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Second Bound State of the Positronium Molecule and Biexcitons
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A new, hitherto unknown bound state of the positronium molecule, with orbital angular momentum
L = 1 and negative parity, is reported. This state is stable against autodissociation even if the masses
of the positive and negative charges are not equal. The existence of a similar state in two dimensions
has also been investigated. The fact that the biexcitons have a second bound state may aid in the better
understanding of their binding mechanism. [S0031-9007(98)05416-7]

PACS numbers: 36.10.Dr, 31.15.Pf, 71.35.—y, 73.20.Dx

Although the hydrogen and positronium molecule arewith
both quantum-mechanical fermionic four-body systems 3
of two positively and two negatively charged identical v = Z UpiX;, 2)
particles on the two opposite ends of th&+, M+, i=1
m—,m—)-type Coulombic systems, their properties arewhere x; and x, are the distance vectors between the
extremely different. Their experimental and theoreticalpositive and negative charges in the first and second
“history” reflects these dissimilarities. The spectrum ofatom, x5 is the distance vector between the center-
the hydrogen molecule has already been known in thef-masses of the two atomsssy, is a spin function,
last century long before the birth of quantum mechanicsYxkru(x) = x**LY; (%), “k” is the index of the basis
and the first theoretical calculation of Heitler and Londonstates andA is an antisymmetrizer. The above trial
is 70 years old [1]. The existence of the positroniumfunction, the “correlated Gaussian basis” is known to
molecule(Ps) was first theoretically predicted by Ore [2] provide a high quality wave function and very precise
half a century ago. The positronium molecule, howeverenergy [6—8]. The correlation between the particles plays
has not been experimentally found yet, and therefore the very important role in the systems considered and it
theoretical calculations are especially important. is efficiently represented by the nondiagonal elements of

Between the K and Ps molecule one can continuously Ax. The most adequate values of the nonlinear parameters
change the mass ratie = m/M and the particles form a ux; and A;;; are selected by a random optimization [5].
bound molecule. In solid state physics these “biexcitonsThe dimension of the basis is increased one by one
(system of two holes and two electrons) play a particularlyuntil the required convergence is reached. This procedure
important role. The typical mass ratio in the biexcitonichas proved to be efficient, leading to nearly optimal
molecules ism/M = 0.67, therefore the properties of parameters at a relatively low computational cost.

these species are rather similar to that of.P#& few The spectrum of systems made up of positrons and elec-
years ago the biexcitons were experimentally observed itrons is shown in Fig. 1. Both the Pdon and the Ps
GaAgAlGaAs quantum wells [3]. molecule are known to have one bound state, and these

While in the case of the Hmolecule many bound states have been studied by quite a few different methods
excited states have been observed and later theoreticalijycluding variational [9—-13] and quantum Monte Carlo
studied, in the case of the Psiolecule only the ground (QMC) methods [14]. As a test, we compare our result to
state has been predicted. Unlike the hholecule, the those of these calculations. The convergence of the en-
Ps is a complicated nonadiabatic four-body system wherergy as a function of basis siz€ is shown in Table I.
only the L = 0 state has been investigated so far. TheOur results for the Bsmolecule improve the best previ-
aim of this paper is to explore the spectra of the Psous variational results and it is in a good agreement with
and the biexciton molecules and to look for their possiblethe recent QMC calculation of Bressanetial. [14].
bound excited states. The main aim of this paper is to seek other bound ex-

To calculate the binding energies of these molecules;ited states of the Pamolecule and biexcitons. To this
the stochastic variational method (SVM) [4] has been useénd we applied our method for all possible combinations
[5]. Our trial function is assumed in the form of states withL. = 0, 1,2, 3 orbital angular momenta and

3 S =0,1,2 spins. No bound excited states have been
D5 = ﬂ{XSMSyKLML(V)eXF{_ 1 Z AuijX; - x,}}, found for o = 1 except for one case. In the case of
2 L =1 (with negative parity) and = 0 our calculation
(1) predicts the existence of a second bound state of the Ps

i,j=1
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FIGURES (M +,m—, m—) system, however, this state disappears, so
the Ps ion has only one bound state.
Before discussing the spatial distribution of this mole-

