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Resonant Tunneling in an Aharonov-Bohm Ring with a Quantum Dot
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We investigate the resonant tunneling in an Aharonov-Bohm ring with a quantum dot embedde
one of its arms. A complete transmission mechanism, considering both the resonance of the do
the interference effect, is presented. As a consequence, the experimental results, the phase fe
for conductance peaks, are well explained by a one-dimensional noninteracting model. New feat
concerning temperature effects are predicted. [S0031-9007(98)05304-6]
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The first measurement of the transmission phase throu
a mesoscopic ring was reported by Yacobyet al. in 1995
[1]. The authors devised a modified Aharonov-Bohm (AB
ring with a quantum dot embedded in one of its arm
(see Fig. 1). Two distinguishing features were observed
this experiment: first, the phase of AB oscillations chang
abruptly when the conductance of the AB ring reaches
peak; second, the AB oscillations at consecutive condu
tance peaks are in phase. Since then, many attempts [2
were made to explain those two features. One year la
the same group went on to measure the phase and ma
tude of the reflection coefficient through a quantum dot b
a new interferometry device [6]. While in a more recen
experiment, they studied a modified interferometry syste
and observed similar features [7]. These experiments
of fundamental importance since they directly reveal th
phase of electron transport, which is usually lost in me
surements of transmission or reflection probabilities, a
might provide additional information about a mesoscop
system. It has been shown theoretically that there sho
be a phase change ofp for every conductance peak. How
ever, the second feature that the AB oscillations at conse
tive conductance peaks are in phase is not well understo
yet [7].

It is the purpose of this Letter to present a comple
transmission mechanism for such a system. This mec
nism reveals the functions of both the dot and the ring. T
system, a mesoscopic ring with a quantum dot embedd
in one of its arms, can be divided into two parts: Th
small dot and its big complementary partner (CP) whic
is attached by two ideal leads. These two parts form
loop—an interferometry system. The states of the sy
tem can be divided into two sets: the states correspond
to the bound states of an isolated dot, and the prelimina
states of the CP from which the electrons tunnel to the d
The isolated CP can be considered as a quantum line w
two stubs, which will cause small oscillations on the co
ductance, at both ends. The transmission character is
sically dominated by the CP when there is no resonance
0031-9007y98y80(9)y1952(4)$15.00
gh

)
s
in

es
a
c-
–5]

ter,
gni-
y
t
m

are
e

a-
nd
ic
uld
-
cu-
od

te
ha-
he
ed
e
h
a

s-
ing
ry

ot.
ith

n-
ba-
in

the transmission through the dot. However, while a bou
state of the dot is close to the Fermi level, resonant tu
neling occurs and the interference effect will appear. W
found that the resonant tunneling through the whole syst
can be observed only when the phase shift introduced
the resonant state of the dot matches the transmission ph
of the CP. In other words, if the phase shift introduced b
the resonance of the dot causes constructive interferen
the resonant peak of the conductance will appear. Oth
wise, the resonance of the dot will not contribute to th
total transmission because of the destructive interferenc

In order to explain it more explicitly, we model the
system by a one-dimensional noninteracting ring attach
by two ideal leads from both sides. As Yeyatiet al. did
[2], we use a quantum well (dot potentialeD) with two
barriers (barrier heightseB) to simulate the dot. Then, the
effective electrostatic potential on the ring is parametriz
by the quantitieseD , eB, and e0 (potential outside the
dot), which is schematically represented in Fig. 1. O
aim is to investigate how the states of the dot affect t
resonant tunneling of the system. We use a tight-bindi
(TB) representation of the electron states. To study t
multienergy-level effects of the dot, a number of site
are assumed to be present in the well region. The eff
of the magnetic fluxf is included by introducing the
Peierls phase factor of the hopping integralt. Then the

FIG. 1. Geometry of an Aharonov-Bohm ring with a quantum
dot embedded in one of its arms (left) and the on-site energy
the tight-binding model (right).
© 1998 The American Physical Society
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Hamiltonian of theN sites ring can be written as

H ­
NX

j­1

sej j jl k jj 2 eiwj jl k j 1 1j

2 e2iwj j 1 1l k jjd , (1)

where the TB hopping integral,t ­ h̄2y2mpa2, is taken to
be unity as the energy unit, andjN 1 1l is identical with
j1l. As shown in Fig. 1, the on-site energyej is equal
to the effective electrostatic potential on the lattice sit
In this Letter,e0 ­ 0 and eB ­ 3 if not specified. The
phase factor is given byw ­ 2pfyNf0, wheref0 is the
elementary flux quantumf0 ­ hcye.

