifact.
It is claimed in [6] that if loop production is unre-
tricted, small-scale structure will disappear. Small-scale

t = 61, andr = 81. In all three cases, this is caused by
a single large loop (witlL. > £,) decaying to below the
£, threshold. Although these events constitute a loss to
the long string network, the decay channel is radiation and S . .
not an intercommutation event producing an intermediatgructure has been gtudled_ In o ways. First, there is
loop. Note that aside from these loops, in the latte? Iength_scaleg“ mentioned in the mtroducUon. _Second,
half of the simulation,all the string length is in long the relation b_etween end-to-end d'itam@nd distance
string (together with a small population of core loops), along the stringD, (.D/R).Oc (D/fp). , defines a scale-
and the network continues to scattespite some minor dependent fractal dimension If strings are smooth on
fluctuations in¢, corresponding to the shrinking large small scales and Brownian on large scaleshould in-
loops (see curve marked<” in Fig. 1). We infer that all terpolate from~0 to ~0.5. BB and AS observed that

energy loss occurs ultimately through radiation and that iV & S|gn|f!cant fraction of the range from the resolut!on
is very efficient at scaling the network scale to¢, n is constant. VHS showed from the behavior

of ¢ that the region of constant did reflect the exis-
tence of small-scale structure: When loop production is
unrestricted the region of constanis absent and ~ ¢;
3 when loop production is restricted a region of constant
emerges and < ¢&.

Figure 3 shows that for the flux vortices varies
smoothly from~0.01 to ~0.5. The absence of the tran-
sient is in good qualitative agreement with the Nambu-
Goto simulations withf’ ~ £, and we can argue from this
that gravitational radiation (gr) is irrelevant to our claimed
particle production (pp). Energy loss processes can be de-
scribed by an efficiency parameterin the rate equation
p = —cp/&. Forascaling network witlf = €¢, cor =

n
3]

N

—

% of string length
(9]

0.5 I'Gu/e, wherel' ~ 10'-102. If there is no small-scale
structure,e ~ 1 and, for GUT stringsg,, = 10741073,
00 20 40 60 80 This is to be compared with the overall energy loss

t through radiation in our simulations which gives, =

FIG. 2. Proportion of string length intermediate loops (gray)0‘6' It is only v_v?en there ?S qonsiderqblg small-scale
and core loops (black). The long string (white) contribution Structure € ~ 107") that gravitational radiation becomes
makes upl00%. The lattice spacing is8 = 0.35. significant.
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3 S — Gu = 107%fx "3, wherefy is the fraction of the energy

o o appearing as quarks and leptons. Thus we conclude that
GUT scale strings withGu ~ 107 are ruled out: We
regard a fractiorfy ~ 5 X 1073 as implausible.
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