0.00 Ps(L=1) | cule, let’s recall that the average distarege .- ) between
the electron and the positron is 3 a.u. in the ground state
—0.10 - ) of the Ps atom, while it is 10 a.u. in the first excited state.
I ] The root mean square radius (rms) of the ground state
=020 - Ps(L=0) ] of the Ps molecule is found to be 3.614 a.u. The rms

Ps— radius of the second bound state is 5.661 a.u., 1.5 times
larger than that of the ground state. This is not surpris-
PsfL=1) ing if one assumes that the second bound state is essen-
-0.40 7 tially a system of a Ps atom in its ground and a Ps atom
in its first (spatially extended) excited state. To check the

1

-0.30 E_Ps(L=0)+Ps(L=1)

| Ps(L=0)+Ps(L=0) |

Energy (in atomic units)

-0.50 PsALe validity of this assumption we have restricted the model
1 Ps4L=0) ) . : . :
space to include only this type of configuration. [This can
-0.60 - . be achieved by a special choice of thg parameters in
i 1 Eq. (2)]. The energy converged t00.323 a.u., that is,
-0.70 |- . the P$L = 0) + PYL = 1) system with zero relative or-
i 1 bital angular momentum, forms a bound state with energy
-0.80 close to that of. = 1 state of the Psmolecule, therefore

this configuration is likely to be the dominant configura-
tion in this molecule. There is a second configuration, the
Ps — e" (or P — ¢7) with L = 1 relative orbital mo-

molecule. In that system, the spins of the positroniumfiON: Which intuitively may look important because two op-
atoms are coupled to zero. In this spin state, thenRdle- positely charged particles attract each other, but itis merely
cule can dissociate into two Ps atoms (bosons) only if th@0Und(£ = —0.315 a.u). On the other hand, by increas-
relative orbital angular momentum is even. Consequentlynd the mass/ of the positively charge? particles toward
the Ps molecule withL = 1 and negative parity cannot INfinity, one arrives at the energy of tiie [1, 2pm state
decay into the ground states of two Ps atdiRSL = of the H, molecule. This state is formed by the excited and
0) + PSL = 0)]. The energy of this B& = 1) state the ground states of the H atom. Consequently, the sec-
(E = —0.334408 a.u.; see Table 1) is lower than the en- ond bound state of the biexciton molecule is dominantly
ergy of the relevaﬁt'{hreshold—().?ale a.u.; see Fig. 1), formed by an interacting pair of a ground state exciton and

and this state is therefore stable against autodissociatidH'L = 1 excited state exciton. _
into PSL = 0) + PSL = 1). The binding energy of this The average distances, the average square distances,

state is 0.5961 eV, which is about 40% more than that oF,he scale factorp = —V/(2T), and the probability of
the ground state of P¢0.4355 eV). .|nd|ng two particles in the_same spacE point are listed
The binding mechanism of this second bound state i{! Table Il for both theL =0 and L =1 states of

very special. The constituents are fermions, but in théN€ Ps molecule. The closeness of the scale factor to

decaying channel they form bosons (Ps atoms or exciL-‘,”ity proves the convergence of the results. The average
tons). The Pauli principle, however, forbids the odd par-distances show that in the =1 state the two atoms

tial waves between bosons so the biexcitons it 1 &€ well separated. One cannot give a direct geome_trical
and negative parity cannot decay into two excitons. apicture of the ground or excited state because the variance
somewhat similar situation, that is a second bound statér;; = 1/<rf,<> — (rij)* is large.
which cannot decay due to parity conservation, exists in
the H™ ion as well. By changing the mass ratio in that

TABLE Il. Ground and excited state expectation values

FIG. 1. Bound states of the electron-positron systems.

(in a.u.).
TABLE |. Total energies of the Ranolecule in atomic units. -

Expectation value Ps(L = 0) Ps(L =1)