The conductance of the system is calculated by use
the real space Green’s function (RGF) and temperatu
Kubo formula [8–10]. Here, only the Green’s function
G of the isolated sample, ring with a dot, is required i
the calculation [10]. Moreover, the local density of state
(LDOS) can be conveniently obtained from the RGF by

LDOS ­ 2
1
p

Im Gjj , (2)

whereGjj is the diagonal matrix element of the RGF [9]
Thus, the density of states (DOS) within the dot, and th
the energy levels of the dot, can be obtained in sequen

Now, let us focus on the two features of the experime
[1]. In Fig. 2, we plotted the conductanceg and the phase
b of AB oscillations versus dot potentialeD at zero mag-
netic flux. Hereb is defined to be the phase introduce
by the magnetic flux at which the conductance has a ma
mum, and the temperatureT is taken to be zero. We ob-
serve the abrupt phase change and in-phase AB oscillati
at consecutive conductance peaks. Meanwhile, it is a
interesting to note that there is another abrupt phase cha
of p between two peaks, just similar to the results me
tioned in Ref. [7]. This should be observed, otherwise w
would not have observed the in-phase peaks. In order

FIG. 2. Conductance (in units ofe2yh) as a function of the
dot potentialeD for different magnetic flux. The marks give
the calculated values of the conductance. The dashed
without marks represents the phase (in units of2p) of the AB
oscillations.
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reveal the nature of this phase change, we calculated
DOS within the dot near the Fermi level and the LDOS o
the dot at the Fermi level in the new phase change regi
The results are given in Fig. 3. For the sake of compa
son, the DOS within the dot near the Fermi level and t

FIG. 3. (a) The relative DOS in an antiphase region (fo
different dot potentialeD) as a function of energy. (b) The
relative DOS in the adjacent in-phase region (for different d
potentialeD) as a function of energy. (c) The relative LDOS
at the Fermi level at the site positions. The calculated valu
are given as marks. The lines are given only as a guide.
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LDOS of the dot at the Fermi level for an adjacent condu
tance peak are also given. By tracing the movement of t
energy levels with increasing dot potentialeD, we find also
a bound state of the dot near the Fermi level [Fig. 3(a)]
the new phase change region. This is the same as the c
for the adjacent conductance peak [Fig. 3(b)]. And th
two bound states, the state near the Fermi level in the n
phase change region and the state contributing to the
jacent conductance peak, correspond to the adjacent st
in an isolated dot. They are shifted to the Fermi level b
the well potentialeD one by one. As shown in Fig. 3(c),
they are antiphase, which is also a direct result of the qua
tum theory. If we notice the existence of the AB ring, a
interferometer, it can easily be understood that the ad
tional phase change ofp in this resonant state will cause
destructive interference between the two arms of the rin
and then will not contribute to the conductance. How a
the things going on if we introduce another phase chan
of p? Motivated by this thought, the conductanceg ver-
sus dot potentialeD at half flux quantum is also calcu-
lated, and the result is given in Fig. 2. It can be seen th
new peaks appear exactly in the new phase change reg
and there are no peaks in the old region. This implie
that the resonance of the dot does introduce phase sh
between two arms and results in interference. This res
suggests an interesting experiment, which would check o
conjecture.

Another interesting feature of our result is the finit
width of the phase change region. Though previou
authors alleged that there should be a sharp jump
zero width [2], a finite width was actually observed in
the experiment [1]. In Ref. [2], Yeyati and Büttiker
assumed that the conductance (as a function of flux) can
presented by a uniform functional form. However, it ha
been pointed out that the resonance of the system can
be described by the concept of a “phase shift” [4] in th
phase change region. What happens instead is that
conductance changes its functional form, just like the line
conductance in Ref. [4]. Obviously, the magnetic fiel
will cause the shift of the energy levels. The phase chan
reaches a value ofp only after the resonant state of the do
has passed through the Fermi level at all magnetic field
Therefore, the effect of the flux on the energy levels resu
in the finite width of the phase change region. The sca
of the transition is determined by the energy difference
two adjacent states of the CP, but not the difference of t
bound states of the dot.

What is the transmission mechanism of such a syste
The curve of the conductance resonant oscillations vers
the plunger gate voltage on the dot showed that t
resonance is related to the resonant states of the dot
But in this interferometer system, the coherence effe
caused by the ring cannot be ignored. The conductan
peaks appear only when the phase shift introduced by
resonant state of the dot matches the transmission phas
the CP. Otherwise, the destructive interference will resu
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in the decrease of the conductance (as observed in Fig.
In addition, the maximum conductance at a definite d
potential is given as the function of the dot potentialeD in
Fig. 4. It can be seen that once the additional phase due
the magnetic flux causes the phase matching, the reson
states of the dot will contribute to the conductance, an
result in conductance peaks.

To complete our study, the temperature effects are calc
lated and shown in Fig. 5. It is well known that high tem
peratures are disadvantageous to quantum effects. W
increasing temperatures the quantum oscillations of t
resonant tunneling decrease gradually. What surprised
is the appearance of new peaks in the antiphase regi
How can it occur? The answer is in Fig. 3. There ar
some energy levels which are close to the resonant state
the dot. By tracing these energy levels in different well po
tentialeD , we found that these levels are affected little b
the eD in most cases. In other words, these states belo
to the tunneling states of the CP, which will contribute t
the conductance. By comparing Figs. 3(a) with 3(b), w
found five tunneling states of the CP near the Fermi lev
whose relative DOS is small in normal case. The origin
positions of states are, respectively, atE ­ 20.27, 20.15,
20.02, 0.10, and0.22. Meanwhile, the resonant state o
the dot, whose relative DOS is much larger than the ot
ers, moves from the Fermi level to higher energies wit
increasing well potentialeD. When the resonant state of
the dot passes through a tunneling state to an in-phase
gion, the latter will not be affected. In other words, the tw
states will form accidental degenerate states and the am
tude of the DOS will remain unchanged. However, whe
the resonant state of the dot is passing through a tunn
ing state [for example, the state at20.04 , E , 20.01 in
Fig. 3(a), and the state at0.10 , E , 0.15 in Fig. 3(b)]
to the antiphase region, it will not be degenerate with th
latter. (For convenience, we note this tunneling state
stateP in the following context.) It appears that the reso
nant state and tunneling state repel each other. Meanwh

FIG. 4. The maximum conductance (in units ofe2yh) at a
definite dot potentialeD as the function of the dot potential.
The phase of the AB oscillations is replotted contrastively.
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FIG. 5. Conductance (in units ofe2yh) as a function of the
dot potentialeD for different temperatures at zero magneti
field. The marks give the calculated values of the conductan
The conductance forT ­ 0 at half flux quantum is given as a
dotted line for comparison.

the amplitude of the DOS for the tunneling stateP
increases greatly. This is very similar to the case
electrons at Bloch zone boundaries. Actually, the
phenomena are caused by the same reason—periodic
Moreover, the boundary conditionjN 1 1l ­ j1l in the
ring is much more restricted than the one for a lattic
The repelling effect can be understood by the degener
perturbation theory. In this case, the phase shift
the resonant state of the dot is also favorable to t
transmission state of the CP, from which the electro
tunnel to the dot to form the tunneling stateP. As a
result, the tunneling stateP is enhanced greatly. This is
just the case that the first order perturbation is nonze
in the degenerate perturbation cases. Consequently,
two states are separated away. As shown in Fig. 3(
when the resonant state of dot is shifted to the Fer
level, the tunneling stateP is repelled away from the
Fermi level. With increasingeD , the resonant state is
shifted away, and the tunneling stateP is shifted back.
Therefore, at finite temperatures, the contribution by t
tunneling stateP leads to an increase of the conductanc
with increasing eD. Simultaneously, as the resonan
state of the dot is shifted away from the tunneling sta
c
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P, the conductance decreases due to decaying reson
effect. The formation of new peaks are determined by th
competition between the tunneling and resonant effec
With increasing temperature, the contributions from th
tunneling stateP become dominant and consequently th
new peaks appear.

In conclusion, we have presented a complete mech
nism for the interference phenomena in an AB ring with
quantum dot embedded in one of its arms. The electr
transmission through such a system is characterized
both the resonance of the dot and the interference effe
The experimental results are well explained by a on
dimensional noninteracting resonant tunneling model
electron transmission. An interesting experiment is su
gested to support our viewpoint. A new phenomenon, th
temperature effect in such systems, is predicted.
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