Method Ps(L = 0) Ps(L =1) 2 ) 26371 96.047

SVM (N = 100) —0.515981750 —0.334399 869 (r,-) 29.111 80.152
SVM (N = 200) —0.516002271 —0.334405027 (Fe=e) 6.033 8.856
SVM (N = 400) —0.516003 769 —0.334407971 (Foto-) 4.487 7.568
SVM (N = 800) —0.516003 778 —0.334408 112 (8(re-o-)) 0.00063 0.00015
Ref. [9] —0.516002 (8(reve-)) 0.022 0.011
QMC [13] —0.51601 = 0.00001 —(V)/(AT)) 0.999999 970 0.999998 4
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In the positronium limit(c = 1) we deal with antipar- function is given by(v, + iv,)¥ (wherev, andv, are
ticles and the electron-positron pair can annihilate. Theéhex andy component o¥).
most dominant annihilation is accompanied by the emis- After repeating the calculation for the two-dimensional
sion of two photons with energy about 0.5 MeV each. ToPs molecule we found that its energy s2.192 858 a.u.
have an estimate for the decay due to the annihilation w&his is in good agreement with the QMC result
have substituted the probability density of an electron at-2.1928 = 0.0001 [15]. Note that the energy of the Ps
the position of a positron into the formula (64) of Ref. [9]. atom in two dimension isE; = —1/(2L + 1)2. The
Roughly speaking, the lifetime is inversely proportional tosize of this system is very small: Its rms radius is
the probability of finding an electron and a positron in thel.125 a.u., which is smaller than one third of the radius
same position{S(r.+.-)); see Table Il]. The lifetime due in 3D. The interesting property of these systems in 2D
to the annihilation is estimated to be 1.8 ns. This is abouis that their binding energy considerably increases (more
2 times that of the ground state. than 10 times of that of the 3D case) and their spatial
The dependence of the biexciton binding energy on thextension is much smaller, accordingly.
mass ratiom/M is shown in Fig. 2. The change of the The energy of the Bsmolecule withL = 1 (negative
binding energy in the ground and the excited states iparity) is —1.2788 a.u. and the rms radius 55 a.u.
similar. Both the ground and excited states become lesBy comparing this energy to the energy of the relevant
bound by changing the mass ratio from té Ps, though threshold(—1.1111 a.u) we can conclude that the second
the binding of the excited state decreases somewhat twound state of the Psnolecule exists in 2D as well. The
a lesser extent. The energy of the transition from thebinding energy of the second bound state in 2D is about
excitedL = 1 to the ground. = 0 state is also shown in 8 times that of the 3D case.
this figure. This transition may take place in an external A second bound state of the biexcitons which exists
field, for example. in both 2D and 3D is reported for the first time. The
The continued advance in microfabrication has allowedexistence of this state is due purely to the Pauli principle.
the creation of semiconductor systems (quantum dotsyhis bound state is in the continuum but its autodissocia-
where the electrons (or excitons, biexcitons, etc.) are lation is forbidden. It is shown that not only the ground
erally confined. This technical possibility has intensifiedbut theC '[], 2p# excited state of the {dlike molecule
the interest in two-dimensional (2D) systems for the lastlso survive the change of mass ratimf the heavier and
few years. ltis intriguing, therefore, to investigate the ex-lighter particles in the wholf0, 1] interval of o.
istence of the second bound state of the biexcitons in two Recent experiments have shown the existence of the
dimension. To this end we set the azimuthal angles of albiexciton molecules but the theoretical and experimental
the vectorsx; andv to 77 /2 and choosd. = M. With  binding energies of biexcitons disagree [3,16,17]. There
this particular choice the angular dependence of the wavare different suggestions to resolve this discrepancy, e.g.,
in terms of fractional dimensions, localization, etc. All of
these models are based on the fact that the biexcitons un-
0.20 L S S S B der practical conditions are not pure Coulombic four-body
systems in the “vacuum.” Some models assume that in
the biexcitons the Coulomb interaction is slightly modi-
fied, like, e.g.[1 — exp(—yr)]/r. Our calculation con-
firms that the second bound state survives this distortion
of the potential as well. Experimental confirmation of the
existence of the second bound state would be very use-
ful because it would help to pinpoint the most realistic
model of the biexcitons in quantum wells. The fact that
the binding energy is relatively large gives a hope that ex-
perimental measurements for the second bound state are
not much more difficult than those of the ground state.
This work was supported by OTKA Grant No. T17298
(Hungary) and Grant-in-Aid for International Scientific
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FIG. 2. Energies of the biexcitons as a function of mass ratiowhich made possible most of the calculations.

The dotted line is the binding energy of the ground state, and

the dashed line is that of the first excited state. The continuous

line shows the energy difference of the first excited and the

ground states. Note that the energy difference is divided by 3[1] W. Heitler and F. London, Z. Phyg4, 455 (1927).
so as to fit the figure. [2] E.A. Hylleraas and A. Ore, Phys. Re¥1, 493 (1947).